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represented by a given number of surface points can be spanned. A
problem of this choice is that the smoothness of the aerodynamic
shape may not be preserved. Similar to the implicit residual
smoothing [7], the gradient was implicitly smoothed to preserve the
ﬁrst derivative continuity of the solution in the development of the
adjoint formulation.
The implicit gradient smoothing may also be regarded as a
preconditioner that allows the use of much larger steps for the search
procedure and leads to a large reduction in the number of design
iterations needed for convergence [8]. The efﬁciency of the steepest
descent method results from the elimination of the need for exact
gradients and the effectiveness of implicit smoothing as a
preconditioner.
Determining the value of the smoothing coefﬁcient and the size of
the step for the shape change in the steepest descent method are
critical for a successful design in practice. Moreover, as computational ﬂuid dynamics (CFD) analysis and design codes become more
complex, there is an increasing number of input parameters, and it is
also very time consuming to ﬁnd a proper combination of parameters.
In this work, the existing adjoint-based design method was tuned
by determining the control parameters of the CFD analysis and
design process with a nonlinear gradient-based optimization package, SNOPT [9]. Three approaches of enhancing the Euler adjoint
design methods have been investigated. First, the convergence of
the Euler and adjoint solutions was accelerated by optimizing the
coefﬁcients of the residual smoothing scheme and the Courant
number. Second, the input parameters, the gradient smoothing
coefﬁcient, and the step size of the Euler adjoint design methods were
optimized such that the best aerodynamic shape can be achieved in a
given number of design iterations. Finally, the SNOPT software has
also been used to provide line searches of the shape optimization
parameters at each step. The numerical results will be presented to
show the utility of the integration of the SNOPT package and the
adjoint software.
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drag coefﬁcient
lift coefﬁcient
pressure coefﬁcient
structural weight coefﬁcient
design variable
gradient
modiﬁed gradient using Sobolev inner product
cell indices in the three computational coordinate
directions
cost function
freestream Mach number
residual
implicitly smoothed residual
scaled spectral radii of the ﬂux Jacobian matrices
angle of attack
weighing coefﬁcients in cost function
smoothing coefﬁcient factor
variation
gradient smoothing coefﬁcient
residual smoothing coefﬁcient
step size
computational coordinate

Introduction

S

INCE the adjoint method was introduced to aerodynamic shape
optimization in 1980s [1,2], this method has become a popular
choice for design problems involving ﬂuid ﬂow and has been
successfully used for the aerodynamic design of complete aircraft
conﬁgurations [3–6].
In the authors’ previous works on the use of control theory, every
surface mesh point was used as a design variable. Using this
approach, the complete design space of all airfoil shapes that can be
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Residual Smoothing Parameter Optimization
The SNOPT package was successfully used by Hosseini and
Alonso [10] to optimize various input parameters for explicit Euler
and Navier–Stokes ﬂow solvers, including the multistage coefﬁcients of the modiﬁed Runge–Kutta schemes. The use of residual
smoothing can accelerate the convergence of ﬂow solution and,
consequently, the design optimization.
Description of Implicit Residual Smoothing

The general idea behind this technique is to increase the time step
limit by replacing the residual at one cell in the ﬂowﬁeld by a
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Table 1

Results for residual smoothing optimization
i

j

k

CFL

R200

0.6
0.459

0.6
0.471

0.6
0.450

9.0
7.18

1:631E  06
1:914E  08

Case: Euler
Reference or initial
Optimal

Table 2 Results for gradient smoothing optimization
Case
Parameter by trial
and error
Parameter by SNOPT

weighted average of the residuals at the neighboring cells. The
average is calculated implicitly:
1  "i xx 1  "j yy 1  "k zz R i;j;k  Ri;j;k



where CFL is the new Courant number, and CFL is the maximum
allowable Courant number for the scheme without implicit residual
averaging. A complete discussion of the stability character and
overall beneﬁt of this acceleration method is provided by Martinelli
[11].



Design
iterations

CDfinal CD 

8.0

0.2

17

0.01007(0.00085)

4.0

0.253

10

0.00986(0.00106)

min R200 i;j;k ; CFL 

(1)

where "i;j;k control the level of smoothing.
The smoothing parameters in each direction should satisfy the
following inequalities.
2
 
 
1 CFL
(2)
ri;j;k  1 ; 0
"i;j;k  max
4
CFL



subject to i;j;k : 0  i;j;k  1 and



CFL : 1  CFL  10
The resulting optimized residual smoothing coefﬁcients and
CFL number are listed in Table 1. Using these optimized parameters, the average density residual after 200 multigrid iterations, R200 ,
was improved by two orders of magnitude. A similar improvement in
adjoint solution convergence has also been obtained using the same
optimized parameters. As a result, the necessary ﬂow and adjoint
convergence levels of 104 for the accurate adjoint gradients were
achieved with a fewer number of multigrid cycles, as shown in Fig. 1,
and the overall adjoint design method could ideally be improved by
30%.

Enhancement of Shape Optimization Procedure
Description of Implicit Gradient Smoothing

Optimization of Residual Smoothing

In the usual practice of residual averaging, the coefﬁcients are
modiﬁed by
"i  i "i ;

"j  j "j ;

"k  k "k

Let F represent the design variable and G the gradient. An
improvement could then be made with a shape change using the
steepest descent method:

(3)

F  G

(4)

Here, the proper values of i , j , k , and CFL depend on the ﬂight
conditions, ﬂow conditions, and aspect ratio of the meshes, etc.
Moreover, they must be empirically tuned by trial and error. In the
present work, the values of i , j , k , and CFL for the threedimensional Euler calculations are optimized using the SNOPT
package such that a maximum ﬂow convergence level can be reached
within 200 multigrid cycles.

In fact, however, the gradient G is generally of a lower smoothness
class than the shape F . To preserve the smoothness, we redeﬁne the
gradient corresponding to a weighted Sobolev inner product of the
form

Z
@u @v
d
(5)
hu; vi 
uv  
@ @

Results of Residual Smoothing Optimization

Thus, we deﬁne a modiﬁed gradient G such that

Euler calculations on the Boeing 747 wing–body conﬁguration at
a ﬁxed angle of attack,   2:3 deg, and M1  0:87 using a C-H
grid of size 192  32  32 has been performed. SNOPT calls the
Euler solver for the parameter optimization. The optimization
formulation is summarized as follows:

 F i
I  hG;

(6)

In the one-dimensional case, taking G  0 at the end points,
integration by parts yields
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Residual smoothing optimization.
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Then G is obtained by solving the smoothing equation:
@
@ 

GG
G 
@1 @1

(8)

In the multidimensional case, the smoothing is applied in product
form. Finally, we set
F  G
Fig. 2

Simpliﬁed wing planform of a transport aircraft.

(9)

with the result that
 Gi

I  hG;

<0

(10)

unless G  0, and correspondingly, G  0.
Cp = -2.0

BOEING 747 WING-BODY
Mach: 0.850 Alpha: 2.028
CL: 0.450 CD: 0.00827 CM:-0.1127
Design: 58 Residual: 0.2433E+00
Grid: 193X 33X 33
Sweep: 36.8499 Span(m): 73.26
C1(m): 15.36 C2: 8.55 C3: 3.31
I: 0.01202

CW: 0.0537

Tip Section: 88.1% Semi-Span
Cl: 0.392 Cd:-0.01780 Cm:-0.1960
Cp = -2.0

Root Section: 16.1% Semi-Span
Cl: 0.332 Cd: 0.03165 Cm:-0.1166

T(m):0.33

Cp = -2.0

T(m):1.50

Mid Section: 50.4% Semi-Span
Cl: 0.566 Cd: 0.00173 Cm:-0.2172

T(m):0.61

Fig. 3 Boeing 747 wing and planform redesign (initial Cp : dotted line; redesigned Cp : solid line). At ﬁxed CL  0:45, drag and wing weight were
minimized after 58 adjoint design iterations using SNOPT line searches.
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When second-order central differencing is applied to Eq. (8), the
equation at a given node, i, can be expressed as
1in

(11)

where n is the number of design variables equal to the number of
mesh points in this case. Then,
G  AG

(12)

where A is the n  n tridiagonal matrix such that
2

1  2 
6 
:
6
0
:
A1  6
6
4 :
0

0
:
:
:

:

0

3

7
7
7
:
7
:
 5
 1  2

0.014

0.0135

0.013

0.0125

(13)
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Adjoint design iteration

Now using the steepest descent method in each design iteration, a
step, F , is taken such that
F  AG

Cost function : CD + 0.07*CW

0.0145

G i  G i1  2G i  G i1   Gi ;

Fig. 4 Adjoint shape design convergence history using SNOPT line
searches.

(14)

where the implicit smoothing may be regarded as a preconditioner.

the structural weight, we redesigned both the wing section and
planform to minimize a cost function including both drag and
structural weight in terms of the form

Enhancement of the Design Optimization Procedure

SNOPT is used to set  and , which removes the burden of
selecting these values manually. We have proposed two enhancement
approaches.
First, SNOPT optimization of Euler adjoint design parameters, 
and , has been made such that an optimum aerodynamic shape can
be reached in a given number of design iterations. In this approach,
because a full adjoint shape optimization will be carried out in every
SNOPT iteration for parameter optimization, there will be a huge
disadvantage in terms of computational savings. However, once
SNOPT ﬁnds an optimal set of design parameters, an even better
optimum may be achieved by the adjoint methods using these
optimized parameters.
Second, the SNOPT package can provide line searches to decide
the values of design parameters at every adjoint shape design
iteration. An improvement in the robustness of the shape design
methods without any noticeable addition of computational cost will
be a target in this approach. This approach may be challenging
because the function evaluation for SNOPT should now include the
effect of the shape change as well.
Results of the First Enhancement Approach: SNOPT Parameter
Optimization for Boeing 747 Wing–Body Conﬁguration Wing
Redesign

A drag minimization of the Boeing 747 wing–body conﬁguration
was performed by modifying the wing with a ﬁxed fuselage shape.
An Euler calculation was carried out for the wing–body
conﬁguration at a ﬁxed coefﬁcient of lift, CL  0:45, and M1 
0:85 using a C-H grid of size 192  32  32. SNOPT calls 10 adjoint
design iterations in its  and  optimization iteration such that the
adjoint design code using these parameters can produce the optimal
shape within 10 shape design iterations. The optimal values of  and
 were found to be 4.0 and 0.253, and using these values, the total
wing drag coefﬁcient was reduced from 0.01092 to 0.00986 at the
ﬁxed CL  0:45. The design results with and without SNOPT
parameter optimization are listed in Table 2.
Results of the Second Enhancement Approach: SNOPT Line Search
for Boeing 747 Wing Planform Optimization

Finally, SNOPTwas used to carry out line searches for the best step
parameters at each adjoint design cycle. The design methodology has
been extended to a wing planform optimization [12]. In addition to
the shape changes in the wing section, larger scale changes such as
changes in the wing planform were considered to obtain a realistic
optimum design. Because these larger scale changes directly affect

I  1 CD  2 CW

(15)

The wing section was modeled by surface mesh points, and the
wing planform was modeled by the design variables shown in Fig. 2
as the root chord (c1 ), midspan chord (c2 ), tip chord (c3 ), span (b),
sweepback (), and wing thickness ratio (t).
This design case is quite complicated due to the increased number
of design parameters. In the previous sections, a total of eight design
parameters, , , and the step sizes of six wing planform parameters
have been updated at every adjoint design iteration.
Figure 3 shows the result after 58 design iterations using SNOPT
with line searches for the design parameters. The total cost function,
I  CD  0:07CW , has reduced from 0.01431 to 0.01202. The
design convergence history is shown in Fig. 4.

Conclusions
The feasibility of improving the existing adjoint method by ﬁnding
an optimal combination of ﬂow analysis and design input parameters
has been investigated in this work. A nonlinear gradient-based
optimization package, SNOPT, was chosen as a direct numerical tool
for parameter optimization. Various numerical tests, in conjunction
with the three-dimensional Euler adjoint design software, SYN88,
were carried to investigate the beneﬁts out of using this choice of
parameter optimization.
First, SNOPT has found the improved residual smoothing
parameters and Courant number for the Euler and the adjoint solutions. Second, SNOPT has found the gradient smoothing parameters
and the step size of the Euler adjoint design methods. There were no
computational advantages in these approaches due to the necessary
additional time cost for SNOPT to ﬁnd the parameters. However,
once the parameters were found, the convergence of both the Euler
and the adjoint solutions has been accelerated and the adjoin design
method has been more effective. Finally, using SNOPT with line
searches for the best design parameters at each design cycle for the
Boeing 747 wing planform optimization problem, the robustness of
the design process has been improved and the huge amount of time
and effort required to ﬁnd a proper set of eight input design
parameters has been removed.
The numerical results show that the adjoint design method can be
improved in shape design speed, performance, and stability by
integrating the method with a parameter optimization tool such as,
but not limited to, SNOPT. The beneﬁts may be greater for parameter
optimization for a complex system in which, in particular, neither an
analytical nor a trial-and-error approach is practical.
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