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Abstract. This paper derives analytical estimates for the rates of convergence of numerical first
and second derivative operators involved in flux reconstruction (FR). These estimates yield the rate
of convergence for steady-state advection-diffusion problems when error is measured in the vector
seminorm induced by the advection-diffusion operator. This serves to rigorously quantify the effect
of polynomial order, correction functions, and upwinding coefficients on the accuracy of FR schemes.
We prove that for centered fluxes, the derivative operator exhibits superconvergence for a special
class of correction functions, designated “SFR,” which includes the nodal DG scheme. Finally, we
also show that the rate of convergence of the vector �2 norm of error for such steady-state problems is
identical to the short-time rate of convergence for time-dependent problems derived in [K. Asthana et
al., Analysis and Design of Optimal Discontinuous Finite Element Schemes, Ph.D. thesis, Stanford
University, Stanford, CA, 2016].
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1. Introduction. The discontinuous Galerkin (DG) formulation provides a com-
putationally tractable, high-order, unstructured approach to tackle conservation laws
arising in a wide range of applications ranging from computational mechanics [14]
to stochastic control [10]. A salient feature of this method is that it exhibits super-
convergence in nodal [1], functional [11, 12], as well as spectral [2, 3] points of view.
In regard to linear, time-dependent problems, Cheng and Shu [12] have studied the
grid-convergence of error for a DG scheme with polynomial order P using upwinded
fluxes on arbitrary meshes. The authors show that the evolution of the L2 norm of
error is bounded by a linear function of time where the constant term converges at
the order P + 1, and the linear term converges at the order P + 3/2. Hence, the rate
of convergence at short-time, t = 0+, is different from that at long-time, t → ∞. A
similar investigation was conducted in [6] for the flux reconstruction (FR) formulation
[16, 17] wherein Fourier analysis was utilized to derive the rate of convergence of error
at the set of solution points. It was proven that the short-time rate of convergence
depends on the convergence-rates of the modal weights for the “spurious” modes, and
the long-time rate depends on the convergence-rate of the “physical” eigenvalue. Table
1 records these rates for the DG scheme, recovered via FR, for upwinded and centered
fluxes, and odd and even P . In an analogous manner, rates can be determined for
any stable scheme within the FR family.

The long-time superconvergence rate is valuable for time-dependent problems,
especially when the long-time solution is independent of the initial condition [7].
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Table 1

Rate of convergence at the set of solution points for the DG scheme of polynomial order P ,
recovered via FR, for linear, time-dependent problems [6].

DG scheme Short-time t = 0+ Long-time t → ∞
one-sided fluxes P + 1 2P + 1
centered fluxes and even P P + 2 2P + 2
centered fluxes and odd P P 2P

However, it is not obvious whether such superconvergence extends to steady-state
problems which routinely appear in aerospace and automobile design applications
[18]. In fact, canonical test problems for evaluating numerical schemes are often
based on the steady Euler and Navier–Stokes equations. For the DG scheme, several
a posteriori error estimates [8, 19] exist for elliptic problems. Arnold et al. [4] provide
a comprehensive comparison of several DG type methods, showing that the L2 norm
of the solution converges at the order P +1, while the H1 norm converges at the order
P . Similar observations were made by Williams et al. [20] for Couette flow using DG
recovered via FR. Similarly, Cockburn et al. [13] have derived a priori error estimates
for the Poisson equation on tensor-product elements. The authors show that, with
the choice of a special numerical flux, the L2 norm of the solution converges at the
order P + 1, while that of the derivative converges at P + 1/2.

In this paper, we derive estimates for the rate of convergence of FR for a forced,
linear, advection-diffusion problem having a steady-state. Two different measures of
error are investigated. For the vector �2 norm, which measures pointwise error over
the set of solution points, we show that the rate of convergence is identical to the
short-time rate of convergence for time-dependent problems recorded in Table 1. We
also measure error with respect to the vector seminorm induced by the advection-
diffusion operator, and show that convergence in this measure depends on the rate
of convergence of the numerical derivative operators involved in FR. Estimates are
derived for error in the first and second derivative operators as a function of polynomial
order, correction functions, and upwinding coefficients. This analysis has led to the
prescription of a new class of superconvergent schemes, discussed in section 3.4, within
the FR family which includes DG as a special case.

This paper is formatted as follows. In section 2, we describe the model problem
and introduce the two measures of error, viz. the �2(Ωδ) norm and the Lδ(Ωδ) semi-
norm. Section 3 then derives the rates of convergence of the numerical first and second
derivative operators involved in FR. The main results are summarized in Theorems
3.5 and 3.7. These results allow us to obtain the rate of convergence of the numerical
solution in the Lδ(Ωδ) seminorm, expressed in Corollary 3.8. In section 4, we use
results from [6] to express error in terms of the asymptotic eigensolution. This leads
to Theorem 4.3 which provides the rate of convergence of the numerical solution in
the �2(Ω) norm. The paper ends with section 5, where we perform simple numerical
experiments to verify the derived results.

2. Error in numerical solution of steady advection-diffusion. This section
derives an equation for error in the FR solution of a forced, scalar, advection-diffusion
equation which exhibits a steady-state. We define two discrete measures of error that
are utilized in the rest of this paper. Our first result shows that the rate of convergence
of error, with respect to the seminorm induced by the advection-diffusion operator, is
directly dependent on the rates of convergence of numerical spatial derivative opera-
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tors in FR.

2.1. Problem specification. Consider the linear advection-diffusion equation
in one dimension for a scalar-valued function, û ∈ (C2((0, 1))× C1(R++)

)
, driven by

a steady, sinusoidal forcing term of wavenumber k = 2πm, m ∈ N,

∂û

∂t
(x, t) + (Lû)(x, t) = (iak + bk2) exp(ikx), x ∈ (0, 1), t > 0,(2.1)

û(x, 0) = exp(ik0x), x ∈ [0, 1],(2.2)

∂rû

∂xr
(0, t) =

∂rû

∂xr
(1, t), r = 0, 1, t ≥ 0,(2.3)

L := a
∂

∂x
− b

∂2

∂x2
,(2.4)

where k0 = 2πm0, m0 ∈ N is the wavenumber of the initial condition, and a ∈ R+, b ∈
R++ are advection and diffusion coefficients, respectively. The boundary conditions
are assumed to be periodic for simplicity. The analytical solution to (2.1)–(2.4) for
x ∈ [0, 1], t ≥ 0, is given by

û(x, t) = exp
(
ik0(x− at)− bk20t

)
+ exp(ikx)

[
1− exp

(−iakt− bk2t
)]

,(2.5)

where the first term corresponds to the exponential decay of the initial condition and
the second one corresponds to the growth of the particular solution driven by the
source. Since k0 �= 0, the initial sinusoid is guaranteed to vanish as t → ∞, resulting
in the steady-state with wavenumber k. The corresponding rate of decay is dictated
by the magnitude of k0. In the special case of k0 = k, the initial condition is itself
steady.

Restriction of the problem to twice continuously differentiable functions allows
for numerical procedures that attempt to approximate (2.1) directly in strong form.
In the case of FR, the domain Ω = [0, 1] is partitioned into nonoverlapping segments

Ω =
⋃N

n=1 Ωn. For a scheme of order P , each segment is further discretized with
P +1 distinct solution points Ωδ

n. The numerical solution, ûδ, when restricted to Ωn,
resides within a polynomial space PP (Ωn) consisting of all polynomials of degree P
or lower. The numerical conservation law is obtained by satisfying (2.1) at the set of

solution points, Ωδ =
⋃N

n=1 Ω
δ
n,

∂δûδ

∂t
(x, t) + (Lδûδ)(x, t) = (iak + bk2) exp(ikx), x ∈ Ωδ, t > 0,(2.6)

ûδ(x, 0) = (P û0)(x), x ∈ [0, 1],(2.7)

∂rûδ

∂xr
(0, t) =

∂rûδ

∂xr
(1, t), r = 0, 1, t ≥ 0,(2.8)

Lδ := a
∂δ

∂x
− b

∂δ

∂x

∂δ

∂x
,(2.9)

where Lδ is the numerical differentiation operator in space and ∂δ

∂t is that in time,
û0(x) = exp(ik0x) is the initial condition for the exact problem, and P is the collocation-
projection operator that maps the initial condition to the space of the numerical
solution. The primary quantity of interest is the error in the numerical solution,

(2.10) eû(x, t) := ûδ(x, t) − û(x, t), x ∈ [0, 1], t ≥ 0.
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A governing equation for the dynamics of error can be obtained by subtracting (2.1)–
(2.3) from (2.6)–(2.8) and adding and subtracting terms, so that after algebraic rear-
rangement we obtain

∂δeû
∂t

(x, t) + (Lδeû)(x, t) =

[(
∂

∂t
− ∂δ

∂t

)
+ (L − Lδ)

]
û(x, t), x ∈ Ωδ, t > 0,

(2.11)

eû(x, 0) = (P û0)(x)− û0(x), x ∈ [0, 1],(2.12)

∂reû
∂xr

(0, t) =
∂reû
∂xr

(1, t), r = 0, 1, t ≥ 0,(2.13)

which shows that the error itself follows a modified form of the numerical conservation
law which is driven by the error in the differentiation operators in space and time.
At time t = 0, the error is solely on account of the projection of the initial condition
onto the space of the numerical solution. Thereafter, it is driven by the inability of
the scheme to accurately differentiate the exact solution.

2.2. Error in steady-state solution. The evolution of pointwise error in time
was investigated in [6] using Fourier analysis. We are now interested in the rate of
convergence of error for a conservation law exhibiting a steady-state. Towards this
end, let u be the unique limit u(x) := limt→∞ û(x, t) = exp(ikx) which satisfies the
steady advection-diffusion equation,

(Lu)(x) = (iak + bk2) exp(ikx), x ∈ (0, 1),(2.14)

∂ru

∂xr
(0) =

∂ru

∂xr
(1), r = 0, 1,(2.15)

a periodic problem on the unit interval. Similarly, for any stable and consistent
numerical scheme, let uδ be the limit uδ(x) := limt→∞ ûδ(x, t) which must satisfy

(Lδuδ)(x) = (iak + bk2) exp(ikx), x ∈ Ωδ,(2.16)

∂ruδ

∂xr
(0) =

∂ruδ

∂xr
(1), r = 0, 1.(2.17)

Existence and uniqueness of uδ, in the limit of asymptotic grid resolution, follows
from the proof of convergence [6] for linear, time-dependent problems. Heuristically,
this is expected since ûδ(x, t) → û(x, t) for x ∈ [0, 1], at any time t > 0. Also, on
account of uniqueness, the limit is independent of the time integration scheme implied

by the temporal discretization operator ∂δ

∂t .
With these observations in place, we see from (2.11)–(2.17) that the pointwise

error also exhibits a unique limit,

(2.18) eu(x) := lim
t→∞ eû(x, t) = uδ(x)− u(x) = uδ(x) − exp(ikx), x ∈ [0, 1],

which satisfies

(Lδeu)(x) = (L − Lδ) exp(ikx), x ∈ Ωδ,(2.19)

∂reu
∂xr

(0) =
∂reu
∂xr

(1), r = 0, 1,(2.20)

which is a discrete Poisson equation with a forcing term equal to the difference between
the true derivative Lu and the numerical derivative Lδu of the exact solution,

(L − Lδ) exp(ikx) =

[
a

(
ik − ∂δ

∂x

)
+ b

(
k2 +

∂δ∂δ

∂x∂x

)]
exp(ikx), x ∈ Ωδ.(2.21)
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2.3. Measures of error. In this paper, we utilize two different measures of
error. Traditionally, finite element schemes have been analyzed through the use of
functional norms, especially of the Sobolev type which integrate error and its deriva-
tives across the domain. However, owing to the nodal nature of FR, both of our
employed measures are discrete in nature, and accumulate over the set of solution
points. We define the vector �2 norm of error over the set of solution points as

‖eu‖�2(Ωδ) :=

[
1

N(P + 1)

N∑
n=1

P+1∑
p=1

|eu(xn,p)|2
]1/2

,(2.22)

where xn,p is the pth solution point in the nth element. The rate of convergence of
error with respect to this norm is derived in section 4.

In order to obtain the second measure, consider the seminorm which is induced
by the advection-diffusion operator,

‖eu‖Lδ(Ωδ) =

[
1

N(P + 1)

N∑
n=1

P+1∑
p=1

∣∣(Lδeu)(xn,p)
∣∣2]1/2 ,(2.23)

where Lδ is as defined in (2.9). The requirements of nonnegativity and triangle
inequality follow from the fact that ‖eu‖Lδ(Ωδ) = ‖Lδeu‖�2(Ωδ) and that Lδ is a linear

operator. Let h := minN
n=1 |Ωn| be the length of the smallest element in the domain.

Then, owing to the consistency of the FR formulation, we are guaranteed that ∃ σ(1) >
0, σ(2) > 0 such that

lim
h→0

∣∣∣∣
(
∂δ

∂x
− ik

)
exp(ikx)

∣∣∣∣ ≤ c(k, P ) hσ(1)

,(2.24)

lim
h→0

∣∣∣∣
(
∂δ∂δ

∂x∂x
+ k2

)
exp(ikx)

∣∣∣∣ ≤ c(k, P ) hσ(2)

(2.25)

for all wavenumbers k, and x ∈ Ωδ. Here c > 0 is some (k, P )-dependent constant
and σ(1) and σ(2) denote the orders at which the first and second order numerical
derivatives converge to the exact derivatives, respectively. The rate of convergence
of error in Lδ can now be obtained by substituting (2.19), (2.21), (2.24)–(2.25) into
(2.23),

‖eu‖Lδ(Ωδ) =
∥∥(L − Lδ) exp(ikx)

∥∥
�2(Ωδ)

=

∥∥∥∥
[
a

(
ik − ∂δ

∂x

)
+ b

(
k2 +

∂δ∂δ

∂x∂x

)]
exp(ikx)

∥∥∥∥
�2(Ωδ)

≤ |a|
∥∥∥∥
(
ik − ∂δ

∂x

)
exp(ikx)

∥∥∥∥
�2(Ωδ)

+ b

∥∥∥∥
(
k2 +

∂δ∂δ

∂x∂x

)
exp(ikx)

∥∥∥∥
�2(Ωδ)

≤ |a| max
x∈Ωδ

∣∣∣∣
(
ik − ∂δ

∂x

)
exp(ikx)

∣∣∣∣+ b max
x∈Ωδ

∣∣∣∣
(
k2 +

∂δ∂δ

∂x∂x

)
exp(ikx)

∣∣∣∣
≤ c(k, P )

[
|a|hσ(1)

+ bhσ(2)
]

as h → 0.(2.26)

This shows that the rate of convergence of error in the Lδ seminorm is directly depen-
dent on the rates of convergence of the numerical first and second derivative operators.
The utility of this result lies in the fact that derivative operators in FR are analytically
tractable as demonstrated in the next section.
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3. Rates of convergence for derivative operators in FR. This section
quantifies the error in the first and second order derivative operators involved in FR.
We show that, for an FR scheme of polynomial order P , the order of convergence
of the first derivative operator depends on whether P is odd or even. For odd P ,
the order is exactly P . For even P , the order can be P + 1 under special conditions
on the correction function and upwinding coefficient. These special conditions are
satisfied by a family of linearly stable schemes with P/2 parameters. The nodal
DG scheme with centered fluxes is also recovered as a member of this family. The
order of convergence of the second derivative operator is dependent on the orders of
convergence of constituent first derivative operators.

3.1. Derivative operators in flux reconstruction. We begin by providing
a quick overview of the FR formulation for evaluating the numerical derivative of a
smooth function. A detailed account of the reconstruction procedure can be found in
[16, 17, 9].

Continuing our discussion from section 2, consider a set of equispaced nodes on
the domain such that x1 = 0, xn+1 = xn + h, and xN+1 = 1. For this uniform mesh,
the elements Ωn = [xn, xn+1), n = 1, . . . , N , are of equal length h. Introduce a linear
map from the nth element x ∈ Ωn to the parent segment ξ ∈ [−1, 1),

(3.1) ξ|Ωn(x) =
2

h
(x− xn)− 1, x ∈ Ωn.

For an FR scheme of order P , let xn = (xn,p)p=1,2,...,P+1 denote the set of solu-
tion points Ωδ

n in the nth element, which map to ξ = (ξp)p=1,2,...,P+1 in the parent
space. The numerical approximation, f δ(x), when restricted to Ωn, is defined as
the interpolant to the actual function f(x) through xn. For instance, from (2.24),
we are interested in evaluating the numerical derivative of the Fourier component,
f(x) = exp(ikx). In this case,

(3.2) f δ(x) = (Pf)(x) =

P+1∑
p=1

exp(ikxn,p)�p(ξ(x)), x ∈ Ωn,

where �p is the pth Lagrange polynomial in the parent segment. The numerical
approximation can equivalently be represented in vector notation as

fδ
n := f δ(xn,p)p=1,2,...,P+1

= exp(ikxn)

(
exp

(
ik

h

2
(1 + ξp)

))
p=1,2,...,P+1

.(3.3)

The numerical derivative, dδf
dxδ (x ∈ Ωn), is obtained by differentiating f δ after it has

been “ corrected” to ensure continuity across the two ends of the element. Towards
this end, common interface values are first computed using the polynomial functions
on either side of the interface,

(3.4) f δ
I (xn) = (1 − α)f δ(x−

n ) + αf δ(x+
n ),

where α ∈ [
0, 12

]
denotes the upwinding coefficient since the advection wavespeed

a ≥ 0. (·)−, (·)+ denote the left- and right-hand limits, respectively. Next, the
interface information is conveyed to the interior of the element through the use of
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correction polynomials, gL(ξ), gR(ξ), of degree P + 1 which satisfy the constraints

gL(−1) = gR(+1) = 1,(3.5)

gL(+1) = gR(−1) = 0,(3.6)

leading to the construction of the corrected approximation, f δ,c, a piecewise polyno-
mial of degree P + 1, which is globally continuous,

f δ,c(x) = f δ(x) + (f δ
I (xn)− f δ(x+

n ))gL(ξ(x))

+ (f δ
I (xn+1)− f δ(x−

n+1))gR(ξ(x)), x ∈ Ωn.(3.7)

Plugging (3.2) and (3.4) into (3.7) and taking derivatives, we get that the vector of
derivative values in the nth element can be expressed compactly [6] as(

∂δ

∂x
exp(ikx)

)
(xn) =

(
∂f δ,c

∂x

)
(xn) =

2

h
exp(ikxn)Q(kh; g, α)fδ

n ,(3.8)

where fδ
n is defined in (3.3) and Q ∈ C(P+1)×(P+1) is the numerical differentiation

operator in the parent space,

(3.9) Q(kh; g, α) = D+(1−α)gL,ξ(exp(−ikh)�T+− �T−)+αgR,ξ(exp(ikh)�
T
−− �T+).

Here D ∈ R(P+1)×(P+1) is the polynomial differentiation operator such that

(3.10) Dp,m =
d�m
dξ

(ξp), p,m = 1, 2, . . . , P + 1,

gL,ξ, gR,ξ ∈ R(P+1)×1 are the derivatives of the left-boundary and right-boundary cor-
rection functions at the solution points, and �−, �+ ∈ R(P+1)×1 are the extrapolated
values of the P + 1 Lagrange basis polynomials,

(3.11) �+p
= �p(+1), �−p

= �p(−1), p = 1, 2, . . . , P + 1.

The second order directional derivative along x is recursively defined as the derivative
of the first order derivative after it has been corrected to ensure continuity in derivative
across the two ends of the element. Hence,(

∂δ

∂x

∂δ

∂x
exp(ikx)

)
(xn) =

4

h2
exp(ikxn)Q(kh; g(2), α(2))Q(kh; g(1), α(1))fδ

n ,(3.12)

where g(1), g(2) denote the correction functions and α(1), α(2) denote the upwinding
coefficients for evaluating the interface fluxes when correcting the polynomial approx-
imation and the numerical first derivative, respectively.

3.2. Error in the first derivative operator. In this subsection, we derive
the rate at which the numerical first derivative of the Fourier component, exp(ikx),
converges to the exact derivative, ik exp(ikx), with refinement in grid spacing h. We
begin by writing the pointwise error in the derivative at the vector of solution points.
Using (3.3) and (3.8), pointwise error in the nth element is given by[(

∂δ

∂x
− ik

)
exp(ikx)

]
(xn) =

2

h
Q(kh; g, α) exp(ikxn)− ik exp(ikxn)

=
2

h
exp(ikxn)E(kh; g, α),(3.13)
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whereE(kh; g, α) represents the difference between the numerical and exact derivative
values at the set of solution points in the parent space,

(3.14) E(kh; g, α) =

(
Q(kh; g, α)− ik

h

2
I

)
exp

(
ik

h

2
(1 + ξ)

)
.

The rate of convergence of E(kh) with refinement in the nondimensional wavenumber
kh can be obtained from (2.24) and (3.13) as

|E(kh; g, α)| 

∣∣∣∣h2 exp(−ikxn)

[(
∂δ

∂x
− ik

)
exp(ikx)

]
(xn)

∣∣∣∣

 c(P )(kh)σ

(1)+1,(3.15)

where 
 denotes a componentwise inequality and c is some scheme dependent con-
stant. In order to proceed with an asymptotic analysis of this term, consider expand-
ing Q(kh; g, α) in its Taylor series about kh = 0 using (3.9),

(3.16) Q(kh) = Q(0) +HL

∞∑
m=1

(−ikh)m

m!
+HR

∞∑
m=1

(ikh)m

m!
,

where the explicit parameterization with respect to g, α is suppressed for convenience
of notation, and the component matrices are given by

Q(0) = ((1− α)gL,ξ − αgR,ξ) (�
T
+ − �T−) +D,(3.17)

HL = (1 − α)gL,ξ�
T
+,(3.18)

HR = αgR,ξ�
T
−.(3.19)

Similarly, expand the Fourier component in a power series about kh = 0,

(3.20) exp

(
ik

h

2
(1 + ξ)

)
=

∞∑
r=0

(ikh)r

r!
sr,

where sr is the sampling of the rth degree polynomial,

(3.21) sr(ξ) =

(
1 + ξ

2

)r

,

on the set of solution points, sr = (sr)(ξp)p=1,2,...,P+1. Plugging (3.17)–(3.19) and
(3.20) into (3.14), the derivative error in the parent space can be written as

E(kh) =

(
Q(0) +HL

∞∑
m=1

(−ikh)m

m!
+HR

∞∑
m=1

(ikh)m

m!
− ik

h

2
I

) ∞∑
r=0

(ikh)r

r!
sr

= Q(0)1+

∞∑
j=1

(ikh)jvj ,(3.22)

where for j ≥ 1,

vj = Q(0)
1

j!
sj − 1

2(j − 1)!
sj−1 +

j∑
m=1

1

m!(j −m)!
((−1)mHL +HR) s

j−m.(3.23)
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In order to evaluate the component terms, vj , we recognize that the matrix operators
Q(0),HL,HR in (3.17)–(3.19) are dependent on primitive operators, lT+, l

T−,D, (3.10),
(3.11), which are intrinsically related to polynomial interpolation. We can now enlist
the action of aforementioned primitive operators on the sampled polynomial defined
in (3.21),

lT+s
j =

{
1, j ≤ P,

(Psj)(ξ = 1), j > P,
(3.24)

lT−s
j =

{
I{j=0}, j ≤ P,

(Psj)(ξ = −1), j > P,
(3.25)

Dsj =

{
j
2s

j−1, j ≤ P,
d(Psj)

dξ (ξ), j > P,
(3.26)

where I denotes the indicator function and P is the collocation projection operator,
(3.2). These relations follow from the observation that sj(ξ) is a polynomial of degree
j and for j ≤ P resides within PP which is the space of the numerical solution.

In the results that follow, we derive the rate of convergence mentioned in (3.15) to
determine the dependence of σ(1) on the polynomial order P , the upwinding coefficient
α, and the correction function gL(ξ). The proofs of these results have been deferred
to Appendix A to enhance readability.

Lemma 3.1. For any FR scheme of polynomial order P , i.e., for all choices of
correction function and upwinding coefficient, E(kh) defined in (3.14) vanishes at an
order higher than or equal to P + 1,

(3.27) E(kh) =

∞∑
j=P+1

(ikh)jvj ,

where vj is as defined in (3.23).

Lemma 3.1 and (3.15) show that for any convergent FR scheme of order P , σ(1) ≥
P . In order to investigate the possibility of superconvergence, we need to simplify
terms in (3.23) for j > P . As polynomials of degree j > P cannot be interpolated
exactly using only P + 1 points, we require a couple of preliminary results adapted
from error estimates in Lagrange interpolation.

Lemma 3.2. Given a set of P + 1 distinct points, ξp for p = 1, 2, . . . , P + 1,
arranged symmetrically in [−1, 1] and the collocation projection operator P, (3.2), we
have the following identities:

1. (PsP+1)(ξ = 1)− (PsP+1)(ξ = −1) = 1 + 1
2P+1

(
(−1)P+1 − 1

) P+1∏
q=1

(1− ξq).

2. d(PsP+1)
dξ (ξp) =

P+1
2

(
1+ξp
2

)P
− 1

2P+1

P+1∏
q=1
q �=p

(ξp − ξq).

Lemma 3.2 explores the effect of extrapolation and differentiation operators on
a polynomial that is one degree higher than the dimension of the polynomial basis.
This allows us to simplify vP+1 in this next result.

Lemma 3.3. For a given FR scheme of order P , if the solution points ξ are dis-
tinct and distributed symmetrically, then, in the limit kh → 0, E(kh; g, α) vanishes
at an order
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• ≤ P + 1 for odd P ,
• ≥ P + 2 for even P if and only if

(3.28) (1− α)gL,ξp − αgR,ξp = −1

2

P+1∏
q=1
q �=p

(ξp − ξq)

P+1∏
q=1

(1 − ξq)

, p = 1, 2, . . . , P + 1,

where gL,ξp = dgL
dξ (ξp) and gR,ξp = dgR

dξ (ξp), respectively.

Lemma 3.3 establishes an upper bound on the rate of convergence of the derivative
for odd P . Coupled with the result from Lemma 3.1 it implies that σ(1) = P if P is
odd. At the same time, it shows that if P is even, then under special circumstances
the rate of convergence can be higher, i.e., σ(1) ≥ P +1. An upper bound for even P
can be derived by simplifying the term vP+2. This is illustrated next for the special
case of P = 0.

Lemma 3.4. For the FR scheme of order P = 0, in the limit kh → 0, E(kh;α)
vanishes at the rate

• (kh)2 if α �= 1
2 ,

• (kh)3 if α = 1
2 .

Lemma 3.4 shows that the simple finite volume scheme enjoys an enhanced rate of
convergence. For α �= 1

2 , σ
(1) = 1, and for α = 1

2 , σ
(1) = 2. However, such additional

superconvergence is not retained for any other even P . We are now ready to state the
final result of this subsection.

Theorem 3.5. For an FR scheme of order P , having a symmetric set of dis-
tinct solution points ξ ∈ [−1, 1]P+1, and symmetric correction functions gR,ξ(ξ) =
−gL,ξ(−ξ), the numerical first derivative converges to the exact first derivative at the
order σ(1),

(3.29) lim
h→0

∣∣∣∣
(
∂δ

∂x
− ik

)
exp(ikx)

∣∣∣∣ ≤ c1 kσ
(1)+1 hσ(1)

, x ∈ Ωδ,

where h denotes the element width, c1(P, g, α) is a scheme dependent constant, Ωδ is
the set of solution points and

1. σ(1) =

{
1, α �= 1

2 ,

2, α = 1
2

for P = 0,

2. σ(1) = P for odd P ,
3. σ(1) ≥ P + 1 for even P provided, for p = 1, 2, . . . , P + 1,

(3.30)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

gL,ξp = gL,ξP+2−p = − 1
2

P+1∏

q=1
q �=p

(ξp−ξq)

P+1∏

q=1
(1−ξq)

, α �= 1
2 ,

gL,ξp + gL,ξP+2−p = −

P+1∏

q=1
q �=p

(ξp−ξq)

P+1∏

q=1
(1−ξq)

, α = 1
2 ,

where gL,ξp = dgL
dξ (ξp), or σ(1) = P otherwise.
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3.3. Error in the second derivative operator. The second derivative in FR
is defined recursively as the derivative of the corrected first derivative which itself is
the derivative of the corrected polynomial approximation. The procedure involves two

corrections, one for the polynomial approximation, with correction function g
(1)
L and

upwinding coefficient α(1), and one for the first derivative, with correction function

g
(2)
L and upwinding coefficient α(2). Using (3.12), the pointwise error in evaluation of
the second derivative at the vector of solution points is given by[(

∂δ

∂x

∂δ

∂x
+ k2

)
exp(ikx)

]
(xn)

=
4

h2
Q(kh; g(2), α(2))Q(kh; g(1), α(1)) exp(ikxn) + k2 exp(ikxn)

=
4

h2
exp(ikxn)F (kh; g(2), g(1), α(2), α(1)),(3.31)

where F represents the difference between the numerical and exact second derivative
values at the set of solution points in the parent space,

F (kh; g(2), g(1), α(2), α(1))

=

[
Q(kh; g(2), α(2))Q(kh; g(1), α(1)) +

h2k2

4

]
exp

(
ik

h

2
(1 + ξ)

)
.(3.32)

Once again, from (2.25) and (3.31), it follows that

(3.33) |F (kh; g(2), g(1), α(2), α(1))| 
 c(P )(kh)σ
(2)+2

for some scheme dependent constant c. As in the previous subsection, an asymptotic
analysis of this term can be performed through a power series expansion in kh about
0. However, the algebraic accounting becomes exceptionally tedious. Nevertheless,
a lower bound on the rate of convergence can be readily achieved by substituting
(3.14) into (3.32). Denoting Q(kh; g(m), α(m)) as Q(m) for m = 1, 2 and suppressing
parameterization where apparent, we get that

F = Q(2)

(
Q(1) exp

(
ik

h

2
(1 + ξ)

))
+

h2k2

4
exp

(
ik

h

2
(1 + ξ)

)

= Q(2)

(
E(kh; g(1), α(1)) + ik

h

2
exp

(
ik

h

2
(1 + ξ)

))
+

h2k2

4
exp

(
ik

h

2
(1 + ξ)

)

= Q(2)E(kh; g(1), α(1)) + ik
h

2

(
E(kh; g(2), α(2)) + ik

h

2
exp

(
ik

h

2
(1 + ξ)

))

+
h2k2

4
exp

(
ik

h

2
(1 + ξ)

)

= Q(2)E(kh; g(1), α(1)) + ik
h

2
E(kh; g(2), α(2)),

(3.34)

which shows that error in the second derivative operator can be determined from the
error in the two constituent first derivative operators. As a specific example, consider
the case of P = 0 for which the following result can be established.

Lemma 3.6. For an FR scheme of order P = 0, in the limit kh → 0, F (kh)
vanishes at the rates
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• (kh)3 if α(1) + α(2) �= 1,
• (kh)4 if α(1) + α(2) = 1.

Lemma 3.6 highlights the importance of having an isotropic operator. In order to
derive an asymptotic bound for P > 0, let σ(1),1 and σ(1),2 be the rates of convergence
associated with the two first derivative operators involved. From (3.15) and (3.22),
this can be expressed as

(3.35) E(kh; g(m), α(m)) =

∞∑
j=σ(1),m+1

(ikh)jv
(m)
j , m = 1, 2.

We can now state the following result regarding a lower bound for the rate of
convergence of the second derivative.

Theorem 3.7. For an FR scheme having a symmetric set of distinct solution
points and symmetric correction functions, the numerical second derivative converges
to the exact second derivative at the order σ(2),

(3.36) lim
h→0

∣∣∣∣
(
∂δ

∂x

∂δ

∂x
+ k2

)
exp(ikx)

∣∣∣∣ ≤ c2 kσ
(2)+2 hσ(2)

, x ∈ Ωδ,

where h denotes the element width, c2(P, g
(2), g(1), α(2), α(1)) is a scheme dependent

constant, Ωδ is the set of solution points, and

1. σ(2) =

{
1, α(1) + α(2) �= 1,

2, α(1) + α(2) = 1
for P = 0,

2. σ(2) ≥ min
(
σ(1),1 − 1, σ(1),2

)
for P > 0,

where σ(1),1, σ(1),2 are the rates of convergence of the two first derivative operators
involved in differentiating the polynomial approximation and the first derivative, re-
spectively.

Theorems 3.5 and 4.3 combined with (2.26) yield the following lower bound.

Corollary 3.8. The order of convergence of error in the Lδ(Ωδ) seminorm,
(2.23), is given by σ,

lim
h→0

‖eu‖Lδ(Ωδ) ≤ C′
[
|a| kσ(1)+1 hσ(1)

+ b kσ
(2)+2 hσ(2)

]
≤ C hσ,(3.37)

where C(P, g(2), g(1), α(2), α(1), a, b, k) is a scheme, equation dependent constant, and

σ ≥ min(σ(1), σ(2)) ≥ P − 1,(3.38)

where σ(1), σ(2) are the rates of convergence of respective derivative operators as
described in Theorems 3.5 and 3.7.

3.4. Superconvergent FR (SFR) schemes. Theorem 3.5 shows that the rate
of convergence of the numerical first derivative operator depends on whether P is odd
or even. For odd P , the order is exactly P irrespective of the choice of correction
function or upwinding coefficient. However, for even P , superconvergence can be
achieved under special conditions. In particular, for such superconvergence, (i) the
correction function is identified uniquely if the interface flux is not centered, and (ii)
a family of correction functions exists if the interface flux is centered. This family
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is parameterized by P/2 free parameters. One possible choice for the parameter set
is the correction function derivatives, gL,ξp = dgL

dξ (ξp), at the solution points in the

left half of the parent space, i.e., p = 1, 2, . . . , P
2 . The remaining derivatives are then

prescribed by (3.30) as

gL,ξP+2−p = −gL,ξp −

P+1∏
q=1
q �=p

(ξp − ξq)

P+1∏
q=1

(1− ξq)

, p = 1, 2, . . . ,
P

2
,(3.39)

gL,ξ P
2 +1 = −1

2

P+1∏
q=1
q �=p

(ξp − ξq)

P+1∏
q=1

(1 − ξq)

.(3.40)

We designate this family as superconvergent flux reconstruction (SFR). The specifi-
cation in (3.39)–(3.40) ensures that the first derivative operator is superconvergent.
However, the stability of the corresponding SFR scheme is not guaranteed. From a
practical point of view, the scheme should be stable, at least in the von Neumann
sense, for pure advection. We can test linear stability/instability by computing eigen-
values of the resulting operator matrix, (3.9). The condition for numerical stability
[16, 6] is given by

(3.41) λIm
p (kh) ≤ 0 for p = 1, 2, . . . , P + 1, k ∈

[
0,

(P + 1)π

h

]
,

where ikh
2 λp is the pth eigenvalue of Q. In the case of α �= 1

2 , the unique super-
convergent scheme identified in Theorem 3.5 is, in fact, unstable at least for P = 2
and P = 4. However, for α = 1

2 , a family of linearly stable schemes exists. Figure
1(a) plots maxp λ

Im
p (kh) for P = 2 against the free parameter gL,ξ1 . We see that all

schemes for which gL,ξ1 < −2.524 are stable. Figure 1(b) plots the region of sta-
bility for this family for P = 4. We see that the scheme is stable when gL,ξ1, gL,ξ2
is chosen from within a convex subset of R2. A vertex of this region is located at
gL,ξ1 = −5.906, gL,ξ2 = 1.422.

Figure 2(a) plots the correction function gL for ξ ∈ [−1, 1] for four stable members
of the SFR family, viz. the boundary scheme with gL,ξ1 = −2.524, the collocation-
based nodal discontinuous Galerkin (DG) scheme with centered interface fluxes, and
the schemes with gL,ξ1 as −3.0,−4.0, respectively. We see that as the parameter gL,ξ1
decreases, the first root of the correction function moves to the left while the second
moves to the right. A similar plot for P = 4 is recorded in Figure 2(b) for the four
schemes marked in Figure 1(b) and recorded in Table 2.

Interestingly, the nodal DG scheme with centered fluxes is recovered as one mem-
ber of this family, while the FR version of the spectral difference (SD) scheme [16] is
not. For both P = 2 and P = 4, the DG scheme lies close to the stability boundary.
This space of linearly stable schemes can be utilized as the feasible set for an optimiza-
tion problem to maximize accuracy [5]. Preliminary results suggest that the optimal
solution set may not contain the DG scheme. However, we will defer a thorough
investigation into such optimal schemes to a future investigation.
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(a) P = 2: Maximum imaginary eigenvalue
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(b) P = 4: Region of stability in the space of
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Fig. 1. Region of stability in the parameter space, (3.39), for the superconvergent family of
schemes, SFR, defined in section 3.4.
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gL,ξ 1 = -5.906, gL,ξ 2 = 1.422 (A)
gL,ξ 1 = -6.548, gL,ξ 2 = 1.866 (DG)
gL,ξ 1 = -5.264, gL,ξ 2 = 1.866 (B)
gL,ξ 1 = -5.906, gL,ξ 2 = 2.310 (C)

(b) P=4

Fig. 2. Left-boundary correction function for the superconvergent family of schemes defined in
section 3.4.

Table 2

P = 4: Parameters for the SFR schemes marked in Figure 1(b).

Scheme gL,ξ1 gL,ξ2

A −5.9060 1.4220
DG −6.5480 1.8661
B −5.2640 1.8661
C −5.9060 2.3102

4. Rates of convergence via eigensolution analysis. Corollary 3.8 provides
an estimate for the rate of convergence of error in the Lδ(Ωδ) seminorm. In order to
obtain estimates in the �2(Ωδ) norm, we now introduce the eigensolution to the steady-
state error equation, (2.19)–(2.20). This allows us to express the pointwise error,
(2.18), in terms of the eigenvalues and eigenvectors associated with the numerical
differentiation operator Q. By utilizing results derived in [6], this section derives the
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rate of convergence for the steady-state numerical solution as well as the first and
second order derivative operators. As in section 3, the proofs of results have been
deferred to Appendix B to enhance readability.

4.1. Eigensolution convergence estimate for the first derivative oper-
ator. Recognizing that the derivative operator Q(kh; g, α), (3.9), is linear, we can
decouple the derivative values at the P + 1 solution points by a change of basis,

Q(kh) = W (kh)ik
h

2
Λ(kh)W−1(kh),(4.1)

whereΛ is the diagonal matrix of normalized eigenvalues, λp(kh) ∈ C, p = 1, . . . , P+1,
and W ∈ CP+1×P+1 is the dense matrix containing eigenvectors of the differentiation
operator. The explicit parameterization with respect to g and α has again been
suppressed for ease of notation. Assuming that the differentiation operator is indeed
diagonalizable, the sampled Fourier component, (3.3), can be expanded in the basis
of the eigenvectors,

(4.2) exp

(
ik

h

2
(1 + ξ)

)
= W (kh)β(kh),

where βp(kh) ∈ C is the expansion coefficient along the pth column of W , wp(kh),
for p = 1, 2, . . . , P + 1. The derivative error in the parent space, (3.14), can now be
written as

E(kh) =

(
W (kh)ik

h

2
Λ(kh)W−1(kh)− ik

h

2
I

)
W (kh)β(kh)

= ik
h

2
W (kh) (Λ(kh)− I)β(kh)

= ik
h

2

P+1∑
p=1

(λp(kh)− 1)βp(kh)wp(kh),(4.3)

which shows that the error in the first derivative operator is a sum of the errors in
the eigenvalues, λp(kh)− 1, weighted by the modal weights βp for the P + 1 modes.

Lemmas 3.4, 3.5, and 3.6 of [6] show that, for any FR scheme, a unique “physical”
mode exists for which the normalized eigenvalue λ1(kh) → 1 and the modal weight
β1(kh) → √

P + 1 as kh → 0. All other modes are spurious such that their modal
weights vanish βp(kh) → 0, p = 2, . . . , P+1 in the asymptotic limit. Correspondingly,
we can define the rate of convergence of the normalized physical eigenvalue, qλ1 > 0,

(4.4) |λ1(kh)− 1| ≤ cλ1 (kh)
qλ1 as kh → 0

for some constant cλ1 . Similarly, we can define the rates of convergence of modal
weights, qβp > 0,

(4.5)
∣∣∣βp(kh)−

√
P + 1δ1p

∣∣∣ ≤ cβp (kh)
qβp , p = 1, . . . , P + 1 as kh → 0

for some constants cβp , p = 1, . . . , P + 1. Here δ1p = I{p=1}. These definitions provide
the first result of this section.
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Lemma 4.1. For an FR scheme of order P , the numerical first derivative con-
verges to the exact first derivative, at the set of solution points, at the order σ(1),
defined in (3.29), where

(4.6) σ(1) ≥ P+1
min
p=2

(
qλ1 , q

β
p , q

λβ
p

)
,

and qλ1 , q
β
p are as defined in (4.4), (4.5), and qλβp > 0 for p = 2, . . . , P + 1 are the

asymptotic rates of convergence of the product of eigenvalues and modal weights,

(4.7) |λp(kh)βp(kh)| ≤ cλβp (kh)q
λβ
p , p = 2, . . . , P + 1 as kh → 0.

4.2. Eigensolution convergence estimate for the second derivative op-
erator. An eigensystem approach for analyzing the error in the second derivative is
complicated by the possibility of different operators in the two corrections. However,
in the special case that both corrections are performed using the same g and α, i.e.,

(4.8) Q(kh; g(2), α(2)) = Q(kh; g(1), α(1)) = Q(kh; g, α),

the rate of convergence can be derived in a manner analogous to the previous subsec-
tion. Error in the parent space, (3.32), can then be written as

F (kh) =

[
W (kh)

(
ik

h

2

)2

Λ2(kh)W−1(kh) +
h2k2

4
I

]
W (kh)β(kh)

= −k2h2

4
W (kh)

[
Λ2(kh)− I

]
β(kh)

= −k2h2

4

P+1∑
p=1

(
λ2
p(kh)− 1

)
βp(kh)wp(kh).(4.9)

This provides us with the next result of this section.

Lemma 4.2. For an FR scheme of order P that uses the same correction function
and upwinding coefficient for the two corrections, the numerical second derivative
converges to the exact second derivative, at the set of solution points, at the order
σ(2), defined in (3.36), where

(4.10) σ(2) ≥ P+1
min
p=2

(
qλ1 , q

β
p , 2q

λβ
p − qβp

)
,

and qλ1 , q
β
p , and qλβp are defined in (4.4), (4.5), and (4.7), respectively.

As an example, the various rates of convergence involved in Lemmas 4.1 and 4.2
are recorded in Table 3 for the DG scheme for polynomial orders P = 0 to 5.

4.3. Eigensolution convergence estimate for the steady-state solution.
We now derive the rate of convergence error in the �2(Ωδ) norm in terms of the
asymptotic eigensystem associated with the differentiation operator Q(kh). As in
section 4.2, we only consider the special case when all three involved corrections use
the same correction function g and upwinding coefficient α. The left-hand side of
(2.19) can then be written in vector notation at the set of solution points in the nth
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Table 3

Rates of convergence of the eigensystem components for the DG scheme using Gauss–Legendre
solution points. The rates are determined directly by computing the eigensolution as a function of
kh [6].

α = 0 α = 1
2

P qλ1
P+1
min
p=2

qβp
P+1
min
p=2

qλβp

P+1
min
p=2

2qλβp − qβp qλ1
P+1
min
p=2

qβp
P+1
min
p=2

qλβp

P+1
min
p=2

2qλβp − qβp

0 1 - - - 2 - - -
1 3 2 1 0 2 1 1 1
2 5 3 2 1 6 4 3 2
3 7 4 3 2 6 3 3 2
4 9 5 4 3 10 6 5 4
5 11 6 5 4 10 5 5 4

element using (4.1) as

(Lδeu)(xn) =

(
2

h
aQ(kh)− 4

h2
bQ2(kh)

)
eu(xn)

= W (kh)(iakΛ(kh) + bk2Λ2(kh))W−1(kh)eu(xn)

= W (kh)Π(k, h)W−1(kh)eu(xn),(4.11)

where Π is the diagonal matrix of eigenvalues, πp(k, h) = iakλ(kh) + bk2λ2(kh),
p = 1, . . . , P + 1, of the numerical advection-diffusion operator. Similarly, the right-
hand side of (2.19) can be written in vector form using (2.21), (3.13), (3.31), (4.3),
and (4.9) at the set of solution points in the nth element as(

(L − Lδ) exp(ikx)
)
(xn) = −a

2

h
exp(ikxn)E(kh) + b

4

h2
exp(ikxn)F (kh)

= − exp(ikxn)W (kh)

[
Π(k, h)− (iak + bk2)I

]
β(kh).(4.12)

Substituting (4.11) and (4.12) into (2.19), and noting that πp(k, h) �= 0, we get

eu(xn) = − exp(ikxn)W (kh)Π−1(k, h)
[
Π(k, h)− (iak + bk2)I

]
β(kh)

= exp(ikxn)

P+1∑
p=1

(
(iak + bk2)π−1

p (k, h)− 1
)
βp(kh)wp(kh),(4.13)

which brings us to the last result of this section.

Theorem 4.3. For an FR scheme of order P that uses the same correction func-
tion and upwinding coefficient for all three corrections, the order of convergence of
error in the �2(Ωδ) norm, (2.22), is given by μ,

lim
h→0

‖eu‖�2(Ωδ) ≤ C hμ,(4.14)

where C(k, a, b, P ) is some scheme, equation dependent constant, and

μ ≥ P+1
min
p=2

(
qλ1 , q

β
p

)
,(4.15)

where qλ1 and qβp are as defined in (4.4) and (4.5), respectively.

Theorem 4.3 shows that the rate of convergence for steady-state problems is
identical to the short-time rate of convergence for unsteady problems derived in [6]
and tabulated in Table 1.
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5. Numerical verification. This section consists of two parts. In the first part,
we verify the analytical estimates for rates of convergence of derivative operators
derived in Theorems 3.5 and 3.7 and their Fourier counterparts in Lemmas 4.1 and
4.2. In the second part, we conduct a simple numerical experiment to verify the
estimate for rate of convergence of error in the Lδ(Ωδ) seminorm, Corollary 3.8, and
the �2(Ωδ) norm, Theorem 4.3.

5.1. Rate of convergence for derivative operators. We begin by employing
the first and second order FR operators to differentiate the simple sinusoid, u(x) =
cos(2πx), in [0, 1]. Error is measured using the �2(Ωδ) norm for both the first and
second order derivatives. The rate of convergence is calculated numerically by using
two grids with spacing h1 = 1/32 and h2 = 1/64 and rounded to three decimal
places. The left and right correction functions are chosen to be the right and left
Radau polynomials, respectively, in order to recover the DG scheme [16]. The solution
points in each element are chosen to be the Gauss–Legendre points in the parent space.
Rates are obtained for P = 0 to 5 for both one-sided and centered fluxes. For the first
derivative, the upwind flux is given by α = 0 and the centered flux by α = 1/2. For
the second derivative, the one-sided flux is given by α(1) = 0, α(2) = 1 in the isotropic
case or by α(1) = 0, α(2) = 0 in the anisotropic case; the centered flux is given by
α(1) = α(2) = 1/2.

Table 4

Rate of convergence for the first derivative operator, σ(1), in �2(Ωδ) norm using DG.

Theorem 3.5 Lemma 4.1 Grid-convergence study
P α = 0 α = 1

2
α = 0 α = 1

2
α = 0 α = 1

2

0 1 2 1 2 0.999 1.998
1 1 1 1 1 0.997 0.994
2 2 3 2 3 2.004 3.004
3 3 3 3 3 2.998 2.995
4 4 5 4 5 4.002 5.000
5 5 5 5 5 4.999 4.995

Table 5

Rate of convergence for the second derivative operator, σ(2), in �2(Ωδ) norm using DG. Note
that Lemma 4.2 has been proven to hold only for the case of α(2) = α(1).

Theorem 3.7 Lemma 4.2 Grid-convergence study

α(1) = 0 α(1) = 0 α(1) = 1
2

α(1) = 0 α(1) = 0 α(1) = 1
2

α(1) = 0 α(1) = 0 α(1) = 1
2

P α(2) = 0 α(2) = 1 α(2) = 1
2

α(2) = 0 α(2) = 1 α(2) = 1
2

α(2) = 0 α(2) = 1 α(2) = 1
2

0 1 2 2 1 1 2 0.997 1.999 1.994
1 0 0 0 0 0 1 −0.008 −0.003 0.988
2 1 1 2 1 1 2 1.014 1.005 2.014
3 2 2 2 2 2 2 1.996 1.998 2.041
4 3 3 4 3 3 4 3.005 3.003 4.002
5 4 4 4 4 4 4 3.997 3.998 4.010

The results are tabulated in Tables 4 and 5 for the two derivatives. For the first
derivative, Table 4 shows that the numerical convergence rates are in exact agreement
with the theoretical convergence rates stated in Theorem 3.5 and Lemma 4.1. In the
case of the second derivative, Table 5 shows that the eigenvalue estimate, Lemma
4.2, is exact for all cases except P = 0 with the one-sided, isotropic flux. This is not
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surprising since Lemma 4.2 strictly holds only when the same upwinding coefficient
is used for the two corrections. Similarly, the bound in Theorem 3.7 is tight for all
cases except for P = 1 with centered fluxes. A dedicated treatment of this edge case,
in a manner similar to Lemma 3.6, would yield an exact match.

5.2. Rate of convergence for steady-state solution. Having established the
validity of the theoretical results for derivative operators, we now return to the steady-
state problem in (2.1)–(2.3) with a = 1, b = 1, k = 4π, and k0 = 2π. We are interested
in determining the rate of convergence of error in both measures, i.e., the Lδ(Ωδ)
seminorm and the �2(Ωδ) norm. Moreover, we are interested in determining the
rate of convergence of the first and second derivative in the �2(Ωδ) norm. Equations
(2.1)–(2.3) are solved using FR in [0, 1] for P = 0 to 5 with one-sided, isotropic
(α = 0, α(1) = 0, α(2) = 1), as well as fully centered (α = 1/2, α(1) = 1/2, α(2) = 1/2)
fluxes. Once again, Gauss–Legendre points are chosen to be the solution points and
the correction functions are chosen to recover the DG scheme. The numerical solution
is marched in time using a backward-Euler time stepping scheme until the equation
residual falls below a tolerance of 10−10. The rate of convergence is calculated using
two grids with spacing h1 = 1/1024 and h2 = 1/2048 for P = 0, 1; h1 = 1/64 and
h2 = 1/128 for P = 2, 3, and h1 = 1/16 and h2 = 1/32 for P = 4, 5 to avoid saturation
due to finite precision.

Table 6

Rate of convergence of the solution, first derivative, and second derivative in �2(Ωδ) norm for
the steady, forced, advection-diffusion problem using DG.

Theorem 4.3 Grid-convergence study
Solution Solution 1st derivative 2nd derivative

P One-sided Centered One-sided Centered One-sided Centered One-sided Centered

0 1 2 0.981 2.000 1.000 2.000 1.000 2.000
1 2 1 2.000 1.000 2.000 1.000 2.000 1.000
2 3 4 2.999 4.007 2.999 4.004 2.999 4.004
3 4 3 3.999 2.999 3.999 2.998 3.998 2.998
4 5 6 4.993 6.085 4.994 6.063 4.994 6.062
5 6 5 5.983 4.968 5.991 4.961 5.892 4.957

Table 7

Rate of convergence of error in Lδ(Ωδ) seminorm for the steady, forced, advection-diffusion
problem using DG.

Corollary 3.8 Grid convergence study
P One-sided Centered One-sided Centered

0 1 2 0.980 2.000
1 0 0 0.000 1.000
2 1 2 1.006 2.014
3 2 2 1.996 2.041
4 3 4 3.055 4.017
5 4 4 3.959 4.092

Table 6 records the rate of convergence of the numerical solution, first derivative,
and second derivative in the �2(Ωδ) norm. Alongside, the analytical expectation from
Theorem 4.3 is included for comparison. We see that theoretical expectation matches
excellently with the results of the grid convergence study for all polynomial orders.
In fact, even though our proof for Theorem 4.3 requires that the same upwinding
coefficient be used for all three corrections, the theoretical predictions hold for both
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choices of interface fluxes. Moreover, both the first and the second derivatives converge
at almost exactly the same rate as the solution. This is a salient feature of FR lent
by the recursive nature of the correction procedure which couples all the elements in
the domain. The resulting estimates for the derivatives are therefore global and not
element-local.

Table 7 records the rate of convergence of error in the Lδ(Ωδ) seminorm. Along-
side, the analytical expectation from Corollary 3.8 is included for comparison. We see
that the estimate matches excellently with the results of the grid convergence study
for all polynomial orders and fluxes except for the case of P = 1 with centered flux.
This is the same case for which the bound in Theorem 3.7 is not tight (cf. section
5.1). A dedicated treatment of this edge case, in a manner similar to Lemma 3.6,
would yield an exact match.

6. Concluding remarks. The contributions of this paper can be divided into
three main parts. First, in Theorems 3.5 and 3.7, we have analytically derived the
rates of convergence of the numerical first and second derivative operators in FR as
a function of polynomial order, correction function, and upwinding coefficients. This
has resulted in the prescription of a new class of superconvergent schemes within the
FR family, discussed in section 3.4. Second, in Theorem 4.3, we have shown that
the rate of convergence of the vector �2 norm of error for the steady-state, forced,
linear advection-diffusion problem is identical to the short-time rate of convergence
for time-dependent problems derived in [6]. This highlights the importance of ana-
lyzing “spurious” modes in the eigensolution of discontinuous finite element schemes.
Finally, as an empirical result, we have shown that the numerical derivatives in FR
converge at the same rate as the solution, which highlights the recursive nature of the
reconstruction procedure.

Appendix A. Proofs of results in section 3.

Proof of Lemma 3.1. We begin by noting that Q(0)1 = 0 from Lemma 3.4 in
[6]. Let 1 ≤ j ≤ P in (3.23). Then, using the properties in (3.24)–(3.26),

vj =
1

j!
((1− α)gL,ξ − αgR,ξ) +

j

2j!
sj−1 − 1

2(j − 1)!
sj−1

+

j∑
m=1

(−1)m

m!(j −m)!
(1− α)gL,ξ +

1

j!
αgR,ξ

= (1− α)gL,ξ

(
1

j!
+

j∑
m=1

(−1)m

m!(j −m)!

)

= (1− α)gL,ξ

(
1

j!
+

j∑
m=0

(−1)m

m!(j −m)!
− 1

j!

)

= 0,

where we have used binomial expansion so that
∑j

m=0
(−1)m

m!(j−m)! =
1
j! (1 + (−1))j = 0.

The proof now follows from (3.22).
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Proof of Lemma 3.2. Let φ(ξ) = sP+1 =
(
1+ξ
2

)P+1
. Then from the error

estimate in Lagrange interpolation, for ξ ∈ [−1, 1],

φ(ξ) − (Pφ)(ξ) =
1

(P + 1)!

∂P+1φ

∂ξP+1

P+1∏
q=1

(ξ − ξq)

=
1

2P+1

P+1∏
q=1

(ξ − ξq).(A.1)

Now it is easy to see that

(PsP+1)(ξ = 1)− (PsP+1)(ξ = −1)

= φ(1)− 1

2P+1

P+1∏
q=1

(1− ξq)− φ(−1) +
1

2P+1

P+1∏
q=1

(−1− ξq)

= 1 +
1

2P+1

(
(−1)P+1

P+1∏
q=1

(1 + ξq)−
P+1∏
q=1

(1− ξq)

)

= 1 +
1

2P+1

(
(−1)P+1 − 1

) P+1∏
q=1

(1− ξq),(A.2)

where we have used the symmetry assumption on the set of points,

(A.3)

P+1∏
q=1

(1 + ξq) =

P+1∏
q=1

(1− ξq).

Similarly, we can obtain an error estimate for the derivative in Lagrange interpolation,

dφ

dξ
(ξp)− d(Pφ)

dξ
(ξp)(A.4)

=
1

(P + 1)!

⎡
⎢⎢⎣∂P+2φ

∂ξP+2
(ξp)

P+1∏
q=1

(ξp − ξq) +
∂P+1φ

∂ξP+1
(ξp)

P+1∑
r=1

P+1∏
q=1
q �=r

(ξp − ξq)

⎤
⎥⎥⎦

=
1

(P + 1)!

∂P+1φ

∂ξP+1
(ξp)

P+1∏
q=1
q �=p

(ξp − ξq)

=
1

2P+1

P+1∏
q=1
q �=p

(ξp − ξq)

for p = 1, 2, . . . , P + 1. Rearranging terms and substituting dφ
dξ (ξp) = P+1

2

( 1+ξp
2

)P
into (A.4) yields the desired identity.
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Proof of Lemma 3.3. Proceeding as in the proof of Lemma 3.1, let j = P + 1
in (3.23). Then using the properties in (3.24)–(3.26) and Lemma 3.2,

vP+1 =
1

(P + 1)!
((1− α)gL,ξ − αgR,ξ)

(
(PsP+1)(ξ = 1)− (PsP+1)(ξ = −1)

)
+

1

(P + 1)!

d(PsP+1)

dξ
(ξ)− 1

2P !
sP

+

P+1∑
m=1

(−1)m

m!(P + 1−m)!
(1− α)gL,ξ +

1

(P + 1)!
αgR,ξ

=
1

(P + 1)!
((1− α)gL,ξ − αgR,ξ)

(
1 +

1

2P+1

(
(−1)P+1 − 1

) P+1∏
q=1

(1 − ξq)

)

+
P + 1

2(P + 1)!
sP − 1

2P+1(P + 1)!
θ − 1

2P !
sP

+
P+1∑
m=1

(−1)m

m!(P + 1−m)!
(1− α)gL,ξ +

1

(P + 1)!
αgR,ξ

=
1

(P + 1)!

[
((1− α)gL,ξ − αgR,ξ)

(
1 +

1

2P+1

(
(−1)P+1 − 1

) P+1∏
q=1

(1− ξq)

)

− 1

2P+1
θ − ((1− α)gL,ξ − αgR,ξ)

]

=
1

2P+1(P + 1)!

[
((1− α)gL,ξ − αgR,ξ)

(
(−1)P+1 − 1

) P+1∏
q=1

(1− ξq)− θ

]
,

where

(A.5) θ =

⎛
⎜⎜⎝

P+1∏
q=1
q �=p

(ξp − ξq)

⎞
⎟⎟⎠

p=1,2,...,P+1

.

Simplifying in the case of odd and even P ,

(A.6) − 2P+1(P + 1)! vP+1 =

⎧⎪⎨
⎪⎩
θ odd P,

2 ((1 − α)gL,ξ − αgR,ξ)
P+1∏
q=1

(1 − ξq) + θ even P.

Since θ �= 0, it is certain that vP+1 �= 0 for odd P which proves the first half of the
lemma. However, in the case of even P , if and only if

(A.7) ((1 − α)gL,ξ − αgR,ξ)

P+1∏
q=1

(1− ξq) = −1

2
θ,

then vP+1 = 0 and the second part of the lemma is proven as well.

Proof of Lemma 3.4. For the case of P = 0, the single solution point is located
at the origin, ξ = [0], and the only correction functions that respect the boundary
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constraints are given by gL(ξ) =
1
2 (1 − ξ), gR(ξ) =

1
2 (1 + ξ), so that gL,ξ = [− 1

2 ] =−gR,ξ. The monomial sj(ξ) is approximated by its constant interpolant through
ξ = 0, i.e., (Psj) = 1

2j . This yields

(Psj)(ξ = 1) =
1

2j
, (Psj)(ξ = −1) =

1

2j
,

d(Psj)

dξ
= 0.(A.8)

Proceeding as in the proof of Lemma 3.3, for any j ≥ 1,

vj = − 1

2(j − 1)!

1

2j−1
+

j∑
m=1

1

m!(j −m)!

(
(−1)m(1− α)

−1

2
+ α

1

2

)
1

2j−m

= − 1

2j(j − 1)!
− 1

2

j∑
m=1

1

m!(j −m)!
((−1)m(1− α)− α)

1

2j−m

= − 1

2j(j − 1)!
− 1

2

[
j∑

m=0

1

m!(j −m)!
((−1)m(1− α)− α)

1

2j−m
− (1− 2α)

1

2jj!

]

= − 1

2j(j − 1)!
− 1

2j!

[
(1− α)

(
−1 +

1

2

)j

− α

(
1 +

1

2

)j

− (1 − 2α)
1

2j

]

= − 1

2j(j − 1)!
− 1

2j+1j!

[
(−1)j − 1 +

(
(−1)j+1 − 3j + 2

)
α
]

= − 1

2j+1j!

[
2j + (−1)j − 1 +

(
(−1)j+1 − 3j + 2

)
α
]

so that

(A.9) − 2j+1j! vj =

⎧⎪⎨
⎪⎩
0, j = 1,

4− 8α, j = 2,

4− 24α, j = 3,

which shows that v1 ≡ 0, v2 = 0 if and only if α = 1
2 , and v3 �= 0 if α = 1

2 .

Proof of Theorem 3.5.
1. P = 0: The proof follows directly from Lemma 3.4 and (3.15).
2. Odd P : The proof follows directly from Lemmas 3.1 and 3.3 and (3.15).
3. Even P : In the case of even P , begin by noting that the right-hand side of

(3.28) is symmetric with respect to p, i.e.,

(A.10)

P+1∏
q=1
q �=p

(ξp − ξq) = (−1)P
P+1∏
q=1
q �=p

(ξp − ξq) =

P+1∏
q=1

q �=P+2−p

(ξP+2−p − ξq),

owing to the symmetry of the solution points and that P is even. Hence,

(A.11) (1− α)gL,ξp − αgR,ξp − (1− α)gL,ξP+2−p + αgR,ξP+2−p = 0.

Also, from the symmetry of the correction functions, gR,ξp = −gL,ξP+2−p for
p = 1, 2, . . . , P + 1, so that

(1− α)gL,ξp − αgR,ξp − (1− α)gL,ξP+2−p + αgR,ξP+2−p

= (1− α)gL,ξp + αgL,ξP+2−p − (1− α)gL,ξP+2−p − αgL,ξp

= (1− 2α)(gL,ξp − gL,ξP+2−p).(A.12)
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From (A.11) and (A.12),

(A.13) (1 − 2α)(gL,ξp − gL,ξP+2−p) = 0,

which shows that either α = 1
2 or gL,ξp = gL,ξP+2−p = −gR,ξp. The result

then follows from substitution into (3.28).

Proof of Lemma 3.6. As a continuation of the proof for Lemma 3.4, note that
for P = 0 the differentiation operator is a scalar given by (3.16),

Q(kh;α) =
1

2

∞∑
m=1

(ikh)m

m!

(
(−1)m+1(1 − α) + α

)
.

Then, using (3.22) and (3.34), the Taylor expansion of F (kh;α(2), α(1)) can be written
as

F = Q(2)
∞∑
j=1

(ikh)jvj(α
(1)) + ik

h

2

∞∑
j=1

(ikh)jvj(α
(2))

=
∞∑
j=1

(ikh)j
(
Q(2)vj(α

(1)) + ik
h

2
vj(α

(2))

)

=

∞∑
j=1

(ikh)j

(
1

2

∞∑
m=1

(ikh)m

m!

(
(−1)m+1(1− α(2)) + α(2)

)
vj(α

(1)) + ik
h

2
vj(α

(2))

)

=
1

2

∞∑
j=1

(ikh)j+1

[
vj(α

(1)) + vj(α
(2))

+

∞∑
m=2

(ikh)m−1

m!

(
(−1)m+1(1− α(2)) + α(2)

)
vj(α

(1))

]

=
1

2
(ikh)2

(
v1(α

(1)) + v1(α
(2))

)
+

1

2
(ikh)3

(
v2(α

(1)) + v2(α
(2)) +

(
α(2) − 1

2

)
v1(α

(1))

)

+
1

2
(ikh)4

(
v3(α

(1)) + v3(α
(2)) +

1

6
v1(α

(1)) +

(
α(2) − 1

2

)
v2(α

(1))

)
+O (

(kh)5
)
.

Substituting v1 = 0, v2(α) = 4− 8α, and v3 = 4− 24α from (A.9), we get

F =
1

2
(ikh)3

(
8(1− α(1) − α(2))

)
+ (ikh)4

(
3− 10α(1) − 10α(2) − 4α(1)α(2)

)
+O (

(kh)5
)
,

which completes the proof.

Proof of Theorem 3.7.
1. P = 0: The proof follows directly from Lemma 3.6 and (3.33).
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2. For P > 0, define σ = min(σ(1),1 − 1, σ(1),2). Then, substituting (3.35) into
(3.34) yields

F = Q(2)
∞∑

j=σ(1),1+1

(ikh)jv
(1)
j + ik

h

2

∞∑
j=σ(1),2+1

(ikh)jv
(2)
j

= (ikh)σ+2

⎡
⎣ ∞∑
j=σ(1),1−1−σ

(ikh)jQ(2)v
(1)
j +

1

2

∞∑
j=σ(1),2−σ

(ikh)jv
(2)
j−1

⎤
⎦ .(A.14)

Now, by definition, σ ≤ σ(1),1 − 1 and σ < σ(1),2. So, from the triangle
inequality,

(A.15) lim
kh→0

|F | ≤ c(g(1), g(2), α(1), α(2))(kh)σ+2.

The proof then follows from (3.33).

Appendix B. Proofs of results in section 4.

Proof of Lemma 4.1. Plugging (4.4) and (4.5) into (4.3) and using the triangle
inequality, the Euclidean vector norm of derivative error can be bounded as follows:

‖E(kh; g, α)‖2 ≤ k
h

2

P+1∑
p=1

|λp(kh)− 1||βp(kh)|

≤ k
h

2

[
|λ1(kh)− 1||β1(kh)|+

P+1∑
p=2

(|λp(kh)||βp(kh)|+ |βp(kh)|)
]

≤ k
h

2

[
cλ1 (kh)

qλ1

(√
P + 1 + cβ1 (kh)

qβ1

)
+

P+1∑
p=2

(
cλβp (kh)q

λβ
p + cβp (kh)

qβp

)]

≤ P+1
max
p=2

(√
P + 1cλ1 , c

(λβ)
p , cβp

)
(kh)

1+
P+1

min
p=2

(qλ1 ,qλβ
p ,qβp )

as kh → 0.(B.1)

Now, for any finite P , the equivalence of vector norms [15] implies that

P+1
max
p=1

|Ep(kh; g, α)| = ‖E(kh; g, α)‖∞
≤ c∞,2‖E(kh; g, α)‖2(B.2)

for some constant c∞,2. The proof now follows from (3.15).

Proof of Lemma 4.2. The rate of convergence of λ2
1 can be obtained from (4.7)

by observing that

(B.3) |λ2
1(kh)− 1| = |λ1(kh)− 1||λ1(kh) + 1| ≤ 2cλ1 (kh)

qλ1 as kh → 0.

Similarly, the rate of convergence of λ2β can be obtained from (4.5) and (4.7),

(B.4) |λ2
p(kh)βp(kh)| = |λp(kh)βp(kh)|2

|βp(kh)| ≤ (cλβp )2

cβp
(kh)2q

λβ
p −qβp as kh → 0.
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Now, plugging (B.3), (B.4), and (4.5) into (4.9) and using the triangle inequality, the
Euclidean norm of error in the second derivative can be bounded as follows:

‖F (kh; g, α)‖2 ≤ k2h2

4

P+1∑
p=1

|λ2
p(kh)− 1||βp(kh)|

≤ k2h2

4

[
|λ2

1(kh)− 1||β1(kh)|+
P+1∑
p=2

(|λ2
p(kh)||βp(kh)|+ |βp(kh)|)

]

≤ k2h2

4

[
2cλ1 (kh)

qλ1

(√
P + 1 + cβ1 (kh)

qβ1

)

+

P+1∑
p=2

(
(cλβp )2

cβp
(kh)2q

λβ
p −qβp + cβp (kh)

qβp

)]

≤ P+1
max
p=2

(
2
√
P + 1cλ1 ,

(cλβp )2

cβp
, cβp

)
(kh)

2+
P+1

min
p=2

(qλ1 ,2qλβ
p −qβp ,qβp )

(B.5)

as kh → 0. The proof now follows from (B.2) and (3.33).

Proof of Theorem 4.3. From [6], we know that λp for p �= 1 diverges in the
limit of kh → 0. Then, from πp(k, h) = iakλ(kh) + bk2λ2(kh), for a fixed k,

(B.6) |π−1
p (k, h)| → 0, p = 2, . . . , P + 1 as h → 0.

Moreover, using (4.4) and (B.3) the convergence rate of π1 can be obtained as

|π1(k, h)− (iak − bk2)| ≤ |ak||λ1(kh)− 1|+ |bk2||λ2
1(kh)− 1|

≤ c(k, a, b)hqλ1 as h → 0(B.7)

for some k-dependent constant c. This immediately yields

(B.8) |1− (iak − bk2)π−1
1 (k, h)| ≤ c(k, a, b)

|(iak − bk2)|h
qλ1 as h → 0.

Then, from the triangle inequality, the Euclidean norm of pointwise error in the nth
element can be bounded using (4.13) as follows:

‖eu(xn)‖2 ≤
P+1∑
p=1

∣∣1− (iak − bk2)π−1
p (k, h)

∣∣ |βp(kh)|

≤ ∣∣1− (iak − bk2)π−1
1 (k, h)

∣∣ |β1(kh)|+
P+1∑
p=2

|βp(kh)|

≤ c(k, a, b)

|(iak − bk2)|h
qλ1

(√
P + 1 + cβ1 (kh)

qβ1

)
+

P+1∑
p=2

cβp (kh)
qβp

≤ C′(k, a, b, P ) h

P+1

min
p=2

(qλ1 ,q
β
p )

as h → 0,(B.9)
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where C′ is some scheme and equation dependent constant. The proof is completed
by observing that

‖eu‖�2(Ωδ) =

[
1

N(P + 1)

N∑
n=1

P+1∑
p=1

|eu(xn,p)|2
]1/2

=

[
1

N(P + 1)

N∑
n=1

‖eu(xn)‖22
]1/2

≤ C ′(k, a, b, P )

P + 1
h

P+1

min
p=2

(qλ1 ,qβp )
as h → 0.(B.10)
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discontinuous Galerkin method for elliptic problems on Cartesian grids, SIAM J. Numer.
Anal., 39 (2001), pp. 264–285, doi:10.1137/S0036142900371544.

[14] B. Cockburn, G. E. Karniadakis, and C.-W. Shu, The Development of Discontinuous
Galerkin Methods, Lect. Notes Comput. Sci. Eng. 11, Springer, Berlin, 2000, pp. 3–50.

[15] G. H. Golub and C. F. Van Loan, Matrix Computations, Johns Hopkins Stud. Math. Sci.,
Johns Hopkins University Press, Baltimore, MD, 2013.

1CFD Engineer, Computational Aerodynamic Optimization, Flight & Vehicle Technology, Boeing
Research & Technology.

doi:10.1137/S0036142901384162
doi:10.1137/090747701
doi:10.1137/S0036142900371544


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CONVERGENCE-RATE OF FR FOR STEADY-STATE PROBLEMS 2937

[16] H. T. Huynh, A flux reconstruction approach to high-order schemes including discontinuous
Galerkin methods, in 18th AIAA Computational Fluid Dynamics Conference, 2007, AIAA
2007-4079.

[17] H. T. Huynh, A reconstruction approach to high-order schemes including discontinuous
Galerkin for diffusion, in 47th AIAA Aerospace Sciences Meeting, 2009, AIAA 2009-403.

[18] A. Jameson and K. Ou, 50 years of transonic aircraft design, Prog. Aerosp. Sci., 47 (2011),
pp. 308–318.

[19] O. A. Karakashian and F. Pascal, A posteriori error estimates for a discontinuous Galerkin
approximation of second-order elliptic problems, SIAM J. Numer. Anal., 41 (2003),
pp. 2374–2399, doi:10.1137/S0036142902405217.

[20] D. M. Williams, P. Castonguay, P. E. Vincent, and A. Jameson, Energy stable flux recon-
struction schemes for advection–diffusion problems on triangles, J. Comput. Phys., 250
(2013), pp. 53–76.

doi:10.1137/S0036142902405217

	Introduction
	Error in numerical solution of steady advection-diffusion
	Problem specification
	Error in steady-state solution
	Measures of error

	Rates of convergence for derivative operators in FR
	Derivative operators in flux reconstruction
	Error in the first derivative operator
	Error in the second derivative operator
	Superconvergent FR (SFR) schemes

	Rates of convergence via eigensolution analysis
	Eigensolution convergence estimate for the first derivative operator
	Eigensolution convergence estimate for the second derivative operator
	Eigensolution convergence estimate for the steady-state solution

	Numerical verification
	Rate of convergence for derivative operators
	Rate of convergence for steady-state solution

	Concluding remarks
	Appendix A. Proofs of results in section 3
	Appendix B. Proofs of results in section 4
	Acknowledgment
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


