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A b s t r a c t  -- 
A steady t r a n s o n i c  f l o w  over  an a i r f o i l  i s  

computed by s o l v i n g  t h e  f u l l  p o t e n t i a l  e q u a t i o n  
d i s c r e t i z e d  over  a c o n t o u r - f i t t i n g  g r i d  i n  f u l l  
c o n s e r v a t i o n  form. Near shock waves, t h e  d e n s i t y  
i s  c o r r e c t e d  t o  account f o r  t h e  r i s e  i n  en t ropy  i n  
t h e  reg ion .  A m u l t i g r i d  a l t e r n a t i n g  d i r e c t i o n  
method i s  used t o  d r i v e  t h e  i t e r a t i o n .  I I I  super -  
s o n i c  f l ow  reg ions ,  a r t i f i c i a l  d i s s i p a t i o n  i s  
i n t r o d u c e d  e i t h e r  by a f l u x  b i a s i n g  scheme o r  by a 
d e n s i t y  b i a s i n g  scheme. The two schemes a r e  second 
o r d e r  accura te ,  w h i l e  t h e  d e n s i t y  b i a s i n g  i rheme i s  
second o rde r  accu ra te  th roughou t  t h e  f l o w  f i e l d  
except  f o r  a smal l  r e g i o n  near  shock waves. 
R e s u l t s  of c a l c u l a t i o n s  w i t h  t h e  two s c h r w s  show 
t h a t  t h e  f l u x  b i a s i n g  scheme g i ves  a sharper  
r e s o l u t i o n  o f  t h e  shock than  t h e  d e n s i t y  th ias ing  
scheme when t h e  shock i t s e l f  i s  weak. A s  shock 
s t r e n g t h  i nc reases ,  t h e  shock -cap tu r ing  a ! , i l i t i e s  
of  t h e  two schemes become equal .  Throughout t h e  
range of cases t e s t e d ,  t h e  two schemes r x h i b i t e d  
covlparable speed and robus tness .  

I .  I n t r o d u c t i o n  

The t r a n s o n i c  f u l l  p o t e n t i a l  equa t ion  i s  s t i l l  
a ve ry  u s e f u l  and ve ry  c o m p e t i t i v e  moilel f o r  
d e s c r i b i n g  t h e  f l o w  ove r  an a i r f o i l  a t  t r a n s o n i c  
meeds.  Verv e f f i c i e n t  a l o o r i t h m s  have been 
deve lop  d f o r  i t s  s o l u t i o n ,  i n  p a r t i c i i l a r  by 
Jameson? and Holst . '  The a l g o r i t h m  dev ised  hy 
Jameson, known as FL036. has a l s o  been coup le  w i t h  
a v iscous  i n t e r a c t i o n  method by Me ln i k  e t  a l , '  t hus  
r e s u l t i n g  i n  a w i d e l y  used t o o l  f o r  compirting t h e  
v i scous  t r a n s o n i c  f l ow  over  a i r f o i l s .  I n  a l l  
shock -cap tu r ing  methods, a r t i f i c i a l  d i s s i p a t i o n  has 
t o  he i n t r o d u c e d  i n  reg ions  o f  superson ic  f l ow  t o  
account  f o r  t h e  h y p e r b o l i c i t y  o f  t h e  e q u a t i o n  
the re .  D i s s i p a t i o n  can he added e i t h e r  by t h e  
a d d i t i o n  o f  an a r t i f i c i a l  v i s c o s i t y  te rm as shown 
i n  Ref. 1 d r  by r e t a r d i n g  t h e  d e n s i t y  as 
demonstrated i n  Ref. 4. To enhance t h e  s t a b i l i t y  
o f  numer i ca l  schemes employing one of these forms 
o f  a r t i f i c i a l  d i s s i p a t i o n ,  t h e  second au tho r  found 
t h a t  t h e  d i s s i p a t i o n  had t o  he a c t i v a t e d  a t  a Mach 
number s l i g h t l y  below one. I n  a d d i t i o n ,  second 
o r d e r  accu ra te  s p a t i a l  d i f f e r e n c i n g  c o u l d  not he 
ma in ta ined  near shock waves. The accuracy of t h e  
schemes had t o  he reduced , t o  f i r s t  o rde r  t h e r e .  
These two f a c t o r s  c o n t r i b u t e d  t o  smear t h e  shock 
ove r  some mesh i n t e r v a l s ,  t h e  number nf  which 
depended on t h e  shock s t r e n g t h .  

More r e c e n t l y  Boers toe15 and Hafez e t  a16 have 
i n t r o d u c e d  a l g o r i t h m s  wh ich  use  an a r t i f i c i a l  
d i s s i p a t i o n  based on f l u x  b i a s i n g .  These m t h o d s  
f o l l o w  f rom a f l u x /  s p l j t t i n g  scheme desc r ibed  hy 
Engq i i i s t  and Osher wh ich  s p % i f i c a l l y  r u l e s  ou t  
expans ion  shocks. Osher e t  a1 proved t h i s  r i g o r -  
o u s l y  f o r  two-d imens iona l  f low and a l s o  showed 
t h a t ,  a t  l e a s t  f o r  one-d imens iona l  f low,  a compres- 
s i o n  shock c o u l d  be cap tu red  w i t h i n  one mesh 
i n t e r v a l .  I n  p r i n c i p l e ,  then,  i t  shou ld  he 
p o s s i h l e  t o  ge t  a sharper  shock d e f i n i t i o n  w i t h  
f l u x  b i a s i n g  s i n c e  t h e r e  i s  no need t o  s w i t c h  on 
thi i  a r t i f i c i a l  d i s s i p a t i o n  below t h e  s o n i c  Mach 
nu t ihe r  and no need t o  reduce s p a t i a l  accuracy near  
a chock. The o t h e r  advantage i s  t h a t  t h e r e  i s  no 
need t o  d e f i n e  parameters t o  c o n t r o l  when t h e  
d i s s i p a t i o n  i s  t o  he a c t i v a t e d .  

I n  t h i s  paper,  second o r d e r  s p a t i a l l y  a c c u r a t e  
a r t i f i c i a l  d i s s i p a t i o n  forms based on bo th  f l u x  
b i a s i n g  and d e n s i t y  b i a s i n g  a r e  presented .  Except 
f o r  t h e  d i s s i p a t i o n  te rms,  t h e  d i s c r e t i z a t i o n  of 
t h e  f u l l  p o t e n t i a l  equa t ion  i s  o t h e r w i s e  i d e n t i c a l  
i n  t h e  two methods. The d i s c r e t i z e d  equat ions  a re  
so l ved  v i a  a m u l t i g r i d  a l t e r n a t i n g  d i r e c t i o n  (MAD) 
a l g o r i t h m  f i r s t  desc r ibed  by Jameson i n  Ref. 1. 

I f .  Numerical  Method 

The e q u a t i o n  we seek t o  s o l v e  i s  t h e  
c o n t i n u i t y  e q u a t i o n  

where x and y a re  C a r t e s i a n  coo rd ina tes ,  p i s  t h e  
d e n s i t y ,  and u and v a r e  t h e  two v e l o c i t y  
components. Assuming i r r o t a t i o n a l i t y ,  t hese  can be 
expressed as components o f  t h e  p o t e n t i a l  f u n c t i o n  $ 

The a c t u a l  computa t ions  a re  c a r r i e d  ou t  i n  a r e g i o n  
o b t a i n e d  by con fo rma l l y  mapping t h e  e x t e r i o r  of t h e  
a i r f o i l  i n  q u e s t i o n  on to  t h e  i n t e r i o r  o f  a c i r c l e .  
A u n i f o r m  p o l a r  c o o r d i n a t e  mesh, desc r ibed  by r and 
0, then  g i v e s  an e x c e l l e n t  d i s c r e t i z a t i o n  of t h e  
f l o w  f i e l d .  I n  t h e  mapped plane, t h e  f l o w  equa t ion  
becomes 
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(10) 
- 

where P i , j+1 /2  = P i , j t 1 / 2  p i j N ( % ) i , j  

U = m e  , V = r b p  ( 4 )  I n  E q  ( 9 )  and ( l o ) ,  we d e f i n e  

(11) 
and t h e  p h y s i c a l  v e l o c i t y  components i n  t h e  two 
c o o r d i n a t e  d i r e c t i o n s  a re  p.. = Max [0, ul[l - 

1J 

( 5 )  r V  y = -  r U  
H '  H 

u 3 -  

where M i s  t h e  l o c a l  Mach number and Mc2 i s  a u s e r -  
d e f i n e d  parameter s l i g h t l y  l e s s  than  one, t y p i c a l l y  

vi i s  another  u s e r - d e f i n e d  parameter  u s u a l l y  
s e t  a t  one. I n  our scheme, t h e  d e n s i t y  i s  e v a l -  
ua ted  a t  each of t h e  c e l l  cen te rs .  Thus 

where H i s  t h e  nwdulus o f  t h e  t r a n s f o r m a t i o n  t o  t h e  0.9. 
e x t e r i o r  of t h e  c i r c l e .  

A S  desc r ibed  i n  Ref. 1. a t  a mesh P o i n t  i,J i n  [@).  . and [Q). . a t  t h e  mesh p o i n t  i , j  can be 

e v a l u a t e d  f rom averaged d i f f e r e n c e s  of t h e  
d e n s i t i e s  a t  t h e  e n c i r c l i n g  c e l l  cen te rs .  Thus, 

t h e  f l o w  f i e l d ,  E q  ( 3 )  i s  d i s c r e t i z e d  as ae i . ~  ar 1 . ~  

where 

A p p l i c a t i o n  of E q  ( 9 )  and (IO) r e s u l t s  i n  a 
s p a t i a l l y  f i r s t  o r d e r  accu ra te  scheme i n  superson ic  

' i t l / Z , j  = 4 i t l . j  4 i . j  r eg ions .  Second o r d e r  accuracy  can be recovered by 
d e f i n i n g  

( 7 a )  

" 
- v. 1 . j  +1/2 Ti r j  t 1 / 2 [ ' i , j t l  - 'i,j) (7b )  

w i t h  s i m i l a r  exp ress ions  f o r  !I. and V .  

Here i t 1 / 2  and j t 1 / 2  denote  va lues  a t  m idpo in ts  
o f  a m s h  i n t e r v a l .  The d e n s i t y  p i s  computed a t  
c e l l  cen te rs .  Hence, and t a k i n g  4'. '= 1 .  The numer i ca l  scheme, however, 

p roved  u n s t a h j e  un less  cij i s  made zero  near shock 
waves. A s t r a i g h t f o r w a r d  way o f  imp lement ing  t h i s  

P i t l i 2 , j  E P i t l i 2 . j  
i - l / Z . j  l , J -1 /? '  

(13 )  

I i s  t o  d e f i n e  P i + l / Z , j  - 2 ( P i t l / Z , j t l / 2  P i t i / 2 , j - 1 / 2  
t 

1 ._ 

( 8 )  

A t  superson ic  p o i n t s ,  a r t i f i c i a l  d i s s i  a t i o n  E . .  = Max (0, v2-v31A8 [*). + A r  [s)ijl) (14)  
i s  i n t r o d u c e d  by m o d i f y i n g  t h e  d e n s i t y  i n  E q  p 6 ) .  

D e n s i t y  B i a s i n g  
When v? i s  zero, t h e  scheme i s  f i r s t  o rde r  accu ra te  

A t  superson ic  p o i n t s ,  t h e  d e n s i t y  term, P. i n  i n  superson ic  reg ions .  For  v2 = 1 p a r t i a l  second 
t h e  f i r s t  b r a c k e t  in Eq ( 6 )  4s rep laced  by a accuracy i s  i n t r o d u c e d .  y i s  a parameter of o r d e r  
d e n s i t y  which i s  b iased  i n  t h e  upstream d i r e c t i o n  one de f i ned  by t h e  user. A,, expression similar to 
acco rd ing  t o  t h e  d e n s i t y  g r a d i e n t ;  c a l l  t h i s  p. Eq (13) de f i nes  pi,jt1/2 . 
Thus assuming t h e  f l o w  t o  be i n  t h e  d i r e c t i o n  o f  
i n c r e a s i n g  i, we t a k e  F l u x  B i a s i n g  

An a l t e r n a t e  method o f  i n t r o d u c i n g  a r t i f i c i a l  
d i s s i p a t i o n  i n  t h e  numer ica l  scheme i s  by r e t a r d i n g  

( 9 )  t h e  d e n s i t y  based on t h e  f l u x .  Thus, i n  bo th  
b r a c k e t s  of E q  ( 6 )  we s u b s t i t u t e  t h e  d e n s i t y  p w i t h  

1J ae i j  

- 

- 

.. - ~ r . .  Ae [%Ii P i + l / z , j  = P i t 1 / 2 , j  IJ .J - 
a r e t a r d e d  d e n s i t y  p d e f i n e d  as 

- 
( 1 5 )  &s aF 

P = P - - -  

A s i m i l a r  e x p r e s s i o n  h o l d s  f o r  pi-l,2,j . 
'w S i m i l a r l y  t h e  d e n s i t y  terms i n  t h e  second b r a c k e t  

o f  E q  ( 6 )  a r e  rep laced  by a b iased  d e n s i t y ,  p , 
which i s  t aken  t o  be 

q as 

2 



w i t h  

F z p 1  f o r  M 1 

= p*q* f o r  M < 1 (16 )  

where q rep resen ts  t h e  t o t a l  v e l o c i t y ,  s rep resen ts  
t h e  streamwise d i r e c t i o n ,  and t h e  a s t e r i s k  denotes 
s o n i c  c o n d i t i o n s .  The q u a n t i t y  F, as p and q. i s  
eva lua ted  a t  each c e l l  c e n t e r .  The s t reamwise  
g r a d i e n t  i s  b roken up i n t o  components i n  t h e  
c o o r d i n a t e  d i r e c t i o n s  by  

I n  our  numer ica l  scheme. t h i s  leads  tii t h e  
f o l l o w i n g  r e p r e s e n t a t i o n  f o r  t h e  r e t a r d e d  d e n s i t y  
te rms we d e f i n e  a t  c e l l  c e n t e r s  

Second o r d e r  accu ra te  app rox ima t ions  f o r  t h e  
g r a d i e n t s  i n  Eq (18) a r e  g i ven  by 

- E. i , j t  I F .  i-l/Z,jtI/Z ' i -3 /2 . j+1 /2  1 
119) 

where i s  g i v e n  by E q  (14 ) .  A s i m i l a r  

exp ress ion  ho lds  f o r  (--I. aF 
ar i + l / ? , j t l / ?  ' 

The obv ious  advantage o f  t h i s  scheme i s  t h a t  
t h e  d i s s i p a t i o n  i s  sw i tched on when t h e  l o c d l  Mach 
nuniher i s  (un i t y  r a t h e r  than a s m a l l e r  s i h s o n i c  
va lue .  The d e n s i t y  h i a s i n y  hcheme i s  n o t  s t a h l e  
w i t h  MC? = 1. 

-. Ent ropy  C o r r e c t i o n  

Shocks computed hy a p o t e n t i a l  f l o w  scheme 
such as t h e  present  one tend t o  be s t ronger  and, 
f o r  a i  r f o i  1 f l ows ,  a re  u s u a l l y  l o c a t e d  downstream 
of t h e  l o c a t i o n  computed by a s o l u t i o n  t o  t h e  E u l e r  
equat ions .  Hafez and L o v e l l '  dev i sed  a method t o  
account f o r  t h e  en t ropy  r i s e  th rough  a shock w i t h i n  
t h e  c o n t e x t  o f  a p o t e n t i a l  f o r m u l a t i o n .  Thus, 
f o l l o w i n g  Hafez and L o v e l l ,  a t  a mesh p o i n t  j u s t  
downstream o f  a shock, t h e  d e n s i t y  i s  m u l t i p l i e d  by 
a f a c t o r  p r o p o r t i o n a l  t o  t h e  en t ropy  r i s e  th rough  
t h e  shock, &SIR. F o r  a normal shock and w i t h  f low 
i n  t h e  d i r e c t i o n  of i n c r e a s i n g  i, 

where 

M i s  t h e  Mach number computed two p o i n t s  ups t ream 
o f  t h e  shock. 

T h i s  r e s u l t s  i n  a c o r r e c t i o n  t o  t h e  r e s i d u a l  
t o  t h e  p o t e n t i a l  e q u a t i o n ,  as represented  by Eq 
(6), equal t o  W 

I t e r a t i o n  S c h Z E  

The d i f f e r e n c e  equa t ions  ob ta ined  w i t h  e i t h e r  
scheme a r e  so l ved  by t h e  MAD a l g o r i t h m  desc r ibed  in 
Ref. 1. Th is  m t h o d  employs a m u l t i g r i d  s t r a t e g y  
w i t h  d g e n e r a l i z e d  a l t e r n a t i n g  d i r e c t i o n  method as 
a smoothing a l g o r i t h m  on each of t h e  meshes. On 
each mesh, t h e  f l o w  f i e l d  i s  a l t e r n a t e l y  swept f r o m  
t h e  f a r  f i e l d  toward  t h e  a i r f o i l  su r face  and then  
s e q u e n t i a l l y  a l o n g  t h e  upper and lower  s u r f a c e s  
f rom l e a d i n g  t o  t r a i l i n g  edge. W i th  t h e  o - t ype  
meshes t h a t  we a r e  us ing ,  t h e  sweep d i r e c t i o n s  
follow t h e  f l ow  d i r e c t i o n s  reasonab ly  w e l l  i n  
superson ic  reg ions .  Rreakdown o f  t h e  i t e r a t i o n  
scheme occurs  o n l y  when t h e  superson ic  r e g i o n  
ex te i ids  a l l  t h e  way t o  t h e  t r a i l i n g  eilge. Whw 
t . h i i  c o n d i t i o n  does not a r i s e ,  t h e  method works 
e q u a l l y  w e l l  w i t h  e i t h e r  d i f f e r e n c e  scheme. 

1 1 1 .  R e s u l t s  

A l l  t h e  f l o w s  t h a t  w i l l  be shown were computed 
on a 192 x 32 mesh, and a t o t a l  o f  f i v e  mesh l e v e l s  
were employed i n  t h e  m u l t i g r i d  sequence i n  each - 
case. Each case was computed tw ice ,  once employ ing  
t h e  f l u x  b i a s i n g  scheme and aga in  u s i n g  t h e  d e n s i t y  
b i a s i n g  scheme. The same s e t  o f  AD1 parameters was 
used f o r  bo th  c a l c u l a t i o n s .  I n  F ig .  1, t h e  f l ow  
over  t h e  NACA0012 a i r f o i l  a t  a f r e e  s t ream Mach 
number o f  0.720 and an ang le  o f  a t t a c k  of 1" i s  
d e p i c t e d  as computed by t h e  two schemes. The shock 
on t h e  upper s u r f a c e  i s  ve ry  weak i n  t h i s  case, as 
can he ga thered from t h e  ve ry  low drag  va lues ,  and 
one can see how much b e t t e r  i t  i s  reso lved  by t h e  
f l u x  b i a s i n g  scheme. As we i n c r e a s e  t h e  Mach 
nuniher and, t hus ,  i n c r e a s e  t h e  s t r e n g t h  o f  t h e  
shock, t h e  shock c a p t u r i n g  c a p a b i l i t y  o f  t h e  
d e n s i t y  b i a s i n g  scheme as compared t o  t h e  f l u x  
h i a s i n g  scheme improves as we see f rom F ig .  2 and 
3. Wi th  a s t i l l  s t r o n g e r  shock a t  M, = 0.75 and OL 

= 7" ( F i g .  4) .  we no te  t h a t  t h e  d i f f e r e n c e s  between 
t h e  two schemes become even sma l le r .  I n  each o f  
these cases t h e  f l u x  b i a s i n g  scheme spreads ou t  t h e  
jump from superson ic  t o  subson ic  c o n d i t i o n s  over 
t h r p e  mesh i n t e r v a l s  w i t h  most of t h e  jump 
o c c u r r i n g  i n  t h e  m idd le  one. The smearing w i th  t h e  
d e n s i t y  b i a s i n g  scheme i s  more s u b s t a n t i a l  w i t h  t h e  
weaker shocks h u t  i s  d r a s t i c a l l y  reduced as t h e  
shock s t r e n g t h  inc reases .  These obse rva t i ons  a r e  
a l s o  borne Out by comparisons o f  computa t ions  f o r  
t h e  Korn a i r f o i l  a t  a Mach number of 0.70 f o r  a = 
l o  and 2' (F ig .  5 and 6, r e s p e c t i v e l y )  and a Mach 
numher of 0.75 fo r  a = 0.2" and 0.7" (F ig .  7 and 
8). Both  schemes c o u l d  be run  th roughou t  t h e  range 
of a p p l i c a b i l i t y  of t h e  p o t e n t i a l  app rox ima t ion .  
Wi th  o n l y  f i r s t  o r d e r  accuracy  i n  the superson ic  
r e g i o n  (9 1) bo th  methods c o u l d  be made t o  r u n  -' 

u n t i l  t h e  shock reaches t h e  t r a i l i n g  edge as seen 
i n  F ig .  9, which g i ves  t h e  Mach con tou rs  f o r  t h e  
Korn  d i r f o i l  a t  M, = 0.78, a = 0.9". The pressures  



computed by t h e  two schemes a r e  shown i n  F ig .  10. 
Th is  case i s  i n c l u d e d  o n l y  f o r  numer i ca l  i n t e r e s t  
s i n c e  i t  i s  f a r  beyond t h e  p h y s i c a l l y  accep tab le  

u 

l i m i t  of our assumptions. Overshoots  deve lop  ahead 
of t h e  shock w i t h  b o t h  schemes. 

I CL 1 CD I cM 
+ + * * FLUX BIASING I 0.2038 [ 0.0002 \-0.000 1 
x x x x DENSITY BIASING I 0.20381 0.0002t0.0001 

-1.3 

-0.8 

-0.3 

CP 
0.2 

0.7 

1.2 

Fig. 1 Pressure distributions computed by flux biasing and 
density biasing schemes; NACA 0012 airfoil; 

M, = 0.720, LY = 1.0'. v 

-1.3 7 

0.7 
'I 

I .  

Fig 2 Pressure distributions computed by flux biasing and 
density biasing schemes. NACA 0012 airfoil. 

M, = 0 730. o = 1 0'. 

v 

-1.3 

-0.8 

-0.3 

CP 

0.2 

0.7 

1.2 

Fig. 3 Pressure distributions computed by flux biasing and 
density biasing schemer; NACA 0012 airfoil; 

M, = 0.750.0: = 1 .0" 

0.71 ; 
1.2 

----- ___--- 
Fig. 4 Pressure distributions computed by flux biasing and 

density biasing schemer: NACA 0012 airfoil; 
M,=0 .750 ,a=2 .0° .  
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1.2 - 1 ;  
(cL-- ._ --- 7 

Fig. 5 Pressure distributions computed by flux biasing and 
density biasing schemes; Korn airfoil; 

M, = 0.700, a = 1.0'. 

Fig. 7 Pressure distributions computed by flux biasing and 
density biasing schemes; Korn airfoil; 

M, = 0.750. CI = 0.2". 

0.74 i 
i i  

W 
Fig. 6 Pressure distributions computed by flux biasing and 

density biasing schemes; Korn airfoil; 
M, = 0.700. = 2.0'. 

Fig. 8 Pressure distributions computed by flux biasing and 
density biasing schemes; Korn airfoil; 

M, = 0.750, a = 0.7'. 
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Fig. 9 Mach number ContOurs computed by flux biasinyscheme: 

Korn airfoil; M, = 0.780. i t  :- 0.9'. 

NACA 0012 

Korn Airfoil 

Korn Airfoil 

K o r n  Airfoil 

Korn Airfoil 

Korn Airfoil 
.~ -_ 

0.7 4 
P 

,,J : 

I 

0.750 2.0" 59 55 
0.700 - 1.0" 1 25 1 18 ! 

0.750; 0.2" j 35 

4; j ----J-~-- ' 

0.700 2.0" i $3 i 43 

0.7501 0.7" I !G8 95 

1 
i 

0.780 I 0.9" ! 136 ! 269 I LL-i 

Fig. 10 Pressure distributions computed by flux biasing and 
density biasing schemes: Korn airfoil; 

M, = 0.780, oi = 0.9'. 

Tah le  1 g i ves  t h e  number o f  c y c l e s  needed t o  
o b t a i n  convergence, d e f i n e d  as a t t a i n m e n t  of a 
s p e c i f i e d  va lue  i n  t h e  maximum r e s i d u a l .  In most 
cases, t h e  d e n s i t y  b i a s i n g  scheme i s  m a r g i n a l l y  
f a s t e r .  The f l u x  b i a s i n g  scheme shows a subs tan-  
t i a l  advantage o n l y  i n  t h e  l a s t  example. As men- 
t i o n e d  above, runs were mdde w i t h  t h e  same s e t  of  
AD1 parameters f o r  b o t h  d i s s i p a t i o n  schemes. It i s  
p o s s i b l e  t h a t  convergence m igh t  be speeded up f o r  
e i t h e r  scheme w i t h  d i f f e r e n t  parameters .  

Table 1 Cycler required for convergence 

, M, I a 
1 '  Flux /Density! 
Biasins Biasins! 

I Airfoil 

NACA 0012 !0.7201 1.0" i 19 I 1 3  1 
NACA 0012 10.730 1 1.0" 1 17 

NACA 0012 10.750 I 1.0" I i9  24 

1 V .  Conc lud ing  Remarks -.-______ 

Two second o r d e r  accu ra te  forms of a r t i f i c i a l  
d i s s i p a t i o n  based on d e n s i t y  b i a s i n g  and f l u x  
b i a s i n g  have been i n t r o d u c e d  i n  an o t h e r w i s e  
i d e n t i c a l  n i imer ica l  method f o r  comput ing  t h e  s teady  
t r a n s o n i c  f l o w  over  an a i r f o i l .  The numer i ca l  
exper iments  have shown t h a t  t h e  two schemes a r e  
e q u a l l y  r o b u s t  and have s i m i l a r  convergence 
q u a l i t i e s .  For  weak shock waves, t h e  f l u x  b i a s i n g  
scheme g i ves  a sha rpe r  d e f i n i t i o n  of t h e  shock t h a n  
t h e  d e n s i t y  b i a s i n g  scheme. I n  a l l  cases, t h e  
former scheme cap tu res  most of t h e  jump i n  one mesh 
i n t e r v a l  and a l l  of i t  w i t h i n  t h r e e  i n t e r v a l s .  The 
d e n s i t y  b i a s i n g  scheme s h o c k - c a p t u r i n g  ab i  1 i t y  
improves w i t h  i n c r e a s i n g  shock s t r e n g t h  and equa ls  
t h a t  o f  t h e  o t h e r  scheme f o r  s t r o n g  shock waves. 
Th is  smearing i s  a p p a r e n t l y  due t o  the need t o  
s w i t c h  on t h e  d i s s i p a t i o n  a t  a Mach number l ower  
t h a n  one i n  t h e  d e n s i t y  b i a s i n g  method t o  enhance 
s t a b i l i t y .  The a t t r a c t i v e  f e a t u r e  of t h e  f l u x  
b i a s i n g  method i s  t h e  f a c t  t h a t  t h e  d i s s i p a t i o n  i s  
needed o n l y  a t  superson ic  p o i n t s .  
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