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Abstract 

The theory of non-oscillatory scalar schemes is de- 
veloped in this paper in terms of the local extremum 
diminishing (LED) principle that maxima should 
not increase and minima should not decrease. This 
principle can be used for multi-dimensional prob- 
lems on both structured and unstructured meshes, 
while it is equivalent to the total variation diminish- 
ing (TVD) principle for one-dimensional problems. 
A new formulation of symmetric limited positive 
(SLIP) schemes is presented, which can be gener- 
alized to produce schemes with arbitrary high order 
of accuracy in regions where the solution contains 
no extrema, and which can also be implemented 
on multi-dimensional unstructured meshes. Systems 
of equations lead to waves traveling with distinct 
speeds and possibly in opposite directions. Alter- 
native treatments using characteristic splitting and 
scalar diffusion fluxes are examined, together with a 
modification of the scalar diffusion through the addi- 
tion of pressure differences t o t h e  momentum equa- 
tions to produce full upwinding in supersonic flow. 
This convective upwind and split pressure (CUSP) 
scheme exhibits very rapid convergence in multigrid 
calculations of transonic flow, and provides excellent 
shock resolution at very high Mach numbers. 
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1 Introduction 

Over the past decade the principles underlying the 
design of non-oscillatory discretization schemes for 
compressible flows have been quite well established. 
A very large number of variations of artificial dif- c/ 

fusion, upwind biasing and flux splitting have been 
proposed and tested 112, 20, 14, 17, 16, 5 ,  22, 91. 
In the same period multigrid acceleration schemes 
have also been the subject of widespread investiga- 
tion, and have proved effective, particularly for sub- 
sonic and transonic flow. This paper presents some 
new variations of artificial diffusion and flux limiters 
which achieve high resolution of shock waves with- 
out oscillation. At the same time fast convergence 
is obtained with multigrid in both transonic and hy- 
personic flow. 

Two main issues arise in the design of non- 
oscillatory discrete schemes. First there is the issue 
of how to construct an approximation to a scalar 
convection or convection-diffusion equation which is 
non-oscillatory, captures discontinuities with high 
resolution, and is sufficiently accurate. Second there 
is the issue of how to construct a numerical flux for a 
system of equations with waves traveling at  different 
speeds, and sometimes in opposite directions. 

The next section reviews the conditions for the 
construction of non- oscillatory schemes for scalar 
nonlinear conservation laws. It is suggested that 
the principle of non increasing maxima and non de- 
creasing minima provides a convenient criterion for 
the design of non-oscillatory schemes. This princi- 
ple contains the concept of total variation diminish- 
ing (TVD) schemes for one-dimensional problems, 
but can he readily applied to multi-dimensional 
problems with both structured and unstructured 
grids. Such local extremum diminishing (LED) 
schemes can be realized by making sure that the 
coefficients of the discrete approximation are non- 
negative. First order schemes satisfying this crite- 



rion are easily constructed but are too diffusive. A 
simple and effective way of introducing limited anti- 
diffusive terms is presented. This leads to a new 
class of symmetric limited positive (SLIP) schemes 
that provide high resolution of shock waves, and can 

be implemented on both structured and unstruc- 
tured grids. These schemes can be generalized to 
attain any desired order of accuracy in regions where 
the solution has no extrema. 

Section 3 discusses the treatment of systems of 
equations with several dependent variables. In or- 
der to apply the local extremum diminishing (LED) 
principle, the flux may be split in a manner which 
corresponds to the characteristic fields, so that the 
scheme is designed to limit extrema of the charac- 
teristic variables. The Roe flux [17j provides a way 
to produce schemes that resolve stationary shock 
waves with a single interior point. The use of a 
scalar diffusive flux constructed directly from the so- 

lution variables leads to simpler schemes which can 

resolve shock waves with several interior points, and 
exhibit no overshoots provided that enough diffusion 
is introduced locally. These schemes have proved 
quite effective for steady state calculations. Very 
rapid convergence to a steady state can be achieved 
by the introduction of multigrid acceleration tech- 
niques. Because of their low computational costs 
these schemes are suitable for industrial use, and 
they have been successfully used for aerodynamic 
analysis in tbe design of aircraft such as the YF-23 

Scalar diffusion has the drawbacks that it is less 
effective in resolving moving shockwaves, and that 
in order to stabilize the calculation it tends to in- 
troduce more diffusion than is really needed. This 
can lead to a degradation of accuracy, for example, 
in the treatment of viscous flows where the numer- 
ical diffusion in the boundary layer should be kept 
as small as possible. In supersonic flow the region 
of dependence is purely upstream, while the use of 
scalar diffusion cannot produce a discrete scheme 
which is fully upwinded. This can be remedied by 
the introduction of pressure difference in the mo- 
mentum equation. It is then poesible to construct a 
first order scheme which reduces to pure upwinding 
in supersonic flow, and which may be used as the ba- 
sis for constructing higher order schemes. Upwind- 
ing of the pressure requires the introduction of terms 

R. 
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which may be related to the flux splitting recently 
proposed by Liou and Steffen (151. This simple con- 
vective upwind and split pressure (CUSP) scheme 
produces discrete normal shock waves which con- 
tain two or three interior points in transonic flow, 
and becomes sharper at very high Mach numbers 

Since the solution variables may develop new ex- 
trema, limiters may have an adverse effect if they 
are applied globally in conjunction with the scalar 
or CUSP diffusive fluxes. With the CUSP scheme it 
has been found that excellent oscillation control is 
achieved by a switch between first and third order 
diffusion of the type introduced by Jameson et 01. 
1121, and generalized by Swanson and l r k e l  1211. 

Section 4 presents results of various test calcula- 
tions for o n e ,  t w e  and three-dimensional problems. 
It is verified that the SLIP scheme with Roe ilux pro- 
vides high resolution of shock waves in shock tube 
simulations. It also produces shock waves with one 
interior point in steady transonic flow calculations 
for airfoils. The rate of convergence to steady state 
is significantly faster with the CUSP scheme. Tran- 
sonic solutions using the CUSP scheme on a 160x32 
grid are presented for three different airfoils. Each 
was obtained in 12 multigrid W-cycles with a multi- 
stage explicit time stepping scheme. The reduction 
of the number of steps needed for global convergence 
to 12 is the culmination of 12 years of effort. 

/ 
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2 Non-oscillatory schemes for 

scalar equations 

2.1 Local extremum diminish- 
ing (LED) schemes with positive 
coefficients 

Consider the discretization of a time dependent con- 
servation law such as 

for a scalar dependent variable u on an arbitrary 
(possibly unstructured) mesh. Assuming that the 
mesh points are numbered in some way, let vj be 
the value at mesh point j .  Suppose that the a p  
proximation to (1) can be expressed in semi-discrete 
form in terms of differences between uj and other u 
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mesh d u e s  vk as the scheme is LED if 

c t  J + i  > o ,  - c;-* 2 0. (4) 

Suppose that (3) is approximated in conservation 
form by the semi-discrete scheme 

If the scheme is supported by a compact stencil of 
points, C k j  will be zero for most values of k. k t  the 
coefficients satisfy the positivity condition 

W 

C k j  2 0 . (2) 

Then if vj  is a local maximum (over the stencil of 
the difference scheme) Uk - vj  5 0, with the conse- 
quence that 9 5 0. Thus a local maximum cannot 
increase, and similarly a local minimum cannot de- 
crease. Such a scheme will be called local extremum 
diminishing (LED). 

This criterion was proposed by the author [8, 9, 
111 as a convenient basis for the construction of non- 
oscillatory schemes on unstructured meshes. It as- 
sures positivity, because if v is everywhere positive, 
then its global minimum is positive, and this can- 
not decrease. When specialized to one dimension it 
also leads to the class of total variation diminishing 
(TVD) schemes proposed by Harten [5]. The total 
variation of v is 

W 

that is the sum of the absolute values of the vari- 
ation over each upward and downward segment. It 
was observed by Laney and Caughey [13] that each 
extremum appears in the variation of the segment 
on each side of that extremum, with the consequence 
that 

T V ( ~ )  = 2 (C mazima - C minima) , 

if the end values are fixed. Thus, if a one- 
dimensional scheme in LED, it is also TVD. How- 
ever, the TVD criterion does not readily gener- 
alize to multi-dimensional problems, whereas the 
LED criterion can be directly applied to multi- 
dimensional problems on both structured and un- 
structured meshes. 

If the onedimensional scalar conservation law 

& , a  - + - f ( u )  = 0 
a t  aZ 

is represented by a three point scheme 

dvj - c+ (Uj-1 - V j )  , dt 1-4 - - ,++ ( U j + l  - V j )  +cy  d 

(3) 

(5 )  
du . 

A z L  + (h j++  - h j - + )  = 0,  dt 

where hj++ is the numerical flux between cells j and 
j + 1, and A z  is the mesh interval. In a diffusive 
scheme hj+ t  may be calculated as 

1 
hj+t = z(fj+l + f j ) - a j + t ( u j + ~  

where the second term is a diffusive flux of first or- 
der. If the wave speed a(.) = 2 is approximated 
as 

then 

where 

A ~ j + t  = vj+i - ~ j .  

Thus the LED condition (4) is satisfied if 

and one obtains the first order upwind scheme 

This is the least diffusive first order scheme which 
satisfies the LED condition. In this sense upwinding 
is a natural approach to  the construction of non- 
oscillatory schemes. 
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2.2 High resolution switched 
Jameson-Schmidt-Thrke1 (JST) 
scheme 

Higher order non-oscillatory schemes are generally 
derived by introducing anti-diffusive terms in a con- 
trolled manner. Anti-diffusive terms can be iutrw 
duced by subtracting neighboring differences to pr- 
dnce a third order diffusive flux 

1 d;+t =4++ {AV;+~ - - 2 (auj++ + A";-,)} (7) 

The positivity condition (2) k violated by this 
scheme. It generates substantial oscillations in the 
vicinity of shock waves which can be eliminated by 
switching locally to the first order scheme. The 
switch introduced by Jameson, Schmidt and Turkel 
1121, which has proved effective for this purpose, has 
recently been improved by Swanson and Turkel [ Z l ] .  
The improved switch is taken as the maximum in 
some neighborhood of 

where 

PI = IAuj++ I + 1Auj-t 1 ( 8 4  
9 = bj+r I + 2 biI+ b j - 1  I .  

The value of e is typically $, and Po is a threshold 
to make sure that the denominator cannot be zero. 
Other quantities such as the entropy may be used 
to calculate the switch. The  diffusive flux is now 
calculated as 

where if S is the maximum of Q in a neighborhood, 
then 

Usually (XI = $, @I = $ to scale the diffusion to the 
level corresponding to upwinding, while a2 and l% 
must be chosen to switch from third order to first 
order diffusion fast enough near a s h o d  wave. 

2.3 Symmetric limited positive 
(SLIP) scheme 

An alternative route to high resolution without OS- 

cillation is to introduce flux limiters to guarantee 
the satisfaction of the positivity condition (2). The 
use of limiters dates back to the work of Boris and 
Book 121. A particularly simple way to introduce 
limiters, proposed by the author in 1984 [7], is to 
use flux limited dissipation. In this scheme the third 
order diffusion defined by equation (7) is modified 
by the insertion of limiters which produce an equiv- 
alent three point scheme with positive coefficients. 
The original scheme can be improved in the follow- 
ing manner so that less restrictive flux limiters are 
required. Let L(u,v) be a limited average of u and 
u with the following properties: 

d 

PI. L(u,u) = L ( u , u )  

P2. L(au,au) = aL(u,u)  

P3. L(u,u) = u 

P4. L(u, u )  = 0 if u and u have opposite signs 

Properties (Pl-P3) are natural properties of an av- 
erage, Property P4 is needed for the construction of 
an LED or TVD scheme. 'W' 

It is convenient to introduce the notation 

+(r) = L(1,r) = L(r, 1). 

Then it follows from (P2) that 

Also it follows on setting u = 1 and u = r that 

Thus, if there exists r < 0 for which +(r) > 0, then 
+ (+) < 0. The only way to ensure that +(r) 2 0 is 
to require +(r) = 0 for all r < 0, corresponding to 
property P4. 

Now one defines the diffusive flux for a scalar con- 
servation law aa 
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Then, the scalar scheme ( 5 )  reduces to 

Thus the scheme satisfies the LED condition if 

assured by property (P4) on L. At the same time it 
follows from property (P3) that the first order dif- 
fusive flux is canceled when Au is smoothly varying 
and of constant sign. A variation is to include the 
coefficient a,++ in the limited average by setting 

aj++ 2 1 laj++[ for all j ,  and b(r) 2 0, which is 

I t  is easily verlfied that the argument remains valid. 
These results may be summarized as 

W 

4 

Theorem 1 (Positivity Theorem) 
Suppose that the discrete conservation law (5) con- 
tains a limited digwive fluz w defined by equations 
(9) or (IO). Then the positivity wndition (61, to- 
gether with the properties (Pi-Pi) for limited auer- 
ages, are suflcient to ensure satisfaction of the LED 
principle that a l d  mozimum cannot increose and 
a l o a f  minimum cannot decreose. 0 

The new scheme wiU be referred to 88 the symmet- 
ric limited positive (SLIP) scheme. The construction 
benefits from the fact that the terms involving b(r-) 
and b(r+) reinforce the positivity of the coefficients 
whenever 4 is positive. Thus the only major restric- 
tion on L(u,u) is that it must be zero when u and 
u have opposite signs, or that b(r) = 0 when r < 0. 
If Avj+t and Auj-f have opposite signs then there 
is an extremum at either j or j + 1. In the case 
of an odd-even mode, however, they have the same 
sign, which is opposite to that of Auj++, so that 

they reinforce the damping in the same way that a 
simple central fourth difference formula would. At 
the crest of a shock, if the upstream flow is constant 
then Auj-+ = 0, and thus Auj+t is prevented from 
canceling any part of Auj++ because it is limited by 
Auj-t .  

A variety of limiters may be defined which meet 
the requirements of properties (Pl-P4). Define 

1 .  
2 

S(u, u )  = - {sign(u) + sign(.)) 

1 i f u > O a n d u > O  
0 if u and u have opposite sign 

-1 if u < 0 and u < 0 

Three limiters which are appropriate are the follow- 
ing well-known schemes: 

1. Minmod: 

L(u,u)  = s (u ,~ )min ( lu / , / u l )  

2. Van Leer: 

3. Superbee: 

U U , ~ )  = S ( u , v ) m = t m i n ( 2 l 4 , I 4 ) ,  min(lul,2luI)l 

These are special cases of the following more general 
formulas: 

4. a-mod: 

5. a-fl-mod: 

6. a-bee: 

L(u,v) = s ( u , V ) m = { m i n ( 4 4 ,  14) , m i n ( l ~ I , 4 4 ) }  

a-mod reduces to minmod when a = 0, and to Van 
. Leer when a = 1. a-P-mod reduces to the geometric 

mean when 0 = 0 and u and u have the same sign, 
and to a-mod when P = 1. a-bee reduces to minmod 
when a = 1 and to superbee when a = 2. Another 
formulation is simply to limit the arithmetic mean 
by some multiple of the smaller of ]u/ and ) V I :  
7. a-mean: 

L(u,u) = S(u,u)min (v, a ~ u ~ ,  alul) 

5 



2.4 SLIP schemes on multi- 
dimensional unstructured meshes 

Define the coefficient aho a8 

2 
and 

Auk,, = U k  - tJO. 
Then equation (11) reduces to 

Figure 1: Cell Surrounding Vertex 0. 

Consider the discretization of the scalar coIlserva- 
tion law (1) by a scheme in which u is represented 
at  the vertices of a triangular mesh, as sketched in 
Figure 1. In a finite volume approximation (1) is 
written in integral form as 

and this is approximated by trapezoidal integration 
around a polygon consisting of the triangles with a 
common vertex, 0, say. 

Thus (1) is discretized as 

- ( g k  + g b - 1 )  ( z k  - Zk-13) = 0 

where f k  = f ( U k ) ,  g k  = g ( U k ) ,  s is the area Of the 
polygon, and k ranges over its vertices. This may 
be rearranged as 

where 

A Z k  = 5 ( Z k + l  - Z k - l ) ,  A V k  = 5 ( Y k + l  - Y k - 1 ) .  

Following, for example, References [a] and [ll], this 
may now be reduced to a sum of differences over the 
edges ko by noting that ck A z k  = ck A y k  = 0. 
Consequently f. and go may be added to give 

1 1 

To produce a scheme satisfying the sign condition 
(2), add a dissipative term on the right hand side of 
the form 

C a k o A U k o ,  (12) 
k 

where the coefficients Qko satisfy the condition 

Qko >_ \ah,\. (13) 

These simple schemes are far too dissipative. An- 
tidiffusive terms may be added without violating the 
positivity condition (2) by the following generaliza- 
tion of the one-dimensional scheme. Considering 
again the scalar case, let lk., be the vector connecting 
the edge ko and define the neighboring differences 

v 
A t V k o  = l k . * V + V ,  h-vk, = t k , . V - V ,  

where V * u  are the gradients of v evaluated in the 
triangles out of which and into which l k o  points, as 
sketched in Figure 2. Arminjon and Dervieux have 

S 

P 

r 

Figure 2 Edge ko and Adjaxent Triangles. 

used a similar definition 111. 
It  may now be verified that 
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and 

A - U k o  = €or (VO - %) + € O B  (.e - ' J n ) ,  

v where the coefficients € p k ,  E + ,  and €,,, are d l  
non-negative. Now define the diffusive term for the 
edge ko as 

dko = a k 0  {Auko - L ( A + V k @ ,  A - V k . ) } ,  (14) 

where L(u,u)  is a limited average with the proper- 
ties (Pl-P4) that were defined in Section 2.3. In 
considering the sum of the terms at the vertex o 
write 

L(A+Vk,, A - V k o )  = + ( T i o ) A - V k o ,  

where 

Then, since the coefficients eoF and eo* are non- 
negative, and +(?io) is non-negative, the limited an- 
tidiffusive term in (14) produces a contribution from 
every edge which reinforces the positivity condition 
(2). Similarly, in considering the sum of the terms 
at  k one writes 

L ( A + U k . ,  A - V k , )  = d(r;o)A+Vko, 
W 

and again the discrete equation receives a contribu- 
tion with the right sign. One may therefore deduce 
the following result: 

Theorem 2 (Positivity Theorem for Unstruc- 
tured Meshes) 
Suppose that the discrete conservation law (1 1) is 
augmented by J¶UZ limited dissipation following equa- 

tions (12) and (14). Then the positivity condition 
(13), together With the properties (Pi-PI) for lim- 
ited averages, are suficient to ensure the LED prop- 
erty at every interior mesh point. 0 

Note also that if this construction is applied to 
any linear function u then 

Auko = A+uk. = A-Vk . ,  

with the consequence that the contribution of the 
diffusive terms is exactly zero. In the case of a 

smoothly varying function u,  suppose that l k . * v V  # c/ 

0 and the limiter is smooth in the neighborhood of 
T:, = 1. Then substitution of a Taylor series expan- 
sion indicates that the magnitude of the diffusive 
flux will be of second order. At an extremum the 
antidiffusive term is cut off and the diffusive flux is 
of first order. 

2.5 Upstream limited positive (US- 
LIP) schemes 

By adding the anti-diffusive correction purely from 
the upstream side one may derive a family of u p  
stream limited positive (USLIP) schemes. Corre- 
sponding to the original SLIP scheme defined by 
equation (9), a USLIP scheme is obtained by set- 
ting 

d j + +  = a j + +  { A u j + +  - L ( A u j + + , A u j - + ) }  

if a,++ > 0, or 

d j++  =ai++ { A V j + +  - L  (Auj++ ,AVj+ t ) }  

if a j + t  < 0. If a,++ = f laj++l one recovers a 
standard high resolution upwind scheme in semi- 
discrete form. Consider the case that aj++ > 0 and 
aj -+  > 0. If one sets 

the scheme reduces to 
Azd". = _ -  1 {+(r+)aj+t + (2--4(7-))aj-+} awj-t. 

dt 2 

To assure the correct sign to satisfy the LED crite- 
rion the flux limiter must now satisfy the additional 
constraint that b ( ~ )  5 2. 

The USLIP construction can also be implemented 
on an unstructured mesh by taking 

dko  = lake1 {Auk0 - L (Aukor A - W k o ) }  

if aLo > 0 and 

dko = lakol {Auk. - ( A U k o , A + U k o ) }  

if ako < 0. Let Et and E- denote sums over the 
edges meeting at  the vertex D for which a k o  > 0 and 
aka < 0. Define 
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Then 

and substituting the formula for A-uko the coeffi- 
cient of every difference Auk. is found to be nou- 
negative, with the consequence that the scheme is 
LED. 

2.6 General construction of higher 
order SLIP schemes 

Schemes of any desired order of accuracy in regions 
where the solution does not contain extrema can 
be constructed by the following general procedure. 
Suppose that the scalar conservation law (1) is a p  
proximated in semi-discrete form by the low and 
high order schemes 

and 

(16) 
du , + f H j + ,  - fIfj-, = 0 dt 

where the low order scheme has positive coefficients 
and is local extremum diminishing (LED). Define an 
anti-diffusive 5ux as 

A,++ = fH,++ - f L j + , '  

and in order to define a limited corrective flux fc j + f  
let Bi++ be a bound determined from the local 
slopes as 

Bj++ = lminmod (AU~+*,AV~+*,AU,-+)I ,  

where minmod (u, u, w )  = 0 if u, u, and w do not 
have the Same sign, and otherwise 

minmod(u,u,w) = Smin(lul,Iul,(w(), 

where S is the sign of u, u, and w. Set 

fCJ+ * = ' i g n ( ~ j + t ) m i n ( I A j + * I , ~ j + f ~ j + ~ )  9 

(17) 
where Pj+* > 0. The SLIP scheme is now defined 

A z A  + hj++ - hj-4 = 0, 
as 

(18) 

(19) 

dv. 
dt 

where 

hj+t = fLj++ + fC,++. 

Thus, it reduces to the high order scheme when the 
limiters are not active. It is important that the 
limiter depends only on the magnitude of the lo- 
cal slopes, and not their sign, 80 that the correction 
can have either sign. 

In order to prove that the general SLIP scheme is 
LED, note that the low order LED scheme can be 
written as 

'd 

where ci++ 2 0 and c- ,-+ > - 0 : Now, 

min(IAj++l,Pj++Bj++) =rj++Bj+$,  O<rj++ < P j + +  

Also, 

B j + + = 4 j + +  + Av. 1+* a = 4 .  I+, iAvj++ = 4;++Auj-+, 

where 

054;+j+,t11, O54,++51, O'4;++'1 

since Bj++ = 0 if vj+ i ,  vi++, and vj-+ do not all 
have the same sign. 

Define 

sj++ =sign ( Au,++ ' ) '  SA:++ =sign ( A j+,). 1 

Then, since Bj++ = Bj-+ = 0 unless s. I = 
S j - +  = 0, 

L/ 
1+ 2 

- fC,_*  - fC,+* - 
1 +s IJj+* f sAj-+(Yj-$d;-+Avj++ 

1 
+T Is,++ -'AA,++I^Ij++4j+favj++ 
-5 1 Isi-+ +8Aj++17j++4;++~vj-+ 

so that the correction reinforces the positivity of 
c? and cT . This provides the proof of 
I + +  I - t  

Theorem 3 (Positivity of the General S L I P  
Scheme) 
The semi-discrete scheme defined by equations (17- 
19) is LED if the low order scheme (15) is LED. 
0 

The key idea in this proof is that the correction A,+ + 
may he associated with either Avj-t or Avj++ de. 
pending on whether it has the same or the opposite 
sign as AujVj-t and Auj++. W 



The idea of blending high and low order schemes 
to produce a limited anti-diffusive correction is sim- 
ilar to that used in Zalesak's generalization of flux 
corrected transport (FCT) [24]. With FCT the anti- 
diffusion is introduced in a separate corrector stage, 
whereas in the present scheme it is integrated in the 
construction of the numerical flux. This brings it 
within the framework of a general theory of LED 
schemes, and facilitate its extension to treat systems 
of equations by the introduction of flux splitting pro- 
cedures. 

As an example of the general SLIP construction 
suppose that the numerical flux has the form 

1 
hj+$ = ; ( f j + l + f j ) - d j + + ,  

where for the low order scheme 

1 
dj++ =aj++A*j++  3 aj+t 2 1 laj++lg 

and for the high order scheme 

( 2 2 l )  
1 

d j++  = aj++ Auj++ - -Auj+$ - -Auj++ . 
These are just the diffusive fluxes which are used in 
the switched JST scheme described in Section 2.2. 
The anti-diffusive flux in the SLIP scheme is now W 

A ~ + $  =?a+ 1 ( A V ~ + *  +A.,+,). 

1 . 1 1  I 
In this case the bound Bj++ need only depend on 

the smaller of Au,+J and Auj-+ , provided that 
Auj+$ and AujUj-t have the same sign, leading to 
the first SLIP scheme with a-mean as the limiter. 
Here the SLIP construction provides an alternative 
switching procedure to the sensor in the JST scheme, 
such that the LED property is enforced. 

To construct a sequence of successively higher or- 
der SLIP schemes one may start by constructing a 
second order scheme SLIP2, say by taking 

Then one may repeat the procedure, taking 

and 

The resulting scheme, which may be conveniently 
labelled SLIP4, is fourth order accurate when the 
limiters are inactive. The procedure may be then be 
iterated. The correction f(') - (') is of order 

Az', and subsequent corrections are of correspond- 
ingly higher order. Thus they are progressively less 
likely to be limited by the bound Bj+*. 

2.7 

Y + ,  f5++ 

General SLIP scheme on unstruc- 
tured meshes 

The general SLIP construction may also be imple- 
mented on unstructured meshes. With the notation 
of Figure 3, let f~,. and f~~~ be low and high order 

@ 
I 

Figure 3 Edge ko and Adjacent Edges. 

fluxes along the edge ko. Define the anti-diffusive 
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where @ko > 0 and B k o  is a bound determined by 
the local slopes. In order to define & let I and n 

be any vertices neighboring k and o such that 

Sign(hUnk) = Sign(AUk,,), sign(Au.1) = Sign(AUk,). 

If there is no such vertex n then k is a local ex- 
tremum , aud if there is no such vertex I then o is a 
local extremum. In either caw Bet &., = 0. Other- 
wise set 

E k e  = miU(lAUnkI,IAUk.I,IAuorl). (22) 

The flux along the edge ko for the SLIP scheme is 
now defined as 

fko = fL,. + fc... 
It may be verified that the scheme can be expressed 
in terms of differences between the vertex o and its 
nearest neighbors with uon-negative coefficients by 
adapting the one-dimensional derivation of the last 
section in the same way that the one-dimensional 
derivation of Section 2.3 was adapted to the unstruc- 
tured mesh in Section 2.4. This result may be stated 
as 

Theorem 4 (Positivity of the General SLIP  
Scheme on Uns t ruc tu red  Meshes) 
If the discrete conservation law (11) is augmented by 
the diffusive flux fL,. and fc,. defined by equations 
(20-22), then the scheme is LED at every interior 
point. 0 

The construction requires the identification of any 
three edges lo, ok and kn along which the solution is 
monotonically increasing or decreasing. If Auko > 0 
one could search for vertices l and n which maxi- 
mize Aunk and Au,,~, but since the number of edges 
meeting at a given vertex can be very large, this pro- 
cedure could be expensive, and one might prefer to 
apply the test to the edges nk and d most nearly 
aligned with the edge ko. 

2.8 Fully discrete LED schemes 
When a discrete time stepping scheme is intr- 

duced to produce a fully discrete scheme, let a su- 
perscript n denote the time level. A convenient in- 
terpretation of the LED principle is now to require 
that the change 6uj = v;+' - UT should be limited 
so that UT+' remains within thresholds set by the 

Figure 4: Thresholds for a Fully Discrete LED 
Scheme. 

values uYb1 and U Y + ~ .  One must consider the inter- 
action of the flux hj+ t  with both the changes 6uj 

and h j + l  . 
If one takes the simplest case of a forward Euler 

scheme 

both the SLIF' and the USLIP schemes remain valid 
but this constraint leads to a limit on the time step 
At. Let the flux limiting function 4(r) satisfy the 
bound 4(r) 5 Then the limit on At becomes 
smaller as &,.x becomes larger. Similarly in the case 
of the general construction of Sections 2.6 and 2.7 
the limit on At becomes smaller as the parameter 0 
is increased. If the scheme is LED it is also stable 
in the L, norm. Thus if At satisfies the LED re- 
striction, the forward Euler scheme is stable. Given 
a forward Euler scheme that satisfies the positivity 
conditions, Shu has shown how to construct higher 
order multistage time stepping schemes which pre- 
serve these conditions under an appropriate restric- 
tion of the time step [la]. 

W 

3 Systems of conservation laws 

3.1 Flux splitting 

Steger and Warming [20] first showed how to gen- 
eralize the concept of upwinding to the system of 
conservation laws 

aw a - + - f(w) = 0 
at ax 

by the concept of flux splitting. Suppose that the 
flux is split as f = f+ + f- where and 
have positive and negative eigenvalues. Then the L--, 

10 



first order upwind scheme is produced by taking the 
numerical flux to be 

U 
hj++ = f: + & I .  

This can be expressed in viscosity form as 

where the diffusive flux is 

Roe derived the alternative formulation of flux dif: 
ference splitting [17] by distributing the corrections 
due to the flux difference in each interval upwind 
and downwind to obtain 

dw . + (fj+i - f j ) -  + (fj - fj-1)' = 0, 

where now the flux difference f j+l-  fj is split. The 
corresponding diffusive flux is 

Following Roe's derivation, let Aj++ be a mean 
value Jacobian matrix exactly satisfying the condi- 
tion 

W 

fj+l - fj = Aj+i(wj+l - wj). 

Then a splitting according to  characteristic fields is 
obtained by decomposing Aj++ 88 

A,+* = TAT-', 

where the columns of T are the eigenvectors of A,+ 4, 
and A is a diagonal matrix of the eigenvalues. Then 

Now the corresponding diffusive flux is 

where I A ~ + , ~  = T I A I T - I  

and [AI is the diagonal matrix containing the abs* 
lute values of the eigenvalues. 

Simple stable schemes can be produced by the 
splitting 

which satisfies the positivity condition on the eigen- 
values if aj++ > $maxlX(Aj++)l and corresponds 
to the scalar diffusive flux 

dj++ = a,+ +A*,++. (25) 

Characteristic splitting has the advantage that it 
allows a discrete shock structure with a single in- 
terior point. The simple scalar diffusive flux (25) 
is computationally inexpensive, and combined with 
the high resolution switched scheme captures shock 
waves about three interior points. 

3.2 Construction of convective up- 
wind and split pressure (CUSP) 
schemes 

Discrete schemes should be designed to provide high 
accuracy in smooth regions in combination with 
oscillation-free shocks at  the lowest possible com- 
putational cost. This in turn requires both economy 
in the formulation, and in the case of steady state 
calculations, a rapidly convergent iterative scheme. 
The convective upwind and split pressure (CUSP) 
scheme described below meets these requirements, 
while providing excellent shock resolution at  high 
Mach numbers. When very sharp resolution of weak 
shocks is required, the results can be improved by 
characteristic splitting with matrix diffusion using 
Roe averaging. 

Consider the one-dimensional equations for gas 
dynamics. In this case the solution and flux vectors 
appearing in equation (23) are 

- = (  i), f = (  <?+ 

where p is the density, u is the velocity, E is the total 
energy, p is the pressure, and H is the stagnation 
enthalpy. If is the ratio of specific heats and c is 
the speed of sound 

p = ( y - 1 ) p  E - -  ( 3 
2 - 7P 

P 
c -- 

In a steady flow H is constant. This remains true 
for the discrete scheme only if the diffusion is con- 
structed so that it is compatible with this condition. 
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The eigenvalues of the Jacobian matrix A = $?& 
are u, u+c, and u-c. If u > 0 and the flow is locally 
supersonic (M = j > l), all the eigenvalues are pos- 
itive, and simple upwinding is thus a natural choice 
for diffusion in supersonic flow. It is convenient to 
consider the convective and pressure fluxes 

separately. 
achieved by 

Upwinding of the convective flux is 

de,++ = ] ~ j + t I A w , , + ~  = I M I c ~ + ~ A w c , + ~ ,  

where M is the local Mach number attributed to the 
interval. Upwinding of the pressure is achieved by 

fill upwinding of both fe and f, is incompatible 
with stability in subsonic flow, since pressure waves 
with the speed u - c would be traveling backwards, 
and the discrete scheme would not have a proper 
zone of dependence. Since the eigenvalues of 
are u, u and yu, while those of % are 0, 0 and 
-(y - l)u, a split with 

f+ = fey f- = f p  

leads to a stable scheme, used by Denton [4], in 
which downwind differencing is used for the presure. 

This scheme does not reflect the true zone of de- 
pendence in supersonic flow. Thus one may seek a 
scheme with 

where fi(M) and f i ( M )  are blending functions 
with the asymptotic behavior f l ( M )  + IMI and 
f z ( M )  -t sign(M) for JMJ > 1. Also the convec- 
tive diffusion should remain positive when M = 0, 
while the pressure diffusion must be antisymmet- 
ric with respect to M. A simple choice is to take 
fl(M) = IMI and f z ( M )  = sign(M) for IMI > 1, 
and to introduce blending polynomials in M for 

IMI < 1 which merge smoothly into the supersonic 
segments. A quartic formula 

fi(M) = a, +a&' + a4M', IMI < 1 
L/' 

preserves continuity of f1 and at (MI = 1 if 

3 1 
a2 = - - 2a ,,, a4 = a , -  -. 2 

Then a, controls the diffusion at M = 0. For tran- 
sonic flow calculations a good choice is a. = i, while 
for very high speed flows it may be increased to !j. A 
suitable blending formula for the pressure diffusion 
is 

1 f Z ( M )  = 5 M ( 3  - MZ),  JMJ < 1. 
The diffusion corresponding to the convective 

terms is identical to the scalar diffusion of Jame- 
son, Schmidt and Tnrkel 1121, with a modification of 
the scaling, while the pressure term is the minimum 
modification needed to produce perfect upwinding in 
the supersonic zone. The scheme retains the p r o p  
erty of the original scheme that it is compatible with 
constant stagnation enthalpy in steady flow. If one 
derives the viscosity corresponding to the flux split- 
ting recently proposed by Liou and Steffen (151, fol- 
lowing equation (24), one finds that their scheme 

form, and the present scheme may thus be regarded 
as a construction of artificial viscosity approximately 
equivalent to Liou-Steffen splitting. 

produces first order diffusion with a similar general 'd 

3.3 Multi-dimensional systems 

Schemes for structured meshes are conveniently con- 
structed treating each mesh direction separately in 
a manner similar to the one-dimensional case. For 
unstructured meshes, the three-dimensional conser- 
vation law 

can be treated in a manner similar to the scalar case 
by firat expressing the convective flux balance as a 
sum of differences along edges. Consider the set of 
tetrahedrons containing a common edge. Then one 
may associate with that edge a vector area S which 
is one-third the sum of the nma of the set of faces 
which form one of two opposing umbrellas around 
the edge. With a notation similar to that of Fig- 
ure 1 the convective flux balance corresponding to W 
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equation (26) at  an interior mesh point may be writ- 
ten as 

W 
duo V- + (FL - F.) *Sk, = 0, (27) 
dt b 

where the columns of F are the flux vectors f, g and 
h, and V is the volume of the polyhedron formed 
by the union of all the tetrahedrons with the com- 
mon vertex 0. Here F. may be added or subtracted 
since C k S k ,  = 0. Diffusion may now be added 
along the edges in exactly the same way as before. 
When the convective flux balance is evaluated, it is 
more convenient to use the sum Zk (Fk + F.) %, 
so that the convective flux along each edge needs to 
be calculated only once in a loop over the edges and 
appropriately accumulated at  nodes k and o. 

The SLIP scheme can now be formulated with the 
aid of Roe's construction 1171. k t  Ak0 be a matrix 
such that 

Ako (Wk - W.) = (FL - F,) ' S k a  

Suppose that Abo is decomposed as TAT-' where 
the columns t j  of T are the eigenvectors of Aka. 
Then the difference Aw = wk - w. is expressed as 
a sum Cjcrjtj of the eigenvectors, where the coef- 
ficients a j  = ( T - ~ A w ) ~  represent the characteristic 
variables, and the diffusive term along the edge ko 
is constructed as 

W 

IA*.,l Aw = T lA(T-'Aw 

In order to construct a higher order scheme, an anti- 
diffusive flux may then be calculated by applying the 
limited averaging procedure as in equation (14) to 
each characteristic variable separately. 

At boundary points equations (11) or (27) need 
to be augmented by additional fluxes through the 
boundary edges or faces. The first order diffusive 
flux ak.Avi. may be offset by subtracting an an- 
tidiffusive flux evaluated from the interior, taking a 
limited average with Auk,,. 

4 Convergence acceleration 
for steady state calculations 

4.1 Time stepping schemes 

The discretization of the spatial derivatives reduces 
the partial differential equation to a semi-discrete 

v 

equation which may be written in the form 

d w  
dt 
- + R(w) = 0, 

where w is the vector of flow variables a t  the mesh 
points, and R(w)  is the vector of the residuals, con- 
sisting of the flux balances augmented by the diffu- 
sive terms. In the case of a steady state calculation 
the details of the transient solution are immaterial, 
and the time stepping scheme may be designed solely 
to maximize the rate of convergence. 

If an explicit scheme is used, the permissible time 
step for stability may be so small that a very large 
number of time steps are needed to reach a steady 
state. This can be alleviated by using time steps of 
varying size in different locations, which are adjusted 
so that they are always close to the local stability 
limit. If the mesh interval increases with the dis- 
tance from the body, the time step will also increase, 
producing an effect comparable to that of an increas- 
ing wave speed. Convergence to  a steady state can 
be further accelerated by the use of a multigrid pro- 
cedure of the type described below. With the aid 
of these measures explicit multistage schemes have 
proved extremely effective. Implicit schemes allow 
much larger time steps, but the work required in 
each time step may become excessively large, espe- 
cially in three-dimensional calculations. In fact, it 
is suggested in the next section that a good way to 
construct efficient implicit schemes for calculating 
unsteady flows is to use an explicit multigrid scheme 
to solve the equations in each time step. 

If one reduces the linear model problem corre 
sponding to (28) to an ordinary differential equa- 
tion by substituting a Fourier mode Zi, = .sip'), the 
resulting Fourier symbol has an imaginary part pr* 
portional to the wave speed, and a negative real part 
proportional to the diffusion. Thus the time s t e p  
ping scheme should have a stability region which 
contains a substantial interval of the negative real 
axis, as well as an interval along the imaginary axis. 
To achieve this it pays to treat the convective and 
dissipative terms in a distinct fashion. Thus the 
residual is split as 

R(w) = Q(w) + D ( w ) ,  

where Q ( w )  is the convective part and D(w) the 
dissipative part. Denote the time level nAt by a 
superscript n. Then the multistage time stepping 
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scheme is formulated as 

,,,(n+l.O) = Wn 

... 
,,,("+1A) = W n  - a k ~ t  ( q ( k - 1 )  + D ( k - 1 ) )  

... 
,,,"+I = ,,,(n+lm), 

where the superscript k denotes the k-th stage, 
a, = 1, and 

Q ( ' )  = Q ( w " ) ,  D(O) = D (w") 

... 
Q ( k )  = Q ( W ( n + l , k ) )  

dk) = PkD ( w ( " + ' * ~ )  + ( 1  P k ) D ( ' - ' ) .  

The coefficients ak are chosen to maximize the sta- 
bility interval along the imaginary axis, and the CD 

efficients P k  are chosen to increase the stability in- 
terval along the negative real axis. 

Two schemes which have been found to be par- 
ticularly effective are tabulated below. The first is 
a four-stage scheme with two evaluations of dissipa- 
tion. Its coefficients are 

) -  

= 1 3 P1=1 

Q2 = I 16 h=' 
Q J = P  9 b = o  

2 .  

Q 4 = 1  P4=0 

The second is a five-stage scheme with three evalu- 
ations of dissipation. Its coefficients are 

a1 = a 
Q 2 = 5  1 & = o  

P1 = 1 

a3 = 
a 4 = 4  pa=o 
a& = 1 & =0.44 

P3 = 0.56 . 

4.2 Multigrid 
The multigrid scheme is a full approximation scheme 
defined as follows 16, 81. Denote the grids by a sub- 
script k. Start with a time step on the finest grid 
k = 1. Ransfer the solution from a given grid to a 

coarser grid by a transfer operator P k , k - l ,  BO that 
the initial state on grid k is 

Wf' = P k , & 1 W k - l .  

Then on grid k the multistage time stepping scheme 
is reformulated as 

WY') = - a,At (RP) + G k )  , 

where the residual RP) is evaluated from current 
and previous values as above, and the forcing func- 
tion G k  is defined as the difference between the ag- 
gregated residuals transferred from grid k - I and 
the residual recalculated on grid k. Thus 

4' 

G k  = Q k , k - i R ( W k - i )  - R ( W P ) ) ,  

where Q k , k - l  is another transfer operator. On the 
first stage the forcing term G k  simply replaces the 
coarse grid residual by the aggregated fine grid resid- 
uals. The accumulated correction on a coarser grid 
is transferred to the next higher grid by an interpe 
lation operator I k - 1 , k  so that the solution on grid 
k - 1 is updated by the formula 

,,,new k-1  - - W k - 1  + I k - 1 . k  (Wk - Wf') . 

The whole set of grids is traversed in a W-cycle in 
which time steps are only performed when moving 
down the cycle. 

5 Numerical results 

In extensive numerical tests, schemes using the 
CUSP diffusive flux and the characteristic split flux 
with Roe averaging have both been found to give 
high resolution of shock waves. Figures 5-9 display 
the results of multigrid calculations using the CUSP 
scheme with adaptive diffusion using the JST switch 
as defined by equations (8). The switch is applied 
to the pressure. With this construction the role of 
the high order diffusion is to provide global damping 
of oscillatory modes which would otherwise inhibit 
convergence to a steady state, while the role of the 
first order diffusion is to control oscillations near dis- 
continuities. Numerical experiments with multigrid 
acceleration confirm that the rate of convergence to 
a steady state is essentially the same when the first 
order diffusion is eliminated, but large pre- and post- 
shock oscillations appear in the solution. On the 
other hand the multigrid scheme will not converge 
if the global diffusion is eliminated. 

Figurea 5-7 show transonic solutions for three dif- 
ferent airfoils, calculated on a 160x32 mesh, and 
each of which is essentially converged in 12 multi- 
grid cycles. The work in each cycle is about equal 
to two explicit time steps on the fine grid. I t  may be 
noted also that the computed drag coefficient of the 

LJ 

Korn airfoil at the shock-free design point is zero to W' 
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four digits. The drag coefficient is also computed to 
be zero to four digits for subsonic flows over a vari- 
ety of airfoils with lift coefficients in the range up to 
1.0. Very little change is observed between solutions 
calculated on 80x16 and 160x32 meshes, providing 
a further confirmation of accuracy. 

The CUSP scheme produces very sharp shock 
waves in hypersonic flow, provided that care is taken 
to define the cell interface Mach number as the Mach 
number on the downwind side, 80 that downwind 
terms are perfectly canceled in supersonic flow. This 
is illustrated in Figures 8 and 9, which show the flow 
past a semicircular blunt body at  Mach 8 and 20. It 
can be seen that quite rapid convergence, a t  a rate 
of the order of 0.9, continues to be obtained with 
the multigrid scheme in hypersonic flow. 

Shock waves in transonic flow are less sharply re- 
solved, but discrete shock waves with 2 or 3 interior 
points are obtained if the diffusion is scaled to a 
value somewhat less than that corresponding to  full 
upwinding. Another way to achieve this is to use 
blending functions with the same asymptotic values 
for large Mach numbers, but smaller values when 
M = 1. One choice is 

v 

The SLIP construction can be applied in con- 
junction with the CUSP diffusive flux, but limiters 
should not be applied indiscriminately to solution 
variables in regions where new extrema should be 
permitted to appear. Studies which are currently 
underway indicate, however, that they may be useful 
in improving the resolution of boundary layers (231 
in the results presented here the SLIP construction 
is used in conjunction with characteristic splitting 
and Roe averaging, which may also be regarded as 
the use of matrix diffusion [21]. 

To verify that the SLIP construction presnts o& 
cillations in both steady and unsteady flows, Fig- 
ure 10 shows the results of a shock tube calculation 
for the Sod problem [19]. This calculation was per- 
formed with the fourth order SLIP scheme formu- 
lated in Section 2.6. In the onedimensional case sin- 
gle stage time stepping schemes of second or higher 
order similar to the Lax-Wendroff scheme can be 
derived at little cost in complexity by the successive 
substitution of space derivatives for time derivatives. 
Here, since the purpose was to verify the LED p r o p  

U 

erty of the SLIP scheme, a simple forward Euler time 
stepping scheme was used with a time step corre- 
sponding to a Courant number of 5. The computed 
results are superposed on the exact solution. The 
shock wave and expansioo are very well resolved. 
The contact discontinuity is less sharply resolved, as 
is to be expected because of the absence of a natural 
compressive effect a t  a contact discontinuity. 

Figures 11-14 present results of two dimensional 
transonic flow calculations with characteristic split- 
ting, which confirm that stationary shock waves are 
very sharply resolved. Discrete shock waves with 
just one interior point are obtained when flux lim- 
ited dissipation is used with the SLIP formulation, 
following equation (9). Tbe choice of limiter can 
significantly affect the accuracy. If the limiter is too 
stringent the lift is noticeably underpredicted even 
on a 320x64 mesh. For example, if one uses a-mean 
with LI = 1 the lift coefficient for the RAE 2822 
airfoil at Mach 0.75 and 3O angle of attack is calcu- 
lated on a 320x64 mesh to be 1.092, whereas with 
LI = 2 it  is calculated to be 1.121. When the lim- 
iter is relaxed, on the other hand, it becomes pr* 
gressively more difficult to achieve convergence to 
a steady state, and there is  a tendency for conver- 
gence to stop at an error threshold in the region of 
I O 4 .  The switched scheme can produce equally per- 
fect shocks in steady flow when it is combined with 
characterisitc splitting, provided that the shocks are 
not too weak. When multigrid acceleration is in- 
troduced it also generally converges more rapidly to  
a steady state. Thus it may be preferred for steady 
state calculations, while flux limited dissipation mzy 
be needed for perfect oscillation control in the cal- 
culation of unsteady flows. 

Figures 11-12 show the results of multigrid calcu- 
lations on a 320x64 mesh for the RAE 2822 airfoil at 
Mach 0.75 and 3' angle of attack calculated with the 
switched scheme, and with the SLIP scheme using 
a-mean with LI = 1.5. Figures 13-14 show the same 
comparisons for the NACA 0012 airfoil a t  Mach 0.8 
and 1.25" angle of attack. In each of these cases the 
two schemes give more or less identical results, with 
the switched scheme converging a little faster. In 
other numerical tests, however, the switched scheme 
has been found to provide less reliable resolution of 
very weak shock waves. 

Figures 15 and 16 show applications of the SLIP 
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scheme with characteristic splitting to two airfoils 
which had previously been found to have non-unique 
solutions in calculations using the JST &me with 
scalar diffusion [lo]. The non-uniqueness is con- 
firmed in these calculations, supporting the belief 
that these airfoils truly admit non-unique Euler SO- 

lutions. 
Finally, Figure 17 shows a three-dimensional Eu- 

ler solution for the ONERA M6 wing a t  Mach 0.840 
and an angle of attack of 3.06' calculated on a 

1 9 2 x 3 2 ~ 4 8  mesh with 0-0 topology using the  SLIP 
scheme with characteristic splitting. This again ver- 
ifies the uon-oscillatory character of the solution and 
sharp resolution of shock waves. 

These numerical experiments confirm the theory 
of local extremum diminishing (LED) schemes, as it 
has been set forth in this paper. The following are 
the main conclusions of this study: 

1. The scalar diffusion that has been widely used 
can be significantly improved by the addition of 
a pressure term as defined in the CUSP formu- 
lation. Sharp discrete shocks are then obtained 
at high Mach numbers, and rapid multigrid con- 
vergence a t  all Mach numbers. 

2. The use of a split diffusive flux corresponding to 
the characteristic fields with Roe averaging im- 
proves the resolution of shocks in the transonic 
range, particularly when they are weak. 

3. The switched Jameson-Schmidt-'hrkel (JST) 
scheme with the improved switch defined by 
Quat ion (8c) is effective for steady state cal- 
culations in a wide Mach range. 

4. The symmetric limited positive (SLIP) scheme 
defined by equation (9) is a computationally 
efficient scheme for d l a t i o n  control in both 
steady and unsteady 60w. The accuracy is sig- 
nificantly dec ted  by the choice of limiter. 

5. Higher order SLIP schemes can be constructed 
and can improve the accuracy. 
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Figure 5: RAE 2822. Mach 0.750, Angle of Attack 3", 160x32 Mesh 
CUSP Scheme. 

19 



$1 I 
'1 

..~ ...... f*f. 
,*" 

f 
1: .: i:l' 
1: 
c . 
t' 

6a: C, after 12 Cycles. 
Ci = 0.3653, Cd = 0.0234 

Y U I Y Y m m  
vut 

6c: Convergence. 

I :  

6b: C, after 50 Cycles. 
Cr = 0.3665, Cd = 0.0234. 
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Figure 6 NACA 0012. Mach 0.800, Angle of Attack 1.25', 160x32 Mesh. 
CUSP Scheme. 
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7c: Convergence. 

7 b  C, after 50 Cycles. 
cf = 0.6311, c d  = 0.0000. 

7d: Grid 

Figure 7 KORh' Airfoil. Mach 0.750, Angle of Attack O", 160x32 Mesh. 
CUSP Scheme. 
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8a: C, on the Centerline in Front of the Body. 8b Convergence. 

Figure 8: Bluff Body. Mach 8, 160x64 Mesh. 
CUSP Scheme. 

9a: C, on the Centerline in Fkont of the Body. 9 b  Convergence. 

Figure 9: Bluff Body. Mach 20, 160x64 Mesh. 
CUSP Scheme. 
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Figure 10: Shock Tube Problem using SLIP Scheme with Pressure and Density Ratios of 10.0 and 8.0, 
respectively. Computed Results (+) are Compared with Theory (-) for 160 Equally Spaced Mesh Points. v 
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llb: Convergence. 

Figure 11: RAE 2822 with JST Scheme and Characteristic Splitting. 
Mach 0.750, Angle of Attack 3", 320x64 Mesh. 
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Figure 12: RAE 2822 with SLIP Scheme and Characteristic Splitting. 
Mach 0.750, Angle of Attack 3 O ,  320x64 Mesh. 
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13b: Convergence. 

Figure 13: NACA 0012 with JST Scheme and Characteristic Splitting. 
Mach 0.850, Angle of Attack lo, 320x64 Mesh. 
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14b: Convergence. 

Figure 14: NACA 0012 with SLrP Scheme and Characteristic Splitting. 
Mach 0.850, Angle of Attack lo, 320x64 Mesh. 
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Figure 15: 5-78 Airfoil: Non-Unique Solutions. 
SLIP Scheme with Characteristic Splitting. 

Mach 0.780, Angle of Attack -0.60", 321x65 Mesh. 
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Figure 1 6  GAW75-06-15 Airfoil: Non-Unique Solutions. 
SLIP Scheme with Characteristic Splitting. 

Mach 0.750, Angle of Attack -2.250°, 321x65 Mesh. 
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Figure 1 7  Onera M6 Wing with SLIP Scheme and Characteristic Splitting. 
Mach 0.840, Angle of Attack 3.06", 1 9 2 ~ 3 2 x 4 8  Mesh. 

Cr. = 0.2914, CD = 0.0117. 
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