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AN LU-SSOR SCHEME FOR THE EULER AND NAVIER-STOKES EQUATIONS 
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and 

Antonv Jameson** 
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A b s t r a c t  

A new m u l t i g r i d  r e l a x a t i o n  scheme, lower-upper 
symmetr ic  success ive  o v e r r e l a x a t i o n  (LU-SSOR) 
scheme, i s  developed f o r  t h e  s t e a d y - s t a t e  s o l u t i o n  
o f  t h e  E u l e r  and Navier-Stokes equat ions.  
scheme, wh ich  i s  based on c e n t r a l  d i f fe rences ,  does 
n o t  r e q u i r e  f l u x  s p l i t t i n g  f o r  approx imate Newton 
i t e r a t i o n .  
t h a t  t h e  new method i s  e f f i c i e n t  and r o b u s t .  The 
v e c t o r i z a b l e  LU-SSOR scheme needs o n l y  s c a l a r  
d i a g o n a l  i n v e r s i o n s .  

The 

A p p l i c a t i o n  t o  t r a n s o n i c  f low shows 

I n t r o d u c t i o n  

The Reynolds numbers f o r  a l a r q e  a i r p l a n e  a r e  
o f  t h e  o r d e r  o f  t h i r t y  m i l l i o n .  Therefore, laminar  
f l o w  i n  t h e  boundary l a y e r  becomes uns tab le ,  r e s u l t -  
i n g  i n  t u r b u l e n t  f l o w  over  iribst o f  t h e  sur face  of 
t h e  a i r p l a n e .  However, t h e  computa t iona l  r e q u i r e -  
ments f o r  t h e  s i m u l a t i o n  of t u r b u l e n t  f l o w  a r e  
c l e a r l y  beyond t h e  reach of c u r r e n t  computers. 
f i r s t  l e v e l  o f  approx imat ion  - t i m e  averag inq  t h e  
r a p i d l y  f l u c t u a t i n g  components - y i e l d s  t h e  

J Reynolds-averaged Navier-Stokes equat ions,  which 
r e q u i r e  a t u r b u l e n c e  model f o r  c l o s u r e .  A t  t h e  
p r e s e n t  t i m e  n o t  much i s  known about t h e  behav io r  
of t u r b u l e n c e  i n  separa ted  r e g i o n s ,  and t h i s  has 
impeded t h e  development o f  t u r b u l e n c e  models f o r  
complex th ree-d imens iona l  f lows.  S ince  a u n i v e r -  
s a l l v  s a t i s f a c t o r v  t u r b u l e n c e  model has v e t  t o  be 

The 

f o u n i ,   current t u r b u l e n c e  models have t o " b e  t a i l o r e d  
t o  t h e  p a r t i c r i l a r  f low.  D u r i n g  t h e  l a s t  decade t h e  
f e a s i b i l i t y  o f  s o l v i n g  t h e  Navier-Stokes equat ions  
has been e x p l o r e d  b u t  t h e  methods developed so  f a r  
have been t o o  expens ive  t o  use i n  a r o u t i n e  prodirc- 
t i o n  mode. 

l l e c e n t l y  severa l  i m p l i c i t  schemes have been 
developed s u c c e s s f u l l y  i n  c o n j u n c t i o n  w i t h  a m i l l  
t i g r i d  method f o r  s teady-  t t e  s o l u t i o n  o f  t h e  
unsteadv E u l e r  eauations.?,' A l thouah t h e  

m u l t i g r i d  method i n  two dimensions, '  i t s  i n h e r e n t  
l i m i t a t i o n s  i n  t h r e e  dimensions sugqest a l t e r n a t i v e  
approaches.? An a l t e r n a t i v e  i m p l i c i t  scheme t h a t  
i s  s t a b l e  i n  any number of space d imensions i s  based 
o n  lower-upper (LU) f a c t o r i z a t i o n .  The LU i m p l i c i t  
scheme proved t o  be r o h u s t  and e f f i c i e n t  f o r  h igh-  
speed f l  ws up t o  Mach 20 as w e l l  as f o r  t r a n s o n i c   flow^.^-^ I t  was a l s o  shown t h a t  a symmetric 
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Gauss-Seidel r e l a x a t i o n  method f o r  s o l v i n g  t h e  
u n f a c t o r e d  i m p l i c i t  scheme was a v a r i a n t  of t h e  i l l  
i m p l i c i t  scheme. 

The Newton i t e r a t i o n  method has been i n v e s t i -  
ga ted  t o  s o l  e t h e  s teady  E u l e r  o r  Navier -Stokes 

o p e r a t i o n  count  w i t h  t h e  number o f  mesh c e l l s ,  t h e  
system was s o l v e d  i n d ' r e c t l y .  

Gauss-Seid 1 method t o  t h e  E u l e r  equat ions ,  w h i l e  
MacCormack 
t o  t h e  Navier -Stokes equat ions.  I n  t h i s  paper  an 
e f f i c i e n t  m u l t i g r i d  r e l a x a t i o n  scheme i s  developed 
f o r  approx imate Newton i t e r a t i o n .  The new lower -  
upper  symmetric success ive  o v e r r e l a x a t i o n  (LU-SSOR) 
scheme r e q u i r e s  s c a l a r  d i a g o n a l  i n v e r s i o n s  w h i l e  
t h e  Gauss-Seidel method and t h e  CU i m p l i c i t  scheme 
r e q u i r e  b l o c k  m a t r i x  i n v e r s i o n s .  The use of s c a l a r  
d iagona l  i n v e r s i o n s  o f f e r s  t h e  p o t e n t i a l  f o r  o rder -  
of-magnitude speedups when l a r g e  systems o f  p a r t i a l  
d i f f e r e n t i a l  equat ions  must be so1 ved, f o r  example, 
f o r  hyperson ic  f l o w s  w i t h  f i n i t e - r a t e  chemis t ry .  
i s  d e s i r a b l e  t h a t  t h e  m a t r i x  be d i a g o n a l l y  dominant 
t o  assure  t h e  convergence o f  a r e l a x a t i o n  method. 
The new method based on c e n t r a l  d i f f e r e n c e s  achieves 
t h i s  w i t h o u t  t h e  f l u x  s p l i t t i n g  t h a t  s u b s t a n t i a l l y  
inc reases  t h e  computa t iona l  work p e r  c y c l e .  Numeri- 
c a l  examples i n c l u d e  i n v i s c i d  and v iscous  t r a n s o n i c  
a i r f o i  Is. 

Because of t h e  r a p i d  g rowth  o f  t h e  

Jespersen6 and 
Hemker and S p e k r e i j s e  3 a p p l i e d  t h e  symmetric 

a p p l i e d  t h e  l i n e  Gauss-Seidel method 

I t  

Govern ing Equat ions  

The Navier -Stokes eauat ions  r e o r e % e n t  nac f l o w  , ~~ . j ~ ~  - 
i n  thermodynamic e q u i l i b r i u m .  L e t  t, 0 ,  E, T, and 
P b e  t ime,  d e n s i t y ,  t o t a l  energy, temperature,  and 
pressure ;  u and v C a r t e s i a n  v e l o c i t y  components; 
and x and y C a r t e s i a n  c o o r d i n a t e s .  Then f o r  a 
two-d imensional  f l o w  these e a u a t i o n s  can be w r i t t e n  
as 

where W i s  the  v e c t o r  o f  dependent v a r i a b l e s ,  and 
F a n d  G a r e  c o n v e c t i v e  f l u x  vec tors :  

F = [DU,  ou2 + P. D V U ,  U(DE + p ) l *  

G = [ D V ,  DUV. P V '  + P. v(oE + p ) l *  

Here  * denotes t h e  t ranspose o f  a m a t r i x .  The 
f l u x  v e c t o r s  f o r  t h e  v iscous terms a r e  



cell area S is equivalent to the inverse of the 
transformation Jacobian determinant. Both coeffi- 
cients include a normalizing factor, Si+1/2,j/at. 
proportional to the length of the cell side, and 

0, 7 XY' 7 YY' UT X Y  + VT YY + kc)* ay 

In \  
Here the viscous stresses are 

2 Ei+1/2,j is also made proportional to the normal- ,d \ ( I  

T xx = Z"UX - 5 u(ux + v,) ized second difference of the pressure: 

T = d U y  + vx) Qi+l,j 'Pi,j + Pi-1,j XY 
Pi+l,j i,j i-1,j + 2p. . + p. 

and 
in the adjacent cells. The third-order terms pro- 

YY Y The first-order terms, which are needed to control 
oscillations in the neighborhood of shock waves, are 
activated when strong pressure gradients in the flow 
are sensed. The dissipative terms for the other 
equations are constructed from simila? formulas. 
Increasing the amount Of artificial viscosity 
improves the rate of convergence, although too much 
dissipation can hinder this. However, dissipation 
should be as small as possible so that the accuracy 
of the solution is not degraded. The typical amount 
o f  the third-order terms is almost negligible when 
compared to the physical viscosity. Schemes con- 
structed along these lines combine the advantages 
of simplicity and economy of computation. They have 
also proved robu t in calculations over a wide range 

oblique shock waves in hypersonic flows, a total 
variation diminishing ( T V D )  scheme4 can be used. 

T = 2"V - vide background damping of high-frequency modes. 3 "(U, + v,) 

where " is the coefficient Of viscosity and 
is the coefficient of thermal conductivity. 

The pressure is obtained from the equation of 
state: 

(3) 

where is the ratio of specific heats. 

Semi-Discrete Finite-Volume Method 

A convenient way to assure a steady-state ~ 0 1 ~ -  of Mach numbers.S For accurate capturinq Of tion independent of the time step is to separate 
the space and time discretization procedures. In 
the semi-discrete finite-volume method one begins 
by applying a semi-discretization in which only the 
spatial derivatives are approximated. llsing a 
finite-volume method for space discretization allows 
one to handle arbitrary geometries and helps to 
avoid problems with the metric singularities that 

ods. Finite-volume methods do not require special 
treatment on a composite grid.9 The scheme 
reduces to a central difference scheme on a Carte- 
s i a n  grid and is second-order accurate in space pro- 
vided the mesh is smooth enough, and uniform flow is 
an exact solution of the difference equations. 
Gauss theorem is used to evaluate the viscous flux 
terms .lo 

LU-SSOR Scheme 

A prototype implicit scheme for a system of 
nonlinear hyperbolic equations such as the Euler 
equations can be formulated as 

Wn+' = Wn - 6at[DxF(Wn+') + DyG(Wn+')] 

are usually associated with finite-difference meth- 4 

- (l-6)htkxF(Wn) + DyG(Wn)] ( 6 )  
The 

where Dx and Dy are central difference oper- 
ators that approximate alax and alay. Here n 
denotes the time level. An enormous number of com- 
putations must be performed when the scheme is in 
this form because coupled nonlinear equations must 
be solved at each time step. 
matrices be 

Nonlinear Adaptive Dissipation 

lating flows with discontinuities typically produces 
flowfield oscillations in the neighborhood of shock 
waves, where the pressure gradients are severe. To 
suppress the tendency for spurious odd and even 
point oscillations and to prevent nonphysical over- 
shoots near shock waves, we augment the scheme by 

which is constructed so that it is third-order accu- 
rate in smooth regions of the flow, is explicitly 
added to the residual. For the density equation, 
for example, the dissipation d has the form 

di+l/Z,j - di-l/z,j + di,j+1/2 - di,j-l/z 

Using a central difference scheme when calcu- Let the Jacobian 

aF 
A = %  

artificial dissipative terms. The dissipative term, B =a aG 

3nd ,et the correction be 

6W = Wn+l - Wn 

The scheme can be linearized by setting where 
F(Wn+l) = F(Wn) + A6W + O(ii6W1i2) (2) djtl/2,j = Ci+1/2,j(Oi+l,j - 0' . )  1.J  G(Wn+l) = G(Wn) + B6W + 0(ll6Wll2) 

i l,j i,j i-1,j dropping terms o f  the second and higher orders to d' 
- Ei+l/2,j(pi+2,j ( 4 )  - 3p.+ + 30.  . - p .  ) ( 4 )  where 0 is the order o f  the enclosed terms, and 

yield 
Here ,(*) and ~ ( 4 )  denote coefficients of 
the second and fourth differences respectively. The 

2 

( 7 )  



(O-A+ + o-B+ A- R-) @;A- + ,$- + A+ + B+ 

= - ( r A  + r8) [DJF - F ~ )  + o ( G  - G J  

- c(') DiW + E ( ~ )  0:W - s i 2 '  D,;W + s p '  D:W] 

LU-SSOR scheme i s  about 30 pe rcen t  l e s s  t h a n  t h a t  

does n o t  need b l o c k  d iagona l  i n v e r s i o n .  T h i s  o f f e r s  
t h e  p o t e n t i a l  f o r  order-of-magnitude speedups when 
l a r g e  systems of  p a r t i a l  d i f f e r e n t i a l  equa t ions  
must be so lved.  Fo r  example, t h e  s i z e  of Jacobian 
m a t r i c e s  f o r  scramjet  f lows can be ove r  20 b y  20 i n  
t h r e e  dimensions if 15 species equa t ions  a re  added. 
I t  seems t h a t  s low convergence of t h e  LU-SSOR 
i m p l i c i t  scheme i n  Ref. 2 i s  due t o  t h e  method o f  

X Y ) f o r  t h e  LU i m p l i c i t  scheme s i n c e  t h e  LU-SSOR scheme 

Y 

X X 

(20) 
where 02 and 04 denote t h e  second d i f -  l o c a l  t i m e  s tepp ing  t h a t  was used i n  Ref. 2. 

~ ~~~~ 

f e rence and t h e  f o u r t h  d i f f e r e n c e  o p e r a t o r s  
r e s p e c t i v e l y .  

S ince one-sided d i f f e r e n c e  schemes a re  natu-. 

Only  adap t i ve  d i s s i p a t i o n  terms 
r a l l y  d i s s i p a t i v e ,  no i m p l i c i t  smoothing i s  r e q u i r e d  
on t h e  l e f t  s i de .  
a re  e x p l i c i t l y  added t o  t h e  r e s i d u a l  on t h e  r i g h t  
s i d e .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  p resen t  
numer i ca l  method e l i m i n a t e s  t h e  need f o r  b lock  d iag -  
ona l  i n v e r s i o n s  w i t h o u t  u s i n g  t h e  d i a g o n a l i z a t i o n  
process. T h i s  i s  an e s p e c i a l l y  d e s i r a b l e  f e a t u r e  
f o r  t h e  a n a l y s i s  o f  hyperson ic  r e a c t i n g  f lows.  
LU f a m i l y  o f  a l g o r i t h m s  a re  f u l l y  v e c t o r i z a b l e  a l o n g  
i + j = cons tan t  l i n e s  on a v e c t o r  computer. 

The 

M u l t i g r i d  Method 

The u n d e r l y i n g  i d e a  of a m u l t i g r i d  method i s  
t o  t r a n s f e r  some o f  t h e  t a c k  o f  t r a c k i n a  t h e  pvolI!- ~~.~ . ~ ~ I~ 

t i o n  of  t h e  sys 
c o a r s e r  meshes.Ie T h i s  has two advantages. 
F i r s t ,  t h e  computat ional  e f f o r t  p e r  c y c l e  i s  reduced 

m t o  a sequence of s u c c e s s i v e l y  

on a coa rse r  mesh. 
t r o l  volumes on t h e  coa rse r  g r i d s  t r a c k s  t h e  evolu-  
t i o n  on a l a r g e r  sca le,  w i t h  t h e  consequence t h a t  
g l o b a l  e q u i l i b r i u m  can be more r a p i d l y  a t t a i n e d .  
I n  genera l  one can conceive of  a m u l t i g r i d  method 
u s i n g  a sequence o f  i ndependen t l y  generated coa rse r  
meshes which a r e  n o t  assoc ia ted  w i t h  each o t h e r  i n  
any s t r u c t u r e d  way. Here a t t e n t i o n  i s  r e s t r i c t e d  
t o  t h e  case i n  which coa rse r  meshes a re  generated 
by  e l i m i n a t i n g  a l t e r n a t i n g  p o i n t s  i n  each c o o r d i n a t e  
d i r e c t i o n .  
t h e  t r a n s f e r  O f  d a t a  between g r i d s .  The c e l l s  o f  
t h e  f i n e  mesh can be amalgamated i n t o  l a r g e r  c e l l s  
which form a coa rse r  mesh. Then i n  each coarse 
mesh c e l l  t h e  conserva t i on  l a w s  a r e  rep resen ted  b y  
summing t h e  f l u x  balances o f  i t s  f i n e  mesh c e l l s ;  
consequent ly ,  t h e  e v o l u t i o n  cn t h e  coarse mesh i s  
d r i v e n  b y  t h e  d i s e q u i l i b r i u m  of t h e  f i n e  mesh equa- 
t i o n s .  The m u l t i g r i d  method used he re  i s  t h e  c e l l -  
cen te red  m thod  which was used f o r  t h e  i m p l i c i t  

Second, t h e  use  of l a r g e r  con- 

Thus s imp le  r u l e s  can be formulated f o r  

schemes. 1 5  3 

Resu l t s  
~ 

The f i r s t  t e s t  case was  f o r  i n v i s c i d  t r a n s o n i c  
f l o w  p a s t  t h e  NACA 0012 a i r f o i l  a t  1.25' angle of  
a t t a c k .  The f rees t ream Mach number was 0.8. Nonre- 
f l e c t i n g  boundary c o n d i t i o n s  were used t o  absorb 
t h e  waves imp ing ing  on t h e  f a r - f i e l d  boundary.;! 
F i g u r e  1 shows t h e  p l o t  o f  Mach number contours.  
Convergence h i s t o r i e s  o f  t h e  LU-SSOR scheme a re  
compared w i t h  those  o f  t h e  L U  i m p l i c i t  scheme o f  
Ref. 2. F i g u r e  2 shows t h e  l o g a r i t h m  of t h e  aver-  
age d e n s i t y  r e s i d u a l s ,  and F ig.  3 shows t h e  l i f t  
h i s t o r i e s .  F i v e - l e v e l  m u l t i g r i d  c a l c u l a t i o n s  were 
per formed on a 128 by  32 C-mesh w i t h o u t  g r i d  
sequencing. Uni form f l o w  was g i v e n  as  t h e  i n i t i a l  
c o n d i t i o n .  
r2t.e of t h e  ILII-CCOR cchomo i< Ahniit 70 wwmt 

A s  t h e  r e s u l t s  show, t h e  convergence 

The n e x t  case was f o r  v iscous l a m i n a r  f l o w  p a s t  
t h e  NACA 0012 a i r f o i l  a t  Mach 0.5, Reynolds number 
5000, and ze ro  angle o f  a t t a c k .  The a d j a b a t i c  w a l l  
boundary c o n d i t i o n  was used a t  t h e  body surface. 
C a l c u l a t i o n s  were performed on a s t r e t c h e d  192 b y  
48 C-mesh. A ronvergence a c c e l e r a t i o n  techn ique  
such as e n t h a l p y  damping was n o t  used f o r  t h e  
v i scous  f l o w  c a l c u l a t i o n s .  
number con tou rs  w h i l e  F ig .  5 shows v e l o c i t y  vec to rs .  
Convergence h i s t o r y  w i t h  a two- leve l  m u l t i g r i d  i s  
shown i n  F ig .  6. T h e o r e t i c a l l y ,  improved conver-  
gence r a t e s  m i g h t  be ob ta ined  by  u s i n g  more l e v e l s  
o f  m u l t i g r i d .  

p a s t  t h e  RAE 2822 a i r f o i l  a t  Mach 0.73, Reynolds 
number 6.5 m i l l i o n ,  and 2.79' angle of a t t a c k .  
Reynolds-averaged Navier-Stokes equa t ions  were 
so l ved  u s i n g  a Baldwin-Lomax t u r b u l e n c e  model .12 
T r a n s i t i o n  was f i x e d  a t  3 pe rcen t  chord.  Mach 
number con tou rs  a re  shown i n  F ig .  7 ( t h e  dashed l i n e  
denotes t h e  son ic  l i n e ) .  Convergence h i s t o r i e s  on a 
192 by  48 mesh w i t h  two- level  m u l t i q r i d  a r e  shown: 
F i g .  8 shows t h e  r e s i d u a l  h i s t o r y  and F i g .  9 shows 
t h e  l i f t  and d rag  h i s t o r y .  The convergence based on 
t h e  average r e s i d u a l  i s  con t i nuous  a l though  i t  i s  
s lowed a f t e r  d ropp ing  about t h r e e  o r d e r s  o f  magni- 
t ude .  
and t h e  convergence r a t e  f u r t h e r  by  u s i n g  a b e t t e r  
d i s t r i b u t i o n  of g r i d  p o i n t s .  

F i q u r e  4 shows t h e  Mach 

The l a s t  case was f o r  v iscous t u r b u l e n t  f l ow  

The 

I t  ,eems p o s s i b l e  t o  improve t h e  accuracy 

Conc lus ion  

A new r e l a x a t i o n  scheme d e r i v e d  f o r  app rox i -  
mate Newton i t e r a t i o n  i s  a p p l i e d  t o  b o t h  E u l e r  and 
Navier-Stokes equat ions.  The LU-SSOR scheme i s  n o t  
o n l y  s t a b l e  i n  t h r e e  dimensions b u t  a l s o  f u l l y  v e t -  
t o r i z a b l e .  Transonic  a i r f o i l  c a l c u l a t i o n s  c o n f i r m  
t h a t  t h e  scheme i s  r o b u s t  and e f f i c i e n t .  Moreover, 
t he  LU-SSOR scheme i s  p romis ing  f o r  high-speed 
r e a c t i n g  f l o w  c a l c u l a t i o n s .  
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[ I  + 6At(DxA + DyB)]6W + A t  R = 0 ( 8 )  

where I i s  t h e  i d e n t i t y  m a t r i x  and R i s  t h e  
r e s i d u a l  

R = OxF(Wn) + D$(Wn) 

6 E 1 / 2 ,  t h e  scheme remains second- I f  a c o n s t a n t  
o r d e r  a c c u r a t e  i n  t ime;  f o r  o t h e r  va lues of 
t i m e  accuracy drops t o  f i r s t  o r d e r .  

produces a l a r g e  b l o c k  banded m a t r i x  t h a t  can b e  
i n v e r t e d  o n l y  b y  p e r f o r m i n g  a g r e a t  many computa- 
t i o n s .  I n  a d d i t i o n ,  a l a r g e  amount of s t o r a g e  i s  
r e q u i r e d .  
i t e r a t i o n  i n  t h e  l i m i t  A t  3 m :  

s ,  t h e  

The u n f a c t o r e d  i m p l i c i t  scheme (Eq. ( 8 ) )  

I f  6 = 1 t h e  scheme reduces  t o  a Newton 

(D,A + DyB)6W + R = 0 ( 9 )  

A d i a g o n a l l y  dominant form o f  Eq. ( 9 )  

can be w r i t t e n  as 

+ 
A t . 6 W . .  - A .  6W. 

- 
i j  i j  i-1,j i - 1 , j  + Ai+l,j6Wi+l,j 

- AT.6W.. + 6?.6W.. - 5: . 6W. . 
1 J  1J  1 J  1 J  1 , J - 1  1 , J - 1  

+ B: .+16w. . - B T . ~ W . .  + R . .  = n (11) 
1 , J  1,J+1 1 J  1 J  1 J  

By s i m u l a t i n g  i t  w i t h  backward and forward 
r e l a x a t i o n  sweeps, we o b t a i n  t h e  symmetric 
success ive  o v e r r e l a x a t i o n  (SSOR) method, which can 
b e  w r i t t e n  i n  two s teps  as 

t (6:. - BT.)6W*. 
(A+.  1 5  - AT.)6Wt'. 1 J  1 J  + A;+l,j6WY +l , j  1 1  1 J  1 J  

+ BT .+16W* . + R . .  = 0 (12)  
1.J  1 , J ' l  1 J  

f o l l o w e d  b y  

(A?.  - AT.)6W.. - A+ 6W. .t A i + 1  .6w: 

+ ( E ? .  - BT.)GW.. - 0' . 

i j  i j  I J  1 - 1 , j  1 - 1 , ~  ,J +l , j  

6W. . 
1 J  1 J  1 J  1 , J - 1  1 , J - 1  

+ 6- . 6Wt' . + R . .  = 0 (13)  
1 , J + 1  l,Jtl 15 

where 0; and 0- a r e  backward d i f f e r e n c e  

o p e r a t o r s  and D L  and 0' a r e  f o r w a r d  d i f f e r e n c e  
Y 

opera tors .  Here, two-po in t  o p e r a t o r s  a r e  used f o r  
s teady  f l o w  c a l c u l a t i o n s .  A+, A-, B+, and B- a r e  
c o n s t r u c t e d  so  t h a t  t h e  e igenva lues  of "+" m a t r i c e s  
a r e  nonnegat ive  and t h o s e  of $'-I '  m a t r i c e s  a r e  
n o n p o s i t i  ve: 

Y 

A- = +(A - r A I )  

B = 7 ( B  + r I )  

E- = -(B - r I )  

+ 1  
8 

1 
2 B 

where 

r > max ( I A  I )  A -  A 

rB ? max ( I A ~ I )  
( 1 5 )  

Here, AA and A B  r e p r e s e n t  e igenva lues  o f  
Jacobian m a t r i c e s .  

S u b t r a c t  Eq. (12 )  from Eq. (13) t o  q e t  

(A?. - A T . ) 6 w . .  - A T  6 W .  + (5:. - BT.)aW.. 
i j  i j  I J  1 -1 . j  1-1,j 1 3  1 J  1 J  

- B? . 6W . - ( A l j  - A7.)6W*. + (6;. - R T . ) a W * .  
1 , ~ - 1  i , j - 1 -  1J  1 J  1 J  1 J  13 

( 1 6 )  

T h i s  may be w r i t t e n  as 

(O;Af + D;B+ - A- - B-)6W = (A + B - A- - R-)&W* 
+ t  

where 

6W* = ((A- + 0'6- + At + E+)-'(- R )  

I f  we t a k e  ,'+" and "-'I m a t r i c e s  as g i v e n  i n  

(18)  Y 

Eq. (141, 

+ 
A - A - = v I  A 

t 
6 - B - = r  B 1 

Thus, Eq. ( 1 7 )  becomes t h e  LU-SSOR scheme f o r  
approx imate Newton i t e r a t i o n  

(D;A+ + o n +  - A- - B-)(D:A- + D+B- 
Y Y 

+ +  
+ A + B )6W = - ( r A  f r E ) ( D x F  + 0 G) (19)  Y 

which can b e  i n v e r t e d  i n  two s teps .  

a r e  r e p l a c e d  b y  F - F v  and G - G v  i n  Eq. ( 1 9 ) .  
That  i s ,  

F o r  t h e  Navier-Stokes equat ions,  F and G 
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FIGURE 7.- MACH NUMBER CONTOURS FOR VISCOUS TURBULENT FLOW. 
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FIGURE 5 . -  VELOCITY VECTORS FOR VISCOUS LAMINAR FLOW. 
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FIGURE 1 . -  MACH NUMBER CONTOURS FOR I N V I S C I D  TRANSONIC FLOW. 
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