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1 Abstract 

A continuous adjoint method for Aerodynamic 

Shape Optimization (ASO) using the compressible 

Reynolds-Averaged Navier-Stokes (RANS) equa- 

tions and the Baldwin-Lomax turbulence model was 

implemented and tested. The resulting implemen- 

tation was used to determine the accuracy in the 

calculation of aerodynamic gradient information for 

use in AS0 problems. For completeness, the formu- 

lation and discretization of the Navier-Stokes equa- 

tions and the resulting adjoint equations are dis- 

cussed. However, the reader is referred to previous 

work for details of the derivations. The accuracy of 

the resulting derivative information is investigated 

by direct comparison with finite-difference gradients. 

In the process, shortcomings of the finite difference 

method for the calculation of derivative information 

are pointed out and discussed. The advantages of 

the use of an adjoint method become apparent be- 

cause of the strict requirements that the finite dif- 

ference method imposes on the level of flow solver 

convergence and the sensitivity of the value of the 

gradients with respect to the choice of step size. De- 

sign examples for both inverse and drag minimiza- 

tion problems are presented. A parallel implementa- 

tion using a domain decomposition approach and the 

MPI (Message Passing Interface) standard is used to 

reduce the computational cost of automatic design 

involving viscous flows. 
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2 Introduction 

Since its introduction for the study of fluid flow, 

Computational Fluid Dynamics (CFD) has played 

an important role in the analysis of aerodynamic 

configurations of varying complexity. Successive im- 

provements to our ability to predict complex flow 

fields have addressed both the physics of the flow 

model (potential, Euler, Navier-Stokes equations) 

and the level of geometric complexity present (air- 

foils, wings, wing-bodies, complete configurations). 

Although several attempts were made in the past to 

use CFD as a design tool [I, 2, 31, it has not been 

until recently, with the advent of high speed com- 

puters and the development of accurate numerical 

algorithms, that the focus of CFD applications has 

shifted to aerodynamic design [4, 5, 6, 7, 8, 91. 

Typical CFD design methods use gradient-based 

optimization techniques in which a control function 

to be optimized (an airfoil shape for example) is 

parameterized with a set of design variables, and 

a suitable cost function to be minimized is defined 

(drag coefficient, lift/drag ratio, difference from a 

specified pressure distribution, etc). Then, the sen- 

sitivity derivatives of the cost function with respect 

to the design variables are calculated in order to get 

a direction of improvement. A step is taken in this 

direction and the procedure is repeated until con- 

vergence to a minimum is achieved. Finding a fast 

and accurate way of calculating the necessary gradi- 

ent information is essential to developing an effective 

design method, since this can be the most time con- 

suming portion of the design algorithm. 

Gradients can be computed using finite differences 

in a straight-forward manner. In the finite difference 

method, it is customary to take small steps in each 
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and every one of the design variables independently, 
in order to find the sensitivity of the cost function 
with respect to those design variables. Since each 
of these steps requires a complete flow solution, the 
computational cost of this method is proportional to 
the number of design variables, and, consequently, it 
cannot be afforded for problems with large dimen- 
sionality. 

The control theory approach to optimal aerody- 
namic design, in which gradient information is ob 
tained via the solution of an adjoint equation, was 
first applied to transonic flow by Jameson [4, 5, 101 
and has become a popular choice for design prob- 
lems involving fluid flow [ll, 7, 12, 131. In fact, 
the method has even been successfully used for the 
aerodynamic design of complete aircraft configura- 
tions [14, 61. The adjoint method is extremely ef- 
ficient since the computational-expense incurred in 
the calculation of the complete gradient with respect 
to an arbitrary number of design variables is effec- 
tively independent of the number of design variables. 
The only cost involved is the calculation of one flow 
solution and one adjoint solution whose complexity 
is similar to that of the flow solution. 

Most of the early work in the formulation of the 
adjoint-based design framework was done using the 
potential and Euler equations as models of the fluid 
flow. The development of the adjoint system for 
the Euler equations, as well as the assessment of the 
accuracy of the gradient information that can be ob- 
tained from these adjoint equations have been pre- 
sented in the past [5, 151. Aerodynamic design calcu- 
lations using the Reynolds Averaged Navier-Stokes 
equations as the flow model have only recently been 
tackled. Most of the early work was done directly 
in three dimensions using an inviscid adjoint equa- 
tion [16, lo]. In order to validate this procedure, 
it was considered appropriate to conduct a series of 
numerical experiments in two dimensions that would 
establish the soundness of the three-dimensional im- 
plementations. The extension of adjoint methods 
for optimal aerodynamic design to viscous flows is 
necessary to provide the increased level of model- 
ing which is crucial for certain types of flows. This 
cannot only be considered an academic exercise, but 
also a very important issue for the design of viscous 
dominated applications such as the flow in high lift 
systems. 

It is interesting to point out that the different 
existing approaches to the adjoint method can be 
classified into twocategories: the continuous-adjoint 
and discrete-adjoint methods. If the adjoint equa- 
tions are directly derived from the governing equa- 
tions and then discretized, they are termed continu- 

ous, and if they are derived from the discretized form 
of the governing equations then they are referred to 
as discrete. 

In this paper a continuous adjoint formulation 

for aerodynamic shape optimization using the com- 
pressible Reynolds-Averaged Navier-Stokes equa- 
tions and the Baldwin-Lomax turbulence model is 
presented. This work derives from that published 
in Refs. [16] and [17]. In particular, this paper fo- 
cuses on a study of the accuracy of the gradient in- 
formation resulting from the application of a vis- 
cous adjoint to the problems of inverse design and 
drag minimization. The comparisons made here are 
meant to validate the use of a viscous adjoint for- 
mulation in aerodynamic design and to answer ques- 
tions regarding the level of convergence in the flow 
and adjoint solutions necessary to obtain sufficiently 
accurate gradient information. 

Section 3 presents the governing equations of the 
flow in the specific form used in the derivation of 
the adjoint equations. Section 4 presents a general 
description of the adjoint design method and its for- 
mulation for the Navier-Stokes equations. In Sec. 5, 
the the convergence properties of the flow and ad- 
joint solvers are briefly discussed. Section 6 sum- 
marizes the derivation of the viscous adjoint terms 
and the gradient formulae. Finally, Sec. 7 discusses 
the results of the gradient accuracy study by di- 
rect comparison with finite-difference gradients. The 
study focuses on the effects of mesh resolution, flow 
solver convergence, adjoint solver convergence, and 
step size, for the calculation of finite-difference and 
adjoint gradients: In addition, Sec. 7 includes the 
results of sample design calculations. 

Because of the increased mesh point count needed 
to resolve the boundary layer, the additional cost of 
computing the viscous terms, the need to use a tur- 
bulence model, and the slower convergence of the 
Navier-Stokes equations on stretched meshes, the 
computational costs for viscous design are at least an 
order of magnitude greater than for inviscid design. 
Therefore, the reduction of computational costs is 

3 
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. crucial to the further development of practically ef- 

fective viscous design methods. The design method, 

which is greatly accelerated by the use of control 

theory, can be further enhanced by the use of par- 

allel computing. In this study a parallel implemen- 

tation using a domain decomposition approach and 

the MPI standard for communication was used. Sec- 

tion 7 contains information regarding the speedup 

obtained with the use of parallel computing. 

3 The Navier-Stokes Equa- 

t ions 

For the rest of this paper, three-dimensional ex- 

pressions are derived for formulationalcompleteness, 

although only two-dimensional computations were 

performed during the course of this study. For the 

derivations that follow, it is convenient to adopt the 

convention of indicial notation where a repeated in- 

dex ‘5” implies summation over i = 1 to 3. The 

three-dimensional Navier-Stokes equations in Carte- 

sian coordinates (~1 ,zz,z~) take the form 

g+g=- 8fvi in 2) 
8Xi ’ 

where the state vector w, inviscid flux vector f, and 

viscous flux vector fV in are described respectively 

by 

P 

PUl 

w= 

I I 

P”2 1 (2) 

P u3 

PE 

(3) (3) 

Pi 
I 

fVi = (4) 

In these definitions, p is the density, ui,u2, us are 

the Cartesian velocity components, E is the total 

energy and Sij is the Kronecker delta function. The 

pressure is determined by the equation of state 

P=(Y-1)~ E-i(uzui) { 1 
and the stagnation enthalpy is given by 

H=E+;, 

where y is the ratio of the specific heats. The viscous 

stresses may be written as 

where p and X are the first and second coefficients 

of viscosity. The coefficient of thermal conductivity 

and the temperature are defined by 

k=?!i 
Pr’ 

T= 

For discussion of real applications using a dis- 

cretization on a body conforming structured mesh, 

it is also useful to consider a transformation to the 

computational coordinates ((1 ,[z,[s) defined by the 

metrics 

ICij = ei [ 1 xi ’ J=det(IC), “,;I= g . [ 1 23 
The Navier-Stokes equations can then be written in 

computational space as 

8 (JW) + 8 (E - Fui) 
at a< i 

= 0 in D, (6) 

where the inviscid and viscous flux contributions are 

now defined with respect to the computational cell 

faces by Fi = Sij fj and Fv; = SijJvj, and the quan- 

tity Sij = JIi,;’ is used to represent the projection 

of the <i cell face along the rj axis. 

For high Reynolds numbers, the Navier-Stokes 

equations are time averaged, and a suitable turbu- 

lence model needs to be included to account for the 

appearance of the Reynolds stresses. In this work, 

the Baldwin-Lomax turbulence model is used. 

4 General Formulation of the 

Optimum Design Problem 

for the Navier-Stokes equa- 

tions 

In this section, the general formulation of the opti- 

mum design method using the Navier-Stokes equa- 

tions is briefly described. A more thorough deriva- 

tion can be found in Refs. [16, 171. 

3 
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For the adjoint-based optimal design of airfoils 
and wings, a control function which represents the 

physical location of the boundary, -7, is defined 
and parameterized using a fixed set of design vari- 
ables. A cost function, I, which represents an aero- 
dynamic performance measure~such as the drag co- 
efficient, Cd, the lift-to-drag ratio, L/D, or the dif- 
ference from a specified pressure distribution, is con- 
structed. The fact that the flow solution must satisfy 
the governing equations of the flow (Navier-Stokes 
equations) can be introduced as a constraint in the 
problem. With all this in mind, the design problem 
is treated as a control problem where the control 
function, 7, is altered to minimize the cost func- 
tion, I, subject to the above constraint, which ex- 
presses the interdependence of the cost function and 
the control function in the domain of interest. The 
process of minimization of the control function is 
based on the direction of steepest descent provided 
by the sensitivity derivatives of the cost function 
with respect to the design variables As mentioned 
in Sec. 2 the fundamental advantage of the adjoint- 
based optimum design method lies in the procedure 
followed to obtain these sensitivity derivatives. 

Suppose that the performance of the design is 
measured by a cost function of the form 

I= 
J 

M (w, S) dB, f 
J 

P (w, S) dQ, 
I3 v 

containing both boundary and field contributions, 
where dB, and dD, are the surface and volume ele- 
ments in the computational domain. In general, M 
and P will depend on both the flow variables w and 
the metrics S defining the computational space. 

A shape change produces a variation in the flow 
solution SW and the metrics bS which in turn pro- 
duce a variation in the cost function 

6I= 
J 

6M(w, 5) dB[ + 
J 

@(w, S) d&, (7) 
I3 v 

with 

6M = [&],Jw+aMrr, 

SP = [Pw],6w + mr, (8) 

where we use the subscripts I and II to distinguish 
between the contributions associated with the vari- 

ation of the flow solution 6w and those associated 
with the metric variations bS. Thus [&II and 
[P,], represent E and $$ with the metrics fixed, 

while GM11 and SP, represent the contribution of 
the metric variations 6s to 6M and SP. 

In the steady state, the constraint equation (6) 
specifies the variation of the state vector 6w by 

$6 (Fi - Fuj) = 0. (9) I 

Here bFi and 6F,; can also be split into contributions 
associated with 6w and 6s using the notation 

JFi = [Fi,], 6W + b-F;, 

SF,i = [I%,], 6~ + ~F,~IJ. (10) 

Multiplying by a co-state vector 1c, and integrating 
over the domain produces 

J llT$S (Fi - Fui) dV, = 0. (11) 
v I 

If 1c, is differentiable this may be integrated by parts 
to give 

I 
n,lCIT6 (Fi - Fvi) dB( (12) 

u - s ff6 (Pi - F,;) dVE = 0. 13 %i (13) 

Since the left hand expression equals zero, it may be 
subtracted from the variation in the cost function 
(7) to give 

6I = 
J 

[6M - nitiT (Fi - Fvi)] dBf 
u 

+ J[ V 
SP + $(F, - F,i)] dZ)(. (14) 

1 

Now, since 4 is an arbitrary differentiable function, 
it may be chosen in such a way that 61 no longer de- 
pends explicitly on the variation of the state vector 
6w. The gradient of the cost function can then be 
evaluated directly from the metric variations with- 
out having to recompute the variation SW resulting 
from the perturbation of each design variable. 

Comparing equations (8) and (lo), the variation 
bw may be eliminated from (14) by equating all field 
terms with subscript “I” to produce a differential 
adjoint system governing 11 

$$ [Fj, - Fv,,ll + [P,], = 0 in 2). (15) 

The corresponding adjoint boundary condition is 
produced by equating the subscript “I” boundary 
terms in equation (14) to produce 

w$= [Fj, - Fojw]r = [A&], on B. (16) 

4 

- 
- 
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. 
The remaining terms from equation (14) then yield 

a simplified expression for the variation of the cost 

function which defines the gradient 

The details of the formula for the gradient depend 

on the way in which the boundary shape is parame- 

terized as a function of the design variables, and the 

way in which the mesh is deformed as the bound- 

ary is modified. Using the relationship between the 

mesh deformation and the surface modification, the 

field integral is reduced to a surface integral by in- 

tegrating along the coordinate lines emanating from 

the surface. Thus the expression for bI is finally 

reduced to 

6I= / GbSdBE=Gb3, (18) 
Jt3 

where 3 represents the design variables, and G is 

the gradient, which is a function defined over the 

boundary surface. The advantage is that (18) is in- 

dependent of 6w, with the result that the gradient 

of I with respect to an arbitrary number of design 

variables can be determined with only a single flow- 

field evaluation and a single adjoint evaluation in 

a design cycle. Then, the computational cost of a 

single design cycle is roughly equivalent to the cost 

of two flow solutions since the adjoint problem has 

similar complexity. When the number of design vari- 

ables becomes large, the computational efficiency of 

the control theory approach over the traditional ap- 

proach (which requires direct evaluation of the gra- 

dients by individually varying each design variable 

and recomputing the flow field) becomes compelling. 

Once equation (18) is established, an improve- 

ment can be made with a shape change 

63 = -x&T, 

where X is positive and small enough that the first 

variation is an accurate estimate of dI. Then 

6I= -X@g < 0. 

After making such a modification, the gradient can 

be recalculated and the process repeated to follow a 

path of steepest descent until a minimum is reached. 

The boundary conditions satisfied by the flow 

equations restrict the form of the left hand side of 

the adjoint boundary condition (16). Consequently, 

the boundary contribution to the cost function M 
cannot be specified arbitrarily. Instead, it must be 

chosen from the class of functions which allow can- 

celation of all terms containing bur in the bound- 

ary integral of equation (14). On the other hand, 

there is no such restriction on the specification of 

the field contribution to the cost function P, since 

these terms may always be absorbed into the adjoint 

field equation (15) as source terms. 

The detailed inviscid adjoint terms have been pre- 

viously derived in [18, 41 and a detailed derivation of 

the viscous adjoint terms and the corresponding vis- 

cous adjoint boundary conditions can also be found 

in [16, 171. 

5 Flow Solvers 

Although, as will be shown later, the adjoint method 

is fairly insensitive to the convergence level of either 

the flow or the adjoint systems, an accurate, robust 

and fast solver for both the flow and the adjoint 

equations is required for an usable design method. 

In this study FLO103, a RANS solver developed by 

Martinelli [19, 201, IS used to satisfy the requirements 

of accuracy, convergence, and robustness. FL0103 

solves the steady two-dimensional RANS equations 

using a modified explicit multistage Runge-Kutta 

time-stepping scheme. A finite volume technique 

and second order central differencing in space are 

applied to the integral form of the Navier-Stokes 

equations. 

The Jameson-Schmidt-Turkel(JST) scheme with 

adaptive coefficients for artificial dissipation is used 

to prevent odd-even oscillations and to allow the 

clean capture of shock waves and contact discontinu- 

ities. In addition, local time stepping, implicit resid- 

ual smoothing, and the multi-grid method are ap- 

plied to accelerate convergence to steady-state solu- 

tions. The algebraic turbulent model of Baldwin and 

Lomax is used to calculate the eddy-viscosity neces- 

sary to estimate the effect of the Reynolds stress. 

Because of the need to achieve high levels of con- 

vergence in the flow solver, the turbulence model is 

jrozen after the average density residual has con- 

verged 4 orders of magnitude. Figure 1 shows a 

typical convergence history of the average density 

residual for both calculations at fixed angle of at- 

5 
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Figure 1: Convergence History for the Average Den- 
sity Residual of a Typical FL0103 Calculation. 

tack and fixed coefficient of lift (obtained by peri- 
odic updates of the angle of attack). As can be 
seen, engineering accuracy calculations can be ob- 
tained in under 100- multigrid cycles. In addition, at 
the expense of larger computational cost, the flow 
solver can be made to converge at least 10 orders of 
magnitude. This ability to obtain highly converged 
RANS solutions will be necessary in the results of 
Sec. 7. The adjoint solution is obtained with the 
exact same numerical techniques used for the flow 
solution. The implementation exactly mirrors the 
flow solution modules inside FLQ103, except for the 
boundary conditions which are imposed on the co- 
state variables. Acceptable convergence rates are 
obtained for the solution of the adjoint equation. It 
is clear from Fig. 2 that additional work is needed to 
make sure that the convergence of the adjoint solver 
achieves the same-asymptotic rates as the flow so- 
lution. However, as will be shown in Sec. 7, only 
mild levels of convergence in the adjoint equation 
are necessary to obtain highly accurate gradient in- 
formation. Therefore, the current implementation of 
the adjoint solution is fully adequate for all practical 
purposes. 

6 Derivation of the Viscous 

Adjoint Terms 

Following the steps described in the previous sec- 
tion, the derivations of the adjoint equations, the 
adjoint boundary conditions, and the gradient terms 

. 

Figure 2: Convergence History of the Adjoint Solver 
for the Average Residual in the First Co-State Vari- 
able. 

are briefly presented here. The reader is referred to 
Refs. [16, 171 for some of the missing details omitted 
for brevity. 

Adjoint equations 

The resulting adjoint equations are given by 

Ci -~- M-lT~~ = 0 in 2). TW 

Xi 
(19) 

The first and the second terms come from the con- 
vective and diffusive terms of the Navier-Stokes 
equations respectively. C; are the inviscid Jacobian 
matrices in the transformed space which are given 

by 

The derivation of the viscous adjoint terms is sim- 
plified by transforming to primitive variables 

because the viscous stresses depend on the velocity 
derivatives $, while the heat flux can be expressed 
as 

where K = $m= P*. The relationship between 
the conservative and primitive variations is defined 
by the expressions 

6 



. The transpose of M-l is expressed as 

l -7 -7 -Y 
- (r-1)u.u. 

2 
0 1 0 0 

M-IT= 0 ; 1 

-(7 - l)w 

0 

; 1. 

-(Y - 1)w 

0 0 -(7 - 1)7J3 

00 0 ; 7-l 

The viscous adjoint operator in primitive vari- 
ables, t, can be expressed as 

(L*)I = -fi$ (s1I.g) 

(L*).+1 = &{+ [p ($+Z) +w,y> t=1.2.3 

+ & 1 H 
88 se 88 

51, P u,- +u,- 
B=J a=, > 

+ A6.1 “kG I> - 5,SlJE 841 
CL*‘). = Pe (SIPS) ’ 

where $j+i is set to +j for J’ = 1,2,3 and $5 is set to 
0 in order to make use of the summation convention. 

In the derivation of the viscous adjoint terms, the 
viscosity and heat conduction coefficients p and k 
are assumed independent of the flow so that their 
variations may be neglected. In the case of turbu- 
lent flow, if the flow variations are found to result 
in significant changes in the turbulent viscosity, it 
may eventually be necessary to include its variation 
in the calculations. 

Adjoint Boundary Conditions 

It was recognized in Sec.4 that the boundary con- 
ditions satisfied by the flow equations restrict the 
form of the performance measure that may be cho- 
sen for the cost function. There must be a direct 
correspondence between the flow variables for which 
variations appear in the variation of the cost func- 
tion, and those variables for which variations appear 
in the boundary terms arising during the derivation 
of the adjoint field equations. Otherwise it would be 
impossible to eliminate the dependence of bI on bw 
through proper specification of the adjoint boundary 
condition. 

Boundary Conditions Arising from the 

Momentum Equations 

In the inverse design case, in order to design a shape 

which will lead to a desired pressure distribution, a 

natural choice for the cost function is to set 

. (c)l999 American Institute of Aeronautics & Astronautics 

I = (P - PdY dS, 

and the corresponding boundary condition is 

dk = nk (P - ?d. (20) 

For high Reynolds number flows, the pressure gradi- 
ent in the direction normal to the boundary layer is 
very small, and the specification of a target pressure 
in inverse design should work in a similar fashion to 
inviscid flow 

For inviscid drag minimization, the cost function 
reflects the pressure drag alone, which can be ex- 
pressed as _~ 

Dnf = 
J 

nd%, pdB(, 
D 

and the boundary condition is similar to that of in- 
viscid inverse design in Eq. 20. 

For viscous drag minimization, the cost function 
should measure the skin friction drag. The friction 
force is given by 

Dnf = J niS2jaijdBc. 
L3 

Expressed in terms of the surface stress T;, this cor- 
responds to 

Dnf = J n;r;dS, I3 
and the resulting adjoint boundary condition is 
given by, 

4k = nk. 

Note that this choice of boundary condition elimi- 
nates one of the terms in the variation in the cost 
function so that it need not be included in the gra- 
dient calculation. This is also a special case of the 
boundary condition for inviscid drag minimization, 
and, therefore, it is used for the total drag minimiza- 
tion cases. 

Boundary Conditions Arising from the 

Energy Equation 

The form of the boundary terms arising from the en- 
ergy equation depends on the choice of temperature 
boundary condition at the wall. For the adiabatic 
case, the boundary contribution is 

J kSTEdB 
dn El 

t3 

7 
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while for the constant temperature case the bound- 
ary term is slightly different and can be found in 
Ref. [17]. One possibility is to introduce a contribu- 
tion into the cost function which is dependent on T 

or 5 so that the appropriate c%elation would oc- 
cur. Since there is little physical intuition to guide 
the choice of such a cost function for aerodynamic 
design, a more natural solution is to set 

e.= 0 

in the constant temperature case or 

a0 -=o 
372 

in the adiabatic case. 

Gradient Formulae 

The specific form of the gradient formulae for the 
aerodynamic cost functions used in this work are 
omitted here for the sake of brevity. However, they 
have been presented in Refs. [16, 171 and the reader 
is referred to them for more details. 

7 Results 

This section presents the results of the gradient 
accuracy study for both the Euler and Navier- 
Stokes equations, as well as some simple exam- 
ples of the use of the resulting gradient information 
in inverse design and drag minimization problems. 
Gradient accuracy is assessed by comparison with 
finite-difference gradients and by examination of the 
changes in the magnitude of the gradients as various 
parameters are changed. 

Two main considerations need to be taken into 
account when discussing the characteristics of finite 
difference gradients: the level of numerical conver- 
gence in the flow solution, and the step size cho- 
sen to discretize the gradient formula. The level of 
numerical convergence in the flow solution gives an 
indication of the error in the calculation of the aero- 
dynamic figure of merit that is being differentiated: 
the lower the size of the flow solution residual, the 
more accurate the aerodynamic information will be. 

On the other hand, for simple one-sided finite dif- 
ference approximations of therfirst derivative of a 
given aerodynamic quantity, the truncation error in 
the approximation is proportional to the step size 

chosen. Therefore, in order to minimize the trunca- 
tion error, a small step size is preferred. In theory, 
very small step sizes and high levels of convergence 
would provide the most accurate approximation to 
the true value of the gradient. However, one cannot 
arbitrarily decrease the step size, because, due to 
the finite precision in the representation of floating 
point quantities, the error due to roundoff can be- 
come significant. In addition, the choice of step size 
and convergence level are intimately related if one 
intends to obtain accurate gradient information. 

Suppose that the gradient, G, we are interested in 
is defined as 

G,d’ 
d3’ 

with appropriate definitions of I and 3 given earlier. 
If a small step in a given design variable produces a 
change in the aerodynamic coast function, AI, and 
the error in our numerical solution of the flow equa- 
tions is proportional to E, we have, approximately, 
that 

G = (I + AI ‘31 - (I “) 
A~3 

=-g(1*2). 

That is, the error in the approximation of the deriva- 
tive depends on the value of &. The error in the 
numerical approximation, E, is proportional to the 
residual in the calculation, R,, while the change in 
the aerodynamic cost function, AI, is proportional 
to the step size. Suppose, for the sake or argu- 
ment that I = Cd. Then, for a good approximation, 
& < 10W2, and if the change in the cost function is 
measurable, say one drag count, AI = 0.0001, the 
requirement on the level of convergence of the flow 
solver is 

R, < 10-6, 

which places a heavy burden on the CFD procedure 
both in terms of computational cost and in the re- 
quirement that the flow solver converge for at least 
6 orders of magnitude. 

Experience shows, and we will see this confirmed 
by numerical experiments later, that, in order to 
obtain accurate gradient information, the step size 
for the finite difference approximation needs to be 
chosen to be A3 < 10m4. Since the gradients that 
are typically produced are of U( 1), this implies that 

A3 N AI > 10-4, 

which leads to a contradiction, since earlier, we had 
required that the change in the shape should be 

8 
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AF < 10W4. Since the aerodynamic cost function 
will typically be an integral over a surface, the re- 
quirements on step size and convergence level are 
even more severe. Despite the fact that this analysis 
states some simple assumptions, it is representative 
of the fact that, in the finite difference method, an a 
priori choice of step size and convergence level that 
leads to accurate gradient information is at the very 
least problematic. 

The adjoint method is only mildly affected by 
these issues. The formula for the gradient in gen- 
eral terms is given by 

which is completely analytic, and therefore, the ad- 
joint gradients should be independent of the step 
size chosen to modify the geometry. Moreover, since 
the expression for the gradient above is a function 
of both the flow solution, w, and the adjoint solu- 
tion, I), its evaluation will have a numerical error, 

fal$jaint - max(Rfl,, , RcoJtate), where Rpow and 
R castatc are the residuals of the flow and costate 
solutions. This form of the dependence of the ac- 
curacy of the gradient on the residuals of both so- 
lutions places less stringent requirements on conver- 
gence than the finite difference method, making the 
adjoint approach even more computationally afford- 
able. 

The results that follow focus on the variations in 
the finite difference and adjoint gradients obtained 
when each of the above parameters is varied in turn 
while keeping the others constant. In addition, the 
issue of mesh resolution will be studied. The re- 
mainder of this section is organized into three sub- 
sections for the different problems for which the gra- 
dient study was performed. 

Euler Inverse Design Problem 

In this section we present the results of the gradi- 
ent accuracy study for the case of inverse design us- 
ing the Euler equations. These results are meant to 
serve as a benchmark for later comparison with the 
viscous data. The aerodynamic cost function chosen 
is given by: 

12 2 
s 

t3 (P - pJ2 ds, (21) 

which is simply the Euclidean norm of the difference 
between the current pressure distribution and a de- 
sired target, pd, at constant angle of attack, Q. The 
gradient of the above cost function is obtained with 
res<ect to variations in 54 Hicks-Henne sine “bump” 
functions centered at various locations along the up- 

per and lower surfaces of a NACA 64A410 airfoil. 
The locations of these geometry perturbations are 
ordered sequentially such that they start at the lower 
surface of the trailing edge, proceed forward to the 
leading edge, and then back around to the upper sur- 
face of the trailing edge. The target pressure used 
is that produced by the same flow solver, FL0103, 
for a Korn airfoil at M = 0.75 and at an angle of 
attack (Y = 0.124. The mesh used is an C-mesh of 
size 192 x 32, whose resolution has been shown to 
be appropriate for inviscid calculations. 

Figures 3 and 4 show the values of the 54 compo- 
nents of the computed gradients for different levels of 
flow solver convergence in the finite difference and 
adjoint methods. As we can see, for Euler calcu- 
lations, the finite difference information requires a 
minimum of 4 to 5 orders of magnitude of conver- 
gence before the gradients are fully converged. In 
contrast, the adjoint information is essentially un- 
changed if the level of convergence in the flow solver 
is at least 2.5 orders of magnitude. Figures 5 and 6 
show the variation in the values of the gradients 
for both the finite difference and adjoint techniques 
when the step size is varied. As predicted by the 
analysis at the beginning of this section, the results 
from the finite difference method are much more sen- 
sitive to the value of the step size than those ob- 
tained with the adjoint method. In fact, although 
convergence to a set of values is achieved for a range 
of step sizes, we see how, for a fixed convergence level 
in the flow solver of 7 orders of magnitude, the gradi- 
ent information starts to deviate when the step size 
is chosen to be 10W6. In contrast, the adjoint method 
produces gradients which are completely indepen- 
dent of the the step size chosen as predicted ear- 
lier. Figure 7 shows the dependence of the gradients 

produced by the adjoint method on the convergence 
tolerance of the adjoint solver. As mentioned earlier 
in Sec. 5 the adjoint solver is only required to con- 

verge a small amount before the gradients stabilize; 
in this case, the threshold appears to be at a conver- 
gence level of 1 order of magnitude. This allows the 

9 
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computation of the adjoint solution with substan- 
tially decreased computational cost. Figure 8 shows 
a comparison between the most accurate gradients 
obtained using both techniques. It is clear that small 
discrepancies exist on the trailing edge area (first 

and last few design variables) and around the loca- 
tion of the upper surface shock (design variable no. 

38), but it is clear that the gradient information re- 
sulting from the adjoint method can be used with 
confidence in design problems of this kind. Finally, 
Figs. 9 and 10 show the outcome of mesh resolution 
studies on the accuracy of the finite difference and 
adjoint gradients. Both figures show that the re- 
sults converge nicely as the mesh is refined, except 
in the neighborhood of the trailing edge, where the 
mesh resolution is perhaps still not fully adequate. 
When the results of both plots are superimposed, we 
find, as expected, that the finite difference and ad- 
joint gradient discrepancies disappear as the mesh 
is refined. This is also to be expected because the 
continuous adjoint formulation should reduce to the 
discrete one in the limit of infinite mesh resolution. 

Similar results to the ones presented here were 
first published by Reuther [15].- The intent here is 
to contrast the inviscid results with the viscous ones 
in the following sections. The reader is referred to 
Reuther’s work for more detailed comparisons. 

Navier-Stokes Inverse Design Problem 

The results in this section exactly mimic those in the 
previous one, with the main difference being that 

the Reynolds Averaged Navier-Stokes equations are 
used as a model of the flow. -For inverse design, 
the same aerodynamic cost function in Eq. 21 is 
used with 50 Hicks-Henne sine “bump” functions 
distributed in a similar fashion. The mesh used 
is a Navier-Stokes C-mesh of size 512 x 64 around 
a Korn airfoil. The target pressure specified is 
that of NACA 64A410 airfoilat M = 0.75 and 
(Y = 0.0. The Reynolds number of all calculations 
was Re = 6.5 million. 

Figures 11 and 12 show the values of the 50 com- 
ponents of the computed gradients for different lev- 
els of flow solver convergence in the finite differ- 
ence and adjoint methods. For Navier-Stokes cal- 
culations, the finite difference information requires 
a minimum of 6 orders of magnitude of convergence 
before the gradients are fully converged. In con- 

* 

trast, once again, the adjoint information is essen- 
tially unchanged if the level of convergence in the 
flow solver is at least 4 orders of magnitude. This 
requirement of lower levels of convergence is even 
more relevant in viscous calculations since the con- 

vergence rates are slower than in the inviscid case, 
and, in addition, not all flow solvers can converge to 

that large extent. Figures 13 and 14 show the varia- 
tion for both the finite difference and adjoint gradi- 
ents when the step size is changed. Once again, the 

variation of step XiYe is reflected much more heav- 
ily on the finite difference information. In fact, as 
opposed to the inviscid case, there doesn% seem to 
be a range of step sizes for which the gradient in- 
formation is converged. In particular, as the step 
size is reduced beyond 10-s, the error in the calcu- 
lation of the gradient increases changing drastically 
both the magnitude and the sign of the values, which 
can lead to erroneous design decisions. As predicted 
by the analysis at the beginning of this section, the 
results from the adjoint method are effectively inde- 
pendent of the step size chosen to calculate the gra- 
dients. Figure 15 shows the dependence of the gra- 
dients produced by the adjoint method on the con- 
vergence tolerance of the adjoint solver. As was the 
case in the inviscid results, the adjoint solver is only 
required to converge 1.5 orders of magnitude to pro- 
duce stable gradients. This allows the computation 
of the adjoint solution with substantially decreased 
computational cost. Figure 16 shows a comparison 
between the most accurate gradients obtained using 
both techniques. Slightly larger discrepancies exist 
when compared with the inviscid case, which are 
not surprising due to the degree of uncertainty in 
the choice of the finite difference gradients that one 
should be comparmg to. However, there is a general 
agreement on all trends that validates the imple- 
mentation of our adjoint method. Finally, Figs. 17 
and 18 show the outcome of mesh resolution studies 
on the accuracy of the finite difference and adjoint 
gradients. The second figure shows that, as the mesh 
is refined, subtle changes are seen on the upper sur- 
face of the airfoil, particularly at the locations of the 
initial double shock wave. Otherwise the gradients 
have achieved grid convergence. The finite differ- 
ence result, although at first sight reasonable, under 
closer scrutiny shows some disturbing features. The 
gradient solution that departs more clearly from the 
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others is in fact the one corresponding to the finest 
. 

mesh in the sequence. We had expected that the 
differences in the gradients would decrease as the 
mesh resolution was increased, but this is clearly not 
the case. In fact, when the finite difference and ad- 
joint gradients are over-plotted in Figs. 19 and 20 we 
see that there is closer agreement between the two 
methods for the coarser mesh, rather than the finest. 
This issue is one whose resolution will require fur- 
ther study. Figures 21 and 22 show the progress in 
two typical viscous inverse design calculations. The 
norm of the pressure error is decreased from 0.0573 
to 0.0056 in 100 design iterations in the first case, 
and from 0.0504 to 0.0043 in the second. Both tar- 
get pressure distributions are achieved around the 
majority of the airfoil. The areas around the trail- 
ing edge lower surface are very sensitive to small 
changes in the geometry and require more geometry 
control to be exactly matched. 

Navier-Stokes Drag Minimization 

Problem 

Finally, the results of the gradient accuracy study 
for the drag minimization problem are discussed in 
this section. The aerodynamic figure of merit is 
the total drag of the airfoil (pressure + skin fric- 
tion). The presentation of the results exactly fol- 
lows that of the previous two sections. Computa- 
tions were performed with an RAE 2822 airfoil at 
a fixed coefficient of lift, Cl = 0.84, and M = 0.73. 

The Reynolds number of all calculations was set to 
Re = 6.5 million. A C-mesh of size 512 x 64 was also 
used for all calculations. As before, 50 Hicks-Henne 
sine “bump” functions are placed along the surface 
of the airfoil. 

Figures 23 and 24 show the values of the 50 com- 
ponents of the computed gradients for different lev- 
els of flow solver convergence in the finite difference 
and adjoint methods. For viscous drag minimization 
cases, the finite difference gradients are also very 
sensitive to the level of flow solver convergence to 
the point that 6 to 7 orders of magnitude are nec- 
essary to assure converged gradients. On the other 
hand, the adjoint gradients are effectively indepen- 
dent of the Row solver convergence after 4 orders of 
magnitude. As mentioned before, less severe con- 
vergence requirements result in large computational 
savings because typical Navier-Stokes solvers have 
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much slower asymptotic convergence rates than in- 
viscid ones. In addition, the asymptotic convergence 
rate slows down after the solution has converged 2 
orders ofmagnitude as can be seen in Fig. 1. Fig- 
ures 25 and 26 paint a similar picture to the one pre- 
sented before: finite difference gradients are highly 
dependent on the step size chosen, to the extreme 
that, even as the step size is refined, and for a high 
level of convergence in the flow solver, we are un- 
able to find values of the gradient that are step size 
independent. Once again, as predicted by the anal- 
ysis at the beginning of this section, the results from 
the adjoint method are effectively independent of the 
step size chosen to calculate the gradients. Figure 27 
shows the dependence of the gradients produced by 
the adjoint method on the convergence tolerance of 
the adjoint solver. In the case of drag minimiza- 
tion it appears that the requirement of adjoint solver 
convergence is a bit more severe. From the Figure, 
one can say that 2.5 orders of magnitude of con- 
vergence are necessary to produce accurate gradi- 
ents. Finally, Figure 28 shows a comparison between 
the gradients obtained using both techniques. Some 
discrepancies exist which are attributed to several 

sources. First, there is the issue that the finite dif- 
ference gradients never achieved step size indepen- 
dence, and, therefore, a step size had to be selected 
for this plot which may not be the correct one. Sec- 
ond, there is the issue of mesh resolution. It is possi- 
ble that finer resolution is necessary to obtain closer 
agreement between the gradients from finite differ- 
ences and those from the adjoint method when small 
changes in pressure and viscous drag need to be re- 
solved. The source of the discrepancies is likely to be 
a combination of these two influences. However, we 
believe that the gradient information resulting from 
the adjoint method can be used with confidence in 
aerodynamic design problems. To substantiate this 
claim, the following figures show the result of two 
separate drag minimization studies using the RAE 
2822 airfoil at M = 0.83, and fixed Cl = 0.84. Fig- 
ure 29 shows the initial and final results of a drag 
minimization study where the cost was chosen to be 
the inuiscid pressure drag alone. As we can see, af- 
ter 14 design iterations, the total (pressure + skin 
friction) coefficient of drag has been reduced from 
Cd = 0.0168 to Cd = 0.0108. Notice that in this 
design case, the gradients used for minimization are 

11 
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those of the inviscid drag only. Figure 30 shows the 
initial and final results of a viscous drag minimiza- 
tion study for the same airfoil, mesh, and coefficient 
of lift. In this case, the aerodynamic cost function 

was the total coefficient of drag (pressure + skin fric- 
tion) and therefore, the gradient terms include infor- 

mation regarding the viscous effects present. In this 
case, after I7 design cycles, the total coefficient of 
drag was reduced from Cd = 0.0168 to cd = 0.0096. 
This result is 12 counts lower than the previous one 
which emphasizes the fact that the additional gradi- 
ent information coming from the viscous adjoint can 
lead to substantial improvements in performance of 
the design. 

Parallel Implementation 

Details of the parallel implementation of this pro- 
gram can be found in Refs. [21, 221. The parallel 
implementation uses a domain decomposition ap- 
proach, a SPMD (Single Program Multiple Data) 
structure, and the MPI (Message Passing Interface) 
standard for message passing. Figure 31 shows the 
parallel speedups obtained with up to 8 processors 
of an SGI Origin 2000 which can further enhance the 
usability of the design method. Additional proces- 
sors can be added to the calculation, but, due to the 
relatively small size of two-dimensional calculations, 
it would be inefficient to do so. ~ 

8 Conclusions 

The work presented in this paper addresses the ac- 

curacy of the sensitivity derivatives of aerodynamic 
cost functions that can be obtained using an adjoint 
method for flows governed by the Reynolds Aver- 
aged Navier-Stokes equations. The accuracy of these 
gradients is assessed by comparison with gradients 
obtained via the finite difference method, and by 
mesh and parameter refinement studies. The fol- 
lowing conclusions are reached: 

l The flow solver convergence requirements for 
the finite difference method to produce accu- 
rate gradient information are quite severe and 
substantially increase the computational cost of 
this method. 

l As opposed to what may be expected from di- 
rect truncation error analysis, the choice of step 

size for the calculation of derivatives using the 
finite difference method can cause a large error 
in the approximation of the gradients. Smaller 
step sizes (even disregarding the effect of round- 

off error) are not necessarily better; the error 
in the resulting gradients depends on both the 

convergence level of the flow solver and the step 
size chosen. 

. 

= 

Gradient information obtained using the ad- 
joint method is much less dependent on the level 
of convergence- of the flow solver. Typically a 
convergence level 2 orders of magnitude larger 
than in the finite difference method can be tol- 
erated. 

Gradient information obtained using the ad- 
joint method is insensitive to the step size cho- 
sen in the deformation of the aerodynamic con- 
figuration. 

The adjoint method requires only modest levels 
of convergence (1.5 -2.5 orders) of the adjoint 
solver, thus reducing even further the computa- 
tional cost of this procedure. 

- 

Accurate gradient information can be obtained 
for flow governed by the RANS equations using 
the procedure outlined in Ref. [17]. 

Finally, several design examples were presented 
which show the ability to use the resulting gradi- 
ent information in useful viscous aerodynamic de- 
sign problems. 
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Figure 3: Inviscid Inverse Design: Finite Difference 
Gradients for Varying Flow Solver Convergence. 

Figure 4: Inviscid Inverse Design: Adjoint Gradients 
for Varying Flow Solver Convergence. 
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Figure 5: Inviscid Inverse Design: Finite Difference 
Gradients for Varying Step Sizes. 
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Figure 6: Inviscid Inverse Design Adjoint Gradients 
for Varying Step Sizes. 
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Figure 7: Inviscid Inverse Design: Adjoint Gradients 
for Varying Adjoint Solver Convergence Levels. 

- Adjoint 
--- Finite DiRerence 

\ \ \ “‘: \ \ \ 
-- 

, 

Figure 8: Inviscid Inverse Design: Comparison of 
Finite Difference and Adjoint Gradients for Medium 
Mesh. 
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Figure 11: Navier-Stokes Inverse Design: Finite Dif- 
ference Gradients for Varying Flow Solver Conver- 
gence. 

Figure 9: Inviscid Inverse Design: Comparison of 
Finite Difference Gradients for Varying Mesh Sizes. 
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Figure 10: Inviscid Inverse Design: Comparison of 
Adjoint Gradients for Varying Mesh Sizes. 

Figure 12: Navier-Stokes Inverse Design: Adjoint 
Gradients for Varying Flow Solver Convergence. 
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Figure 13: Navier-Stokes Inverse Design: Finite Dif- 
ference Gradients for Varying Step Sizes. 

- 0.0001 step size 
- 0.001 step size 

.-.-.. 0.01 step size 
,, 0.000901 step size 

Figure 14: Navier-Stokes Inverse Design: Adjoint 
Gradients for Varying Step Sizes. 
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Figure 15: Navier-Stokes Inverse Design: Adjoint 
Gradients for Varying Adjoint Solver Convergence 
Levels. 
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Figure 16: Navier-Stokes Inverse Design: Compar- 
ison of Finite Difference and Adjoint Gradients for 
Medium Mesh. 
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Figure 17: Navier-Stokes Inverse Design: Compari- 
son of Finite Difference Gradients for Varying Mesh 
Sizes. 

Figure 18: Navier-Stokes Inverse Design: Compari- 
son of Adjoint Gradients for Varying Mesh Sizes. 
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Figure 19: Navier-Stokes Inverse Design: Compar- 
ison of Finite Difference and Adjoint Gradients on 
Coarse Mesh. 
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Figure 20: NavierStokes Inverse Design: Compar- 
ison of Finite Difference and Adjoint Gradients on 
Fine Mesh. 
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21a: Initial, P - 0.0573 error - 21b: 100 Design Iterations, P,,,,, = 0.0056 

Figure 21: Typical Navier-Stokes Inverse Design Calculation, Korn airfoil to NACA 64A410 

22a: Initial, P - 0.0504 error - 22b: 100 Design Iterations, Perror = 0.0043 

Figure 22: Typical Navier-Stokes Inverse Design Calculation, RAE 2822 airfoil to NACA 64A410 
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Figure 23: Navier-Stokes Drag Minimization: Finite 
Difference Gradients for Varying Flow Solver Con- 
vergence. 

Figure 24: Navier-Stokes Drags Minimization: Ad- 
joint Gradients for Varying Flow Solver Conver- 
gence . 
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Figure 25: Navier-Stokes Drag Minimization: Finite 
Difference Gradients for Varying Step Sizes. 

Figure 26: Navier-Stokes Drag Minimization: Ad- 
joint Gradients for Varying Step Sizes. 

20 



(c)T999 American Institute of Aeronautics & Astronautics 

b 

Figure 27: Navier-Stokes Drag Minimization: Ad- 
joint Gradients for Varying Adjoint Solver Conver- 
gence Levels. 
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Figure 28: Navier-Stokes Drag Minimization: Com- 
parison of Finite Difference and Adjoint Gradients 
for Medium Mesh. 
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29a: Initial, CDt=0.0168 29b: 14 Design Iteration, CDL=0.0108 
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M = 0.73, a = 2.756, CLt = 0.8363 M = 0.73, a = 2.665, CLt = 0.8463 - 

Figure 29: Typical Navier-Stokes Drag Minimization Calculation, RAE 2822 Airfoil 

“1 
I ‘1 

f :, 
.! _/ 
j 
j 

30a: Initial, CDt=0:0168 30b: 17 Design lterations,CDt=0.0096 

M = 0.73, a = 2.756, CLt = 0.8363 M = 0.73, CY 7 2.565, CLt = 0.8519 

Figure 30: Typical Navier-Stokes Drag Minimization Calculation, RAE 2822 Airfoil 

22 



(c)l999 American Institute of Aeronautics & Astronautics 

SYN1DC.P Parallel Speedup 
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Figure 31: Parallel Speedup of SYNlOSP Viscous Design Code. 
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