


residualÎ k will be finite:

Î k � ikVŴk � R̂k (12)

The nonlinearity of the unsteady residual stems from the spatial
operator. There are two approaches to calculating the spatial operator
expressed in the frequency domain. Thefirst uses a complex series of
convolution sums to calculatêRk directly fromŴk. Such an approach
was discussed in Hall’s introductory paper on harmonic balance
techniques [5]. Hall justly discarded the approach due to its massive
complexity (considering artificial dissipation schemes and
turbulence modeling) and cost that scales quadratically with the
number of modesN.

An alternative proposed by Hall is to use the pseudospectral
approach in the temporal domain. Our research employs a similar
approach in the frequency domain. The advantage to this latter
approach is in the application of the convergence acceleration
techniques used in the NLFD code. Other research performed by this
author demonstrates that the convergence rates of the unsteady
residual in the NLFD solver are equivalent to steady-state codes [6].
In this approach, an unsteady residual exists for each wave number
used in the solution and a pseudotime derivative acts as a gradient to
drive the absolute value of all of these components to zero
simultaneously.

V
@Ŵk

@�
� Î k � 0 (13)

A diagram detailing the transformations used by the pseudospectral
approach is provided in Fig. 1. We begin by assuming thatŴk is
known for all wave numbers. Using an inverse fast-Fourier-
transform (FFT),Ŵk can be transformed back to the physical space
resulting in a state vectorW�t� sampled at evenly distributed
intervals over the time period. At each of these time instances the
steady-state operatorR�W�t�� can be computed. A FFT is then used to
transform the spatial operator to the frequency domain whereR̂k is
known for all wave numbers. The unsteady residualÎ k can then be
calculated by addinĝRk to the spectral representation of the temporal
derivativeikVŴk.

The cost of the FFT is proportional toN ln �N�. For most realistic
values ofN (N � 1 ! 10) the cost of the pseudospectral approach is
dominated by the cost associated with calculating the spatial
operator. Consequently, the overall cost of the simulation scales by
the product of the cost of evaluating a steady-state spatial operator
and the number of time instances used to represent the solutionN.

Boundary Conditions
Two separate sets of boundary conditions were employed for the

model problems shown in subsequent sections. For the cylinder, a
boundary condition based on the one-dimensional characteristic
equations was implemented to provide a radiation free condition that

essentially nullified any incoming waves. For the pitching airfoil, a
steady Riemann invariant boundary condition was seperately applied
to each time sample in the solution. These relatively simple boundary
conditions take advantage of the diffusive character of the far-field
grid. The degree to which these boundary conditions reflect energy is
no longer a critical parameter given the de facto sponge created by
grid diffusion and the extended distance of the boundary. If one used
a time domain solver, the penalty associated with this approach
would be the additional computational time required to propagate the
unsteady waves across a larger domain. However, this is not the case
for a frequency domain approach that solves directly for the solution
at its periodic steady state.

Variable Time Period
A major outcome of our research has been the development of a

gradient approach for the class of problems where the time period of
the unsteadiness is unknown a priori. An iterative approach is
proposed that determines the time period of the fundamental
harmonic. In practice, the user provides an initial guess in the vicinity
of thefinal answer and gradient information is used to change the
estimate to the time period after each iteration in the solution process.
Convergence is achieved when changes in the fundamental time
period and all of the residual levels in the unsteady equations are
negligible.

A derivation of the gradient-based-variable-time-period
(GBVTP) method begins by noting that the wave numberk is
calculated by normalizing the sinusoidal period of oscillation2

with the time period of interestT

k � 2
n
T

(14)

The unsteady residual in Eq. (13) can then be written as a function of
the time periodT

Î n � i2
nV
T

Ŵn � R̂n (15)

The process offinding a solution to the unsteadyflow equations is
regarded as an optimization problem where the magnitude of the
unsteady residual is minimized. A gradient of this residual with
respect to the time period can be calculated and used to iteratively
modify this time period until the magnitude of all components of the
unsteady residual are negligible.

Because the unsteady residualÎ n is a complex quantity, its
magnitude squared is the sum of the square of its components. Using
the chain rule, a gradient of this cost function with respect to the time
period can be written as
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(16)
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Fig. 1 Dataflow diagram of pseudospectral approach used to calculate spatial operator.
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The quantity Î n is already calculated while monitoring the
convergence of the solution (note that the real and imaginary parts of
Î n areÎ nr andÎ ni , respectively). The partial derivative terms can be
expanded as

@̂I nr

@T
� 2
nV Ŵni

T2 ;
@̂I ni

@T
� � 2
nV Ŵnr

T2 (17)

The formulas can be further simplified by introducing cross product
notation with the Fourier coefficients of the solution and residual
written as vectors

fi n � Ŵnr e1 � Ŵni e2; n � Î nr e1 � Î ni e2 (18)

Using this notation the gradient can be expressed as the magnitude of
the cross product of the above vectors
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The time period can be updated using the gradient information by
selecting a stable step� T

Tn�1 � Tn � � T
@jÎ nj2

@T
(20)

Typically one can start with an initial guess for the time period in the
vicinity of the final answer. An unsteadyflow solution can be
obtained by solving the equations of motion at some nonzero residual
level. The above gradient can then be used to adjust the time period at
each iteration in the solution process. As such, both the solution and
time period are simultaneously updated while the residual is driven to
a negligible value.

To validate the GBVTP method, the NLFD code was used to
calculate theflow over a cylinder (see section) at a Reynolds number
of 105 in both fixed and variable-time-period modes. First, a
variable-time-period case was executed where the NLFD code
obtained a solution for thefield variables and time period associated
with a machine-zero residual. Then a number offixed-time-period
calculations were performed using time periods in the vicinity of the
one derived by the GBVTP case. In Fig. 2, the minimum residual
obtained by each of thesefixed-time-period runs is plotted as a
function of the distance between the constant time period and that
determined by the GBVTP method. The plot shows that to obtain
machine-zero level residuals usingfixed-time-period calculations
the Strouhal number specified by the user a priori must approximate

the GBVTP value to machine accuracy. The results from this
numerical experiment demonstrate the capability of the GBVTP
algorithm tofind this value. In addition, since there is only one
minimum in the residual values, the data support the notion that there
is a unique Strouhal number associated with the exact solution of the
discretized equations.

Cylindrical Vortex Shedding
Test Case Description

This section will compare results from the NLFD code with results
obtained from independently conducted experiments of laminar
vortex shedding behind a cylinder. Given the work of Williamson in
this field [7,8], his experimental data will be used exclusively for
these comparisons. In addition, comparisons are also made with
Henderson’s [9] numerical results that employ spectral elements
with an eighth order basis.

Cylinder Results
Both spatial and temporal resolution surveys were conducted as

part of this research. The spatial surveys utilized four independently
generated grids, while the temporal surveys used a varying number
of wave numbers in the representation of the solution. For each
permutation of spatial and temporal resolution, we calculated 10
cylinder solutions at different Reynolds numbers between 60 and
150. Table 1 identifies all values of the three different parameters
used in these surveys. Including all the permutations, 160 different
solutions were calculated.

Variable-Time-Period Results
Figure 3 provides the Strouhal frequency statistics as a function of

Reynolds number for each temporal resolution computed on the
finest grid. For comparative purposes, Williamson’s [7,10,11]
experimental data is overplotted on the graphs with circles.

The difference between the experimental data and the one mode
solution actually increases with increasing Reynold number. This
variation can be explained by computing theL2 norm of the energy
within the solution for each harmonic:

kEkk �
� Z

�
j�̂e kj2dV

�
1=2

(21)

Figure 4 plots this norm as a function of the Reynolds number for
the finest grid used in the spatial survey. This plot shows that
the relative energy in the higher harmonics increases as the Reynolds
number increases. At the upper end of the Reynolds number range,
the unresolved modes alias more energy back into the lower modes
leading to a variation in the predicted Strouhal number between the 3
and 5-mode solutions. At the lower end of the Reynolds number
range, the higher modes carry substantially less energy and fewer
modes are required to accurately predict Strouhal number and other
statistics.

For each numerical solution, the Strouhal and Reynolds numbers
form a dependent pair that can be used to solve a least squares
problem for the coefficientsA, B, C (assumingD � 0) in Eq. (22).

St � A � B
Re � D

� C�Re � D� (22)
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Fig. 2 Minimum residual of a fixed-time-period NLFD calculation.

Table 1 Values of parameters used in the three-dimensional
parametric survey, which combines both temporal and spatial resolution

surveys over a range in Reynolds number.

Variable Values

N Modes 1, 3, 5, 7
Grid 129	 65, 193	 81, 257	 129, 385	 161
Reynolds number 60, 70, 80, 90, 100, 110, 120, 130, 140, 150
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