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Abstract

A new explicit method for solving the tran-
sonic small-disturbance potential equation fis
presented. This algorithm, which is suitable for
the new vector-processor computers such as the
CDC STAR-100, is compared to successive line over-
relaxation (SLOR) on a simple test problem, The
convergence rate of the explicit scheme is slower
than that of SLOR. However, the efficiency of the
explicit scheme on the STAR-100 computer is suffi-
cient to overcome the slower convergence rate and
allow an overall speedup compared to SLOR on the

CYBER 175 computer.

Introduction

The state-of-the-art of transonic flow
calculations has advanced to the point where two-
dimensional flows, including the effects of
viscosity, can be computed in a relatively short
time on modern serial-type computers, For example,
many people are using a program developed at the
Courant Institute of New York University for the
analysis of transonic flow past airfoils.] This
program gives accurate solutions to the full-
potential equation, including the effects of
boundary-layer displacement, in about 2 or
3 minutes on a CDC CYBER 175 computer. Three-
dimensional, transonic, finite-difference calcu-
lations, however, are expensive on this type of
computer., The three-~dimensicnal program developed
at New York Universityl takes about half an hour
for an inviscid calcuTation on a fairly crude grid.

It is hoped that the use of the STAR-100
computer will allow accurate, three-dimensional,

transonic flow calculations to be done economically.

One way to achieve this goal is through the devel-
opment of algorithms which can make full use of
the unique architecture of the STAR-100. The

STAR computer has a "pipeline" type of processor
which is very efficien% in doing arithmetic opera-
tions on long vectors.c Unfortunately, the best
available method for solving the transonic poten-
tial equation is successive Tine over-relaxation
{SLOR), which 1s not amenable to vector arithmetic,
The reason for this is the semi-impTicit nature of
the jterative method; that is, the calculations at
a particular grid point require results from the
current fteration at neighboring grid points and
thus cannot be done in long vector operations.
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This paper describes a new explicit algorithm
which can be vectorized for use on the STAR-100,
The new algorithm is applied to a simple test
case and compared to SLOR on the CYBER 175
computer.

Test Problem

The test problem chosen for this preliminary
study is to solve the transonic, nonlinear, small-
disturbance potential equation for a nonlifting
parabolic-arc airfoil in a finite box with uniform
grid, as shown in the sketch below,
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Although this is a very simple physical situation,
it still has some of the most difficult features of
transonic flow fields as far as programing for the
STAR is concerned. The governing partial differen-
tial equation is

[1 - M- () ¥ ¢J¢xx + 4y, =0
The boundary conditions to be applied are
$ = 0 on the outer boundary
and

¢y =F4tx on y =0, -.5<x < .5



where T 1is the thickness of the parabolic-arc
airfoil (which has a unit chord)}. For 1 = 0.1
and M, = 0.9 the flow {s supercritical. In
regions where the coefficient of ¢,y 15 positive,
the flow is subsonic and the equation is elliptic
type. In regions where the coefficient of ¢,

is negative, the flow is supersonic and the equa-
tion is hyperbolic type. The general procedure
for solving this equation is to replace the
partial differential equation with a finite-
difference equation at each grid point. These
finite-difference equations are then solved
jteratively.

This test problem represents a simple physical
situation which is of 1ittle practical interest.
A more useful program should allow for lifting
flows and should extend the outer boundary farther
away from the airfoil. This could be done either
by using a stretched grid or by some type of arid
nesting using additional coarse grids around the
small region considered here. The test case
does, however, include the major difficulties o
be avercome in using the STAR-10Q0 computer for
transonic flows. For example, it has supercritical
flow which requires a change from one type of
difference equation at subsonic (elliptic) points
to another type of difference equation at super-
senic (hyperbolic) points. It also requires the
use of an explicit iterative scheme to solve the
difference equations if the arithmetic operations
are to be done using lang vector instructions.

Semi-Implicit Solution Method

The most common method used to sclve the
finite-difference equations is successive line
over-relaxation {SLOR). This iterative scheme is
implemented as follows:

Compute U =1 - Mi - (y+1) Mi $y

using
n n
¢ = —_¢T.+.|1J - ¢.i_]!j
X 2A%

If u>0 (subsonic points), central differ-
ences are used together with over-relaxation
{w>1) to give:
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where the superscript indicates the iteration
numbar.

If u<o {supersonic points), an upwind
difference is used for ¢xx to give:
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At the airfoil boundary the ¢

term is replaced
by Xy
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which takes iqto account the fact that the non-
11ft1ng flow is symmetr1g (1:e., ¢i’§‘1 = ¢i,j+T
at y = 0). Each iteration is generdated one
column at a time going from left to right, by
solving a tridiagonal system of equations at each
columr, This nonconservative scheme is similar to
that originally proposed by Murman and Colte.”? See
references 4 and 5 for a discussion of related
conservative schemes.

Explicit Selution Method

The explicit solution method uses values of
the potential function from the two previous
jterations in order to update the potential
function for the present iteraztion (thus termed a
three-level scheme). The methed is implemented
as follows:

Compute U =1 —Mi - (y1) Mi o,
using
n n
¢x 248x

If U >0 (subsonic points), central differ-
ences are used at iteration, or "time," level n
and the potential function is updated using:

n+l n

- n n-1
¥, 4,57 Py - ‘)(51,J - ¢i,j>
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and Py and P, are parameters of the algorithm.

It is 1interesting to rearrange equation (1} to
give

n+l n n-1 n n-13 _
bi,5 7 25,5t eyt (2 P1)(;1,j - ¢f,j) D1Rq

which shows that the iteration process is related
to the time dependent equation

bpp + by = b(Up, + b))

If U< 0 ({supersonic points), the upwind
difference is formed at "time" level n-1,
is centrally differenced and averaged
The potential function is up-
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in time level n.
dated using
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Again it is interesting to rearrange equation {2)
to give

D2 =

n+i n n-1 n n-1
BT Byttt 2"@*1,3' " 45,3
n n-1 _
BRI ¢i-1,j) = Dok, (3)

which is related to the time-dependent equation

Spp b COq 7 Aoy, + o)

A von Neumann stability analysis of this last
scheme with the T replaced by U shows why the
dyy derivative is evaluated at the n~1 iteration
ané why the byy derivative is a weighted average

between ¢ at the i column and dyy at the
i-1 column. To do the von Neumann analysis, let
¢ at the kth iteration be

¢(k) - gke‘imxeiny

Also let mdx = & and nay = n., Putting these
definitfons into equation (3) gives

F-2grtaz(g-1- gt et
= D, {U (1 - 2e7 18 4 7218,

+ q (2% 2 in -in

algy) [(-odle -2+

+ g (e'igein - 2e'ige'ini]} (4)

Note that

Dzu = - 02



Also define

2 1 /8x\e.. 2q
21 - —[22) sin” 3
°12°|u|() 2

so equation (4) becomes
2 -1
g —Zpg[%c(k—e )]
: 2
+ [] -o (1 - e1£)] =0
or

g = (p + i\ﬁ——p_z_>[1 -a (1- e'ig)]

la]< 1, it is necessary
and o s 1.

Thus, in order to have
and sufficient to have both Jp| =1

The inequality |[p]< 1 implies that o<y/Juf &L,

This convenient factoring of the expression
for the amplification factor was made possible by
choosing this particular representation for the
by and ¢ derivativeE: In practice the
coefficient’of ¢,, is U rather than U; this
averaging makes tﬁe scheme approach second-order
accuracy as o approaches 1.

It should be noted that this explicit scheme
is not only a different iterative algorithm from
the semi-implicit scheme, but it also has a
different steady-state selution. This difference
occurs because of the weighted averaging done on
both the ¢ term and on the coefficient of the
Pyy term f¥¥ supersonic points.

Convergence and Timing Comparisons

Short computer programs have been written to
solve the sample problem using the two methods
described. The semi-implicit SLOR method was
coded in standard FORTRAN IV and run on a CDC
CYBER 175 computer (which is about 2% times as

fast as a CDC 6600 for this type of preblem)., The
explicit method was coded in STAR FORTRANG and run
The STAR code includes

on a CDC STAR-100 computer.
the use of vector instructions in the iteration

vectors to distinguish between subsonic and super-
sonic points. The bit control vectors provide the
capability of performing the complicated supersonic
calculations only at supersonic points, which are
collected into a vector through the "compress" and
"expand" type of instructions available on the STAR.

The computations were done on three different
grids. Each calcutation was terminated when the
value of the Targest residual in the flow field was
less than % {axZ + Ay2). Each calculation was run
with experimentally-determined optimum values of
the parameters for that algorithm so that con-
vergence was attained in a minimum number of cycles.
The resuits in the table below show that the new
three-level explicit scheme has a slower convergence
rate than SLOR. However, the efficiency of this new
scheme on the STAR computer is enough to make up for
the slower convergence rate and still allow an over-
all reduction in computing time. Not surprisingly,
the speedup is greater for the cases with finer
grids than for the 40X4G case.

Concluding Remarks

This preliminary study has shown that a new
explicit methed for solving the transonic small-
disturbance potential equation on the STAR-100
computer can almost halve the computer time required
for this type of computation when compared to suc-
cessive line over-relaxation on the CDC CYBER 175
computer. These results are limited to a relatively
simple problem with a uniform Cartesian grid.
Although the speedup is not as great as desired,
it is enough to justify further study of this
methed. The effects of 1ift and of grid stretching
on the convergence rates of the schemes should be
investigated. Also, the new explicit scheme should
be applied to the full potential equation.

There are several possibilities for obtaining
further reductions in computer time. One js through
the development of more efficient algorithms.
Improvements might be made in the convergence rate
of explicit algorithms, or other vectorizable algo-
rithms might be developed. Another possibility is
through programing techniques to get successive
Tine over-relaxation to run as efficfently as
possible on the STAR-100 computer. Although the
method is semi-implicit, there are portions of it
which can be written in vector instructions of short
Tength.

loop. It also includes the use of bit control
SLOR ON CYBER 175 EXPLICIT METHOD ON STAR-100
Grid Cycles to Time to Average Cycles to Time to Average
size converge converge sec/cy. converge converge sec/cy.
40X40 42 1.242 L0296 131 .879 .0067
80X80 98 12,118 1237 300 6.385 L0213
160X160 244 116,095 L4758 655 59.834 .0913
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