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An implicit large eddy simulation (ILES) is coupled with a frequency-domain Ffowcs
Williams-Hawkings (FWH) acoustic analogy formulations for the noise prediction of the airfoil-
rod problem. Higher order Flux-Reconstruction method is used for spatial discretisation. The
airfoil-rod case is simulated based on the compressible Navier-Stokes equations for a relatively
high Reynolds number (Re = 480,000) and a Mach number of (M = 0.2) in accordance with
the experimental setup. The FWH acoustic analogy solver is implemented in the open-source
massively parallel software PyFR which is a Python based computational fluid dynamics (CFD)
solver developed for heterogeneuous computing systems. The main goal of this work is to
investigate the use of high-order methods on unstructured grids for such acoustic problems and
assess the suitability of the hybrid approach in computational aeroacoustics with high-order
discretization methods. The near-field aerodynamics based on averaged pressure and friction
coefficients is computed and validated before the farfield acoustics are collected and results
show good agreement with experimental and numerical literature.

I. Introduction
The industrial goals for green aviation set forth by many governmental agencies has also led to considerable interest

in reducing other environmental aspects of the airplane industry such as airframe, landing-gear and jet noise. These
types of noise problems impact both military and civil personnel either on aircraft carriers or in modern cities where
airports are often built close to high population density areas. Thus accurate and affordable noise predictions for these
problems has gained considerable interest in the computational fluid dynamics (CFD) and acoustic communities.

Several approaches exist for sound propagation in a fluid medium, among which the hybrid large eddy simulation
(LES)-acoustic analogy approach stands as a more practical methodology. The hybrid approach for aeroacoustics
predictions consists of solving the Navier-Stokes equations to determine the near-field turbulent flow characteristics
and then utilize these data with the acoustic analogy equations for farfield noise predictions. For the noise generated
by turbulent flows, accurate acoustic propagation depends on the quality of the near-field results. In this regard, LES
offers an efficient and affordable simulation model for resolving the energy-bearing eddies and modeling the dissipative
scales. This hybrid approach has been employed by several researches for jet noise predictions [1–5] as well as other
turbulent flow-based noise predictions [6–9]. The desired ingredients for an efficient numerical discretization methods
for LES are high accuracy and the ability to work with unstructured grids. For this purpose we utilize the high-order flux
reconstruction (FR) method, first introduced by [10] and further extended by Wang et. al [11] for hybrid unstructured
meshes. In the context of LES, high-order methods such as FR have been shown to be less dissipative than the classical
FD and CD schemes [12, 13] when employed in an implicit large eddy simulation (ILES) approach [14–16] where
no sub-grid scale (SGS) model is used. Thus these methods are more suitable for highly separated flows and vortex
propagation problems. In addition, these methods can work routinely with mixed unstructured grids which is needed for
complex geometries involved in airplane noise problems.

To validate this hybrid approach for more complex airframe and landing-gear noise problems the airfoil-rod problem
has been used by many researchers [6, 17–21] as a benchmark case since first introduced by Jacob et. al [22] experiment.
Indeed, this problem contains many of the interesting noise features encountered in a landing-gear problem such as
the quasi-tonal noise caused by the vortex shedding of the rod and broadband noise spectrum due to impingement
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of the rod wake on the airfoil surface. This provides a well represented case with availability of experimental and
numerical data for validating noise generated by bluff bodies in a highly separated turbulent flow [23]. This consists of
a turbulent flow simulation over a rod placed 1.05C (C: chord length) in front of NACA0012 airfoil at 0◦ angle of attack
at 𝑅𝑒 = 480, 000 and 𝑀 = 0.2.

In this work, we equipped the high-order cross-platform solver PyFR [24] with a Ffowcs Williams Hawkings (FWH)
solver both implemented in Python for the simulation of the rod-airfoil turbulent flow based noise predicition problem.
This paper is organized as follows. Section II is dedicated for introducing the numerical models where both the flow and
acoustic solvers are discussed. We then present the problem setup in Section III and the numerical results in Section IV.

II. Methodology

A. The PyFR flow solver and the FR method
The flow model is based on the compressible Navier-Stokes equations which can be written in a conservative form

as follows

𝜕u
𝜕𝑡

+ ∇ · f = 0, (1)

where u = u(x, 𝑡)= (𝜌, 𝜌𝑣𝑥 , 𝜌𝑣𝑦 , 𝜌𝑣𝑧 , 𝐸), is the solution, 𝜌 is the density, v = (𝑣𝑥 , 𝑣𝑦 , 𝑣𝑧) are the fluid velocity
components in 𝑥, 𝑦, 𝑧 directions, respectively, and 𝐸 is the total energy per volume of the fluid. Here, f = f (u,∇u) = f𝑖−f𝑣
is the flux with f𝑖 the inviscid flux given by

f𝑖 =

©«

𝜌𝑣𝑥 𝜌𝑣𝑦 𝜌𝑣𝑧

𝜌𝑣𝑥
2 + 𝑝 𝜌𝑣𝑥𝑣𝑦 𝜌𝑣𝑥𝑣𝑧
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𝑣𝑥 (𝐸 + 𝑝) 𝑣𝑥 (𝐸 + 𝑝) 𝑣𝑧 (𝐸 + 𝑝)

ª®®®®®®®¬
, (2)

where 𝑝 is the pressure which is for an ideal gas is

𝑝 = (𝛾 − 1) (𝐸 − 1
2
𝜌 | |v| |2), (3)

where 𝛾 = 𝑐𝑝/𝑐𝑣 , where 𝑐𝑝 and 𝑐𝑣 are specific heat capacities at constant pressure and volume, respectively. The
viscous flux is

f𝑣 =

©«

0 0 0
𝜏𝑥𝑥 𝜏𝑦𝑥 𝜏𝑧𝑥

𝜏𝑥𝑦 𝜏𝑦𝑦 𝜏𝑧𝑦

𝜏𝑥𝑧 𝜏𝑦𝑧 𝜏𝑧𝑧

𝑣𝑙𝜏𝑙𝑥 + Δ𝜕𝑥𝑇 𝑣𝑙𝜏𝑙𝑦 + Δ𝜕𝑦𝑇 𝑣𝑙𝜏𝑙𝑧 + Δ𝜕𝑧𝑇

ª®®®®®®®¬
. (4)

In the above we have defined Δ = `𝑐𝑝/𝑃𝑟 where ` is the dynamic viscosity and Pr is the Prandtl number. The
components of the stress–energy tensor are given by

𝜏𝑙𝑚 = `(𝜕𝑙𝑣𝑚 + 𝜕𝑚𝑣𝑙) −
2
3
`𝛿𝑙𝑚∇ · v, (5)

Using the ideal gas law, the temperature is

𝑇 =
1
𝑐𝑣

1
𝛾 − 1

𝑝

𝜌
. (6)

The fluid properties employed in this work are 𝛾 = 1.4 and 𝑃𝑟 = 0.71, and flow Mach number is 𝑀 = 0.2.
In this study, the compressible Navier-Stokes Equations are solved with a multidimensional Flux reconstruction (FR)

approach for space discretization implemented in PyFR. PyFR is an open-source software that can solve the compressible
Navier–Stokes equations on mixed unstructured grids and is designed to target a range of modern hardware platforms,
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including heterogeneous mixtures of CPUs and GPUs, via C/OpenMP, CUDA, HIP and OpenCL backends [24, 25].
The FR approach introduced by Huynh [10] is a nodal numerical formulations for solving hyperbolic partial differential
equations. The method has been further developed by several groups [26–28] for advection-diffusion problems and
extended to mixed unstructured grids [25, 29]. In addition, high-order FR method has proved successful for a number of
large eddy simulations based on the implicit approach [14] as shown in [15, 30–32] and more recently based on the
Partially Averaged Navier-Stokes equations (PANS) in Dzanic et. al [33].

In the FR method, the domain Ω is partitioned into 𝑁𝑒 non overlapping elements Ω𝑒 such that
⋃𝑁𝑒

𝑖=1 Ω𝑒 = Ω.
Considering equation 1, the solution vector takes the form

u =

𝑁𝑝∑︁
𝑖=1

ui𝜙i (7)

inside each element Ω𝑒. Here, 𝑁𝑝 is the number of solution points inside the element and 𝜙 is the set of nodal basis
functions. A discontinuous approximation of the flux is obtained by taking a collocation projection of the flux function
on the solution nodes and is defined as

f𝐷 =

𝑁𝑝∑︁
𝑖=1

fD
i 𝜙i (8)

where fD
i is the value of the flux at solution points. To allow for data interaction between adjacent cells in flux

reconstruction, the discontinuous flux f𝐷 is corrected by adding a correction flux polynomial. After adding the
correction, the flux function takes the form

f𝐶 = f𝐷 +
𝑁 𝑓∑︁
𝑖=1

[
f 𝐼𝑖 − f𝐷𝑖 · n𝑖

]
h𝑖 (9)

where f𝑖 is the interface flux, 𝑁 𝑓 is the number of flux points, n𝑖 their normals and h𝑖 is the correction function, which
belongs to the Raviart–Thomas space. The corrected flux f𝐶 can now be differentiated to obtain the divergence of flux.
For more details on the FR method, interested readers can consult the following reviews [34, 35]. In the present work, a
Rusanov Riemann solver utilising the Davis wave speed [36] is used to calculate the inter-element inviscid fluxes, the
local discontinuous Galerkin [37] approach is used to calculate the inter-element viscous fluxes, an adaptive time-step
Runge–Kutta (RK45) scheme [38] is utilized to advance the solution in time.

B. The FWH solver
The permeable/porous surface FWH equations [39, 40] based on the moving medium formulation [41, 42], can be

written using index summation notation as,

□2 [𝐻 ( 𝑓 ) 𝑝′ (𝑥, 𝑡)] = 𝜕

𝜕𝑡
[𝑄𝛿( 𝑓 )] − 𝜕

𝜕𝑥𝑙
[𝐿𝑙𝛿( 𝑓 )] +

𝜕2 (𝐻 ( 𝑓 )𝑇𝑙𝑚)
𝜕𝑥𝑙𝜕𝑥𝑚

, (10)

where □2 = 1
𝑐2

𝐷2

𝐷𝑡2 − 𝜕2

𝜕𝑥𝑖𝜕𝑥𝑖
is the d’Alembert wave operator and

𝑇𝑙𝑚 = 𝜌𝑢𝑙𝑢𝑚 +
[
(𝑝 − 𝑝𝑜) − 𝑐2 (𝜌 − 𝜌𝑜)

]
𝛿𝑙𝑚 − 𝜎𝑙𝑚,

𝐿𝑙 = 𝜌𝑢𝑙 [𝑢𝑛 − (𝑣𝑛 −𝑈∞𝑛)] + [(𝑝 − 𝑝𝑜)𝛿𝑙𝑚 − 𝜎𝑙𝑚] �̂�𝑚,
𝑄 = 𝜌 [𝑢𝑛 − (𝑣𝑛 −𝑈∞𝑛)] + 𝜌𝑜 (𝑣𝑛 −𝑈∞𝑛),

(11)

The description of the above symbols is as follows. On the left hand side of Eq. (10), 𝑝′ = 𝑝−𝑝𝑜 is the acoustic perturbation
pressure. For small disturbances 𝜌′/𝜌𝑜 ≪ 1, the pressure disturbance/acoustic pressure 𝑝′ = 𝑐2𝜌′ = 𝑐2 (𝜌 − 𝜌𝑜) which
is valid for the left hand side of the equation that is evaluated at an observer distance far away from the surface where
the flow can be assumed isentropic. The symbols 𝑝𝑜, 𝜌𝑜 are the pressure and density of the undisturbed flow and 𝑐 is
the speed of sound, i.e., free stream values. 𝐻 ( 𝑓 ) is the Heaviside function which is defined as

𝐻 ( 𝑓 (x, 𝑡)) =
{

1 : 𝑓 (x, 𝑡) > 0
0 : 𝑓 (x, 𝑡) < 0

(12)
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and 𝛿( 𝑓 ) is the dirac delta function defined as

𝛿( 𝑓 (x, 𝑡)) = 𝜕𝐻

𝜕 𝑓
=

{
1 : 𝑓 (x, 𝑡) = 0
0 : 𝑓 (x, 𝑡) ≠ 0

(13)

and 𝑓 (x, 𝑡) is the data surface equation as shown in Fig. 1a.

body
𝑓 (x, 𝑡) < 0
𝐻 ( 𝑓 ) = 0 Data Surface

𝑓 (x, 𝑡) = 0

Computational domain
𝑓 (x, 𝑡) > 0
𝐻 ( 𝑓 ) = 1

(a) Computational Domain

𝑥1

𝑥2

𝑥3

Source

Observer
x𝑜𝑏

x𝑠

(b) Frames of reference

Fig. 1 Acoustics model

Thus, in the right hand side of Eq. (10), the first two terms represents a surface dipole and monopole sources defined
only on the data surface and the last term is a volume quadrupole term defined in the exterior flow domain where
𝑓 (x, 𝑡) > 0. In Eq. (11), 𝜎𝑙𝑚 is the viscous stress tensor, 𝑢𝑙 is the perturbed fluid velocity such that 𝑢𝑙 = 𝑢𝑙 −𝑈∞ and 𝑣𝑙
is the surface velocity assuming a fixed frame of reference 𝑥. The Lighthill’s equivalent stress tensor is represented by
𝑇𝑙𝑚. This completes the presentation of the FWH equation for a stationery observer or fly-over problems. In the current
implementation we neglect the volume source 𝑇𝑙𝑚 as well as the viscous stresses effects 𝜎𝑙𝑚. In this formulation Eq. (10),
the problem of an observer moving to the left of a fixed frame x′ in a medium at rest is transformed into a fixed observer
but in a flow blowing to the right, positive x′-direction, with constant and uniform velocity 𝑈∞ and a moving data
surface with relative velocity 𝑣 −𝑈∞ to the free stream, see Fig. 1b. Note that for a solid FWH surface, Eq. (10) still
applies with 𝑢𝑛 = 𝑣𝑛 −𝑈∞𝑛 to satisfy the impermeability condition.

For solving the above equation an integral formulation is often used based on the free-space Green function, see for
example [40, 42–45]. For a surface moving in a medium at rest with uniform and constant velocity, equivalent to a
stationery source in a wind tunnel case, an efficient frequency-domain formulation was proposed by Lockard [41] and a
generalization by [46]. First, the free space Green function in frequency domain can be written as

𝐺 (𝒙, 𝑡; 𝒚, 𝜏) = 1
2𝜋

∫
𝜔

𝑒− 𝑗 ^𝑅

4𝜋𝑅∗ 𝑒
𝑗𝜔 (𝑡−𝜏 )𝑑𝜔, (14)

where ^ = 𝜔/𝑐 is the acoustic wavenumber, 𝜔 is the angular frequency and 𝑗 =
√
−1. The radial distance variables

𝑅, 𝑅∗ are defined as
𝑅∗ =

𝑟

𝛽

√︃
1 + 𝛽2𝑀2

∞𝑟 , 𝑅 = 𝛽2 (𝑅∗ − 𝑟𝑀∞𝑟 ) . (15)

where, 𝑟 = |x − y(𝜏) | is the distance between the source position x𝑠 and the observer position x𝑜𝑏, see 1b. In
addition, 𝑀∞𝑟 = 𝑀∞𝑙𝑟𝑙 , 𝑟𝑙 = 𝑟𝑙/𝑟 and 𝛽 = 1/

√︁
1 − |𝑀∞ |2 is the reciprocal of the Prandtl-Glauret correction factor. The

frequency-domain formulation starts by performing a Fourier transformation of equation Eq. (10) followed by utilizing
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the Green function for integration and convolution to end up with the following components of acoustic pressure

4𝜋𝑝1 (𝒙, 𝜔) =
∫
𝑓 =0

[
𝑗𝜔�̃�(𝝃, 𝜔)

𝑅∗

]
𝑒− 𝑗 ^𝑅𝑑𝑆,

4𝜋𝑝2 (𝒙, 𝜔) =
∫
𝑓 =0

[
𝑗 ^ �̃�𝑅 (𝝃, 𝜔)

𝑅∗ + �̃�𝑅∗ (𝝃, 𝜔)
𝑅∗2

]
𝑒− 𝑗 ^𝑅𝑑𝑆,

(16)

where �̃�𝑅 = �̃�𝑙 �̂�𝑙 , �̃�𝑅∗ = �̃�𝑙 �̂�
∗
𝑙
. The quantities with �̃�, �̃�𝑙 are the Fourier transformed quantities of 𝑄, 𝐹𝑙 where

𝐹𝑙 = 𝐿𝑙 −𝑄𝑈∞𝑙 . The distance quantities �̂�𝑚, �̂�
∗
𝑚 are given by

�̂�∗
𝑙 =

𝜕𝑅∗

𝜕𝑥𝑙
=

𝑟

𝛾2𝑅∗

(
𝑟𝑙 + 𝛾2𝑀∞𝑟𝑀∞𝑙

)
,

�̂�𝑙 =
𝜕𝑅

𝜕𝑥𝑙
=

𝑟

𝑅∗

(
𝑟𝑙 + 𝛾2𝑀∞𝑟𝑀∞𝑙

)
− 𝛾2𝑀∞𝑙 .

(17)

Finally, the acoustic pressure in the frequency-domain can be computed as

𝑝(𝒙, 𝜔) = 𝑝1 (𝒙, 𝜔) + 𝑝2 (𝒙, 𝜔). (18)

The implementation of this methodology in combination with the high-order method in PyFR follows the same
approach as presented in [47]. This implementation features a streaming algorithm for computing the spectral data
at the far-field in an online manner as the flow simulation marches in time. PyFR routinely works with unstructured
grids and the extraction of the acoustic data surface is made based on actual face elements. The surface integration is
done efficiently for each surface element using the flux points on each face element since they are naturally of Gauss
quadrature type. In PyFR the FWH solver is implemented as an acoustic analogy plugin feature which can be further
extended to other types of acoustic analogies in an efficient manner.

(a) Full mesh (b) Zoomed view

Fig. 2 Computational mesh

III. Problem Setup
The rod-airfoil case setup follows the setup of the experiment carried out by Jacob et. al [22] and the numerical

simulations in the literature [17, 20, 21, 23, 48]. In this case, a rod with a diameter 𝑑 = 0.1C is used and its center is
placed at a distance of 1.05 C in front of a NACA0012 airfoil at zero angle of attack, where C is the airfoil chord length.
The Reynolds number is 480, 000 based on airfoil chord and a Mach number 𝑀 of 0.2 is used. The computational

5



domain consists of a 2D unstructured mesh extruded to a 0.35𝐶 length in the spanwise (z-direction).
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(a) 𝑌+ over the rod
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(b) 𝑌+ over the airfoil

Fig. 3 Y+ distribution.

The simulations are carried out on three different computational meshes (coarse, medium and fine) with refinement
primarily in the boundary layer region of the rod. The fine computational mesh shown in Fig. 2 has 14 elements in the
spanwise direction and ∼28 × 103 elements in the XY plane, bringing the total to ∼400 × 103 elements. The mesh has
a structured boundary layer region around both the airfoil and the cylinder with wall heights of 1.25 × 10−4 · 𝐶 and
3 × 10−4 · 𝐶 for the rod and airfoil surfaces, respectively. Mesh is also refined in a near field region that contains the
airfoil and rod and extends to the wake up to 6𝐶∼7𝐶 for accurate representation of the turbulent wake. This refinement
region is planned to be used for a study of the location of the porous FWH data surface providing the best results. The
outer circle (farfield boundary) has a radius of approximately 10.5𝐶 and is centered at 1.5C distance downstream of the
airfoil. The mesh has both prism and hexahedral element types. Polynomial order 3 is used to carry out the simulations,
bringing the total number of degrees of freedom to 21 million. Fig. 3 shows the 𝑦+ for the first solution node around
the rod and airfoil. No refinement is done in the boundary layer region of the airfoil for the three meshes. The 𝑦+ is
obtained by dividing the actual cell height by 𝑝 + 1, where 𝑝 is the polynomial order. Characteristic Reimann invariants
was used as a farfield boundary condition to minimize wave reflections and a no-slip adiabatic wall condition was used
at rod and airfoil surface.

IV. Numerical Results
A parallel numerical simulation on a multi-GPU architecture is conducted using PyFR in an ILES approach without

SGS model. Statistics are accumulated every 500 time steps. During the startup phase, simulations were run with
polynomial order 𝑝 = 2 for a time period of 96𝐶/𝑈∞ after which simulations were run with 𝑝 = 3 which is 4𝑡ℎ order
accurate in space. Averaged statistics collection was started after a time period of 115𝐶/𝑈∞ was completed. All the
statistics presented in the paper are averaged for a time period of 70𝐶/𝑈∞, equivalent to 70 passes over the airfoil.

Table 1 Mean and RMS drag coefficients for the rod.

Cases ⟨𝐶𝑑⟩ 𝐶′
𝑑

PyFR fine mesh 1.23 0.145
PyFR medium mesh 1.22 0.14
PyFR coarse mesh 1.20 0.15

Giret et. al [20] 1.19 0.12
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A. Turbulent flow and aerodynamic coefficients results
The mean and root mean square (RMS) of the drag coefficient for the three meshes are presented in Table 1. All

the meshes agree within 4% of the literature values. The comparison of the mean and RMS pressure coefficient over
the airfoil is shown in Fig. 4. For the average ⟨𝐶𝑝⟩, comparison is made between Giret’s LES data [20] and Jacob’s
experimental data [22]. There is hardly any difference between the LES data of Giret et al. and PyFR results. The error
between the numerical results and experiment is observed consistently and can be due to the curvature discontinuity
in the mockup leading-edge region as mentioned in [20]. The RMS value of the pressure coefficient over the airfoil
matches well with Giret’s LES data upto 𝑥/𝑐 = 0.04.
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LES Giret et. al [20]

(a) Mean pressure coefficient on airfoil
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(b) RMS pressure coefficient on airfoil

Fig. 4 Average and root mean square of the pressure coefficient over the airfoil surface.
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Fig. 5 Average and root mean square of the pressure coefficient over the rod surface.

Fig. 5 shows the comparison of mean and RMS pressure coefficient over the rod. For the average value of ⟨𝐶𝑝⟩,
data obtained from PyFR is compared with Giret’s LES data, the LES of Boudet [50], and experiments of Szepessy and
Bearman [51] and Achenbach [49]. The minimum value of average ⟨𝐶𝑝⟩ is obtained at an angle of 70◦ starting from
the rod upstream stagnation point, which matches well with the experiment of Szepessy and Bearman [51]. There is
asymmetry in the average and RMS pressure coefficients of the rod, especially for the fine mesh, which can be attributed
to lack of time averaging. Due to limitation in the resources, it was decided to rely on these results for the acoustics
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predictions in the meantime. Additionally, the discrepancy between PyFR LES results and experiments for average ⟨𝐶𝑝⟩
can be attributed to the fact that the experiments were carried out for an isolated rod at a different Reynolds number. For
the experiment by Szepessy and Bearman [51], the Reynolds number is 4 × 105, while it is 105 for the experiment by
Achenbach [49]. As noted by Boudet [50], there is some upstream influence of the airfoil on the rod.
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Fig. 6 Comparison of the mean and RMS velocity profiles with experiment and reference LES in the wake of
cylinder and airfoil. Origin at airfoil Leading Edge.

Figure Fig. 6 shows the average values of the 𝑥-velocity (𝑈) and RMS value of the 𝑥-velocity fluctuations (𝑈𝑟𝑚𝑠) at
two different locations, viz., wake of the rod and wake of the airfoil. The numerical results obtained from PyFR P3
simulations match well with both the LES data of Eltaweel and Wang [19] and Jacob’s experiment [22]. For the airfoil
wake, the experimental dip in 𝑈 occurs at a different y-location compared to the LES results. This can be explained by
the misalignment in the rod and airfoil axis as mentioned by Jacob et. al. [22]. Otherwise, the 𝑈 variation matches
quite well with both the experiments and LES data. Values of 𝑈𝑟𝑚𝑠 matches well with the LES data. In the rod wake,
the peak value of 𝑈𝑟𝑚𝑠 . is overpredicted by PyFR compared to experiments. However, the values are quite close to the
LES data of Eltaweel and Wang. The peak value of 𝑈𝑟𝑚𝑠 is overpredicted by PyFR compared to experiments. However,
the values are quite close to the LES data of Eltaweel and Wang. The difference in 𝑈 and 𝑈𝑟𝑚𝑠 values between three
different meshes on PyFR is negligible.
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Fig. 7 Comparison of the mean skin friction ⟨𝐶 𝑓 ⟩ coefficient.

Figure Fig. 7 represents the skin friction coefficient over the surface of the rod. Skin friction coefficient 𝐶 𝑓 becomes
zero at an angle of 107◦ from the upstream stagnation point indicating separation. Although the location of separation
point does not match with literature values of 86◦ [49][50], it is worth noting that both Achenbach’s experimental
(𝑅𝑒 = 105) results [49] and LES results of Boudet [50] are based on an isolated rod. The maximum 𝐶 𝑓 upstream of the
separation point matches well with Giret et. al’s LES data [20]. All three meshes with PyFR predict the same location
of separation point.

B. The Farfield acoustics results
The FWH results are computed for an averaging time period of 34𝐶/𝑈∞. The FWH follows the Welch’s method of

periodiograms [52] where the time period is divided into 6 windows each with length of 9.6𝐶/𝑈∞ s. Strouhal number
𝑆𝑡 for the problem based on literature is determined to be 0.19, bringing the period to be 0.5𝐶/𝑈∞ s. Hence, the window
length of 9.6𝐶/𝑈∞ s should be sufficient to capture the acoustics. The farfield acoustics are computed for each period
and averaged with the others with a 50% shift in time or window length. The acoustic results are presented for the finest
mesh ran with polynomial order 𝑝 = 3.

Fig. 8 FWH and solid and porous surface geometries. Solid surfaces are denoted s1 and s2 and the porous
surface is s3.

The farfield acoustics are computed using two FWH surfaces, a solid surface that consists of the rod and airfoil walls
and a porous surface as shown in Fig. 8. The porous surface takes a c-like shape and starts from 0.3C in front of the rod
and up to 4C behind the airfoil as shown. This porous surface is chosen as to enclose all the relevant turbulent structures
in the near-field region as shown in Fig. 9.

The results of the power spectral density (PSD) using the FWH solver are computed for three farfield observers as
presented in Fig. 10. The location of these observers is calculated in the mid-plane based on an origin at half the airfoil
chord and a distance R = 18.5C. These points are at three different angles measured from the trailing edge of the airfoil.
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Fig. 9 FWH porous surface extent and geometry with respect to relevant flow structures and vortex shedding in
the wake. Flow structures are represented by the velocity magnitude field.

For the first observer located at an angle \ = 60𝑜 which is towards the downstream of the airfoil, we can see that the
PyFR results match quite well with the experimental data of Jacob [22] for both the solid and porous surfaces. For the
porous surface, both the tonal peak frequency and peak levels of PyFR have an almost perfect agreement with Jacob’s
experiment [22]. For the solid surface, while the peak frequency matches well with the experiments, the peak level is
slightly lower than both the LES data of Giret and experimental data. However, compared to Giret’s LES results for the
solid surface, the peak tonal frequency of PyFR’s LES data matches better with that of Jacob’s experiment.

Coming to the second observer at \ = 90𝑜, PyFR results for the porous surface show good agreement to experimental
data. There is slight underprediction of the peak level, although it is still significantly better than other LES studies of
Giret et. al [20] and Eltaweel and Wang [19], where in the latter they employed a hybrid LES-BEM using boundary
element (BEM) solution for the Lighthill acoustic analogy [53]. In addition, Eltaweel and Wang’s data [19] does not
match with the peak tonal frequency predicted by the reference experiment [22]. For the solid surface, PyFR has lower
peak levels compared to the experiment but matches well with the peak tonal frequency predicted by the experiment.

The 3rd observer is located at an angle of \ = 120◦. For the porous case, both Giret et. al’s LES [20] and PyFR
slightly underpredict the peak level compared to the experiments but have good agreement with regard to peak frequency.
For the solid surface, PyFR matches the experimental peak tonal frequency quite well compared to reference LES data,
although the peak level is slightly underpredicted.

In general the acoustic results show very good agreement in predicting the tonal peak as well as the broadband
spectrum despite small under prediction of tonal peak values at some observer locations. In addition, it can be seen
that the porous surface results usually have higher PSD levels for the low frequency region. This can be attributed to
the lack of enough mesh refinement at the FWH surface or that it may need to be a tighter surface to increase its level
of accuracy. A study of the best surface location can help reduce these PSD levels at low frequencies. Moreover, it
is worth noting that the lack of enough smoothing at high frequencies is related to the use of spline fitting to fit the
time history of flow variables sampled on the FWH surface and re-sample them at uniform time-steps since PyFR
uses adaptive time-stepping with non-uniform time-steps. This sometimes introduces some artificial waves at very
high frequencies, however, their amplitudes remain bounded as can be seen from the figures. It is also expected that
increasing the number of windows used to converge the acoustics data can reduce these oscillations.
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(b) 60𝑜 , porous surface
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(c) 90𝑜 , solid surface
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(d) 90𝑜 , porous surface
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(e) 120𝑜 , solid surface
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Fig. 10 Comparison of farfield acoustics at a distance R = 18.5C measured from half chord and \ = 60𝑜, 90𝑜, 120𝑜
measured from the airfoil T.E.
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V. Conclusions and Future work
In this paper, we presented acoustic prediction results using the high-order FR method with polynomial order 𝑝 = 3

for the airfoil-rod benchmark case in a hybrid LES-FWH approach. The results were in very good agreement with the
literature despite some differences in the turbulent statistics and the tonal noise peak values. In general, the solid FWH
surface shown better overall agreement with the literature especially for the low frequency regions compared to the
porous surface results. On the other hand, porous surface results for the tonal peak matched the experimental results
better than other LES-FWH and LES-BEM results in the literature. Three meshes were employed in the simulations
with varying first cell heights on the rod surface resulting in different y+ values while keeping both x+ and z+ unchanged.
From these results it can be seen that changes in the y+ did not affect the turbulent statistics much and this indicates that
refinement in the z+ direction may be required to achieve better agreement with the experiments in addition to longer
averaging time for the turbulent statistics. Future work will include a more consistent mesh and order refinement in
order to better converge the aerodynamic and turbulent statistics results.
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