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1 Intro duction

Transonic aerodynamics is the focus of strong interest at the presert time becauseit is known to encompass
one of the most e cien t regimesof ight. While current transport aircraft operate just below the speed of
sound, more radical aerodynamic designs,such asR. T. Jones'proposalfor a yawed wing in [1], favor operation
at low supersonic speedsin the range from Mach 1 to 1.3 (a regime in which the sonic boom should pose
no seriousproblem). The hodograph method of generatinga o w together with the corresponding boundary
shape has been perfected by Bauer, Garabedian and Korn [2]. It now provides a exible tool for the designof
supercritical wing sectionswhich produceshockfree o w at a speci ed speedand angleof attack. Since,however,
it yields no information about the ow at o design conditions, and is restricted to two dimensions,it needs
to be complemened by a method for calculating the ow over speci ed shapesin two and three dimensions
throughout the desiredrange of speedand angle of attack. An accurate and reliable method would eliminate
the needto rely on massiwe wind tunnel testing, and should lead to more rational designs. Following the
initial succesof Murman and Cole [3], substartial progresshasrecertly beenmadein the developmert of nite
di erence methods for the calculation of transonic o ws(cf. [4], [5], [6], [7]). Thesemethods have generally been
restricted, however, either to o ws which are subsonicat in nit y, or to small disturbance theories. The presen
paper describesa method using a new ‘rotated' di erence scheme,which is suitable for the calculation of both
two- and three-dimensional o ws without restriction on the speedat in nit y, and which has been successfully
applied to a variety of o ws over airplane wings, including the caseof ight at Mach 1.

The mathematical di culties of the problem are assaiated primarily with the mixed hyperbolic and elliptic
type of the equations and the presenceof discortinuities. The computational method should be capable of
predicting the location and strength of the shock waves,and if it is to be capable of distinguishing a good from
a bad aerodynamic design,it should alsoprovide an indication of the assaiated wavedrag. In three-dimensional
applications the rapid growth in the number of points in the computational lattice also excludesany method
which is not rather economicalin its use of the computer. In meeting these objectivesthe primary choicesto
be made concern rst the most suitable formulation of the equations, secondthe construction of a favorable
coordinate system, and third the dewvelopmert of a nite di erence stchemewhich is stable, corvergert, and also
capable of accommalating the proper discortin uities.

Since we are concernedwith ow at fairly low supersonic Mach numbers over e cien t aerodynamic shapes,
we may reasonably supposethat the shock wavesare quite weak. A strong shock wave would causeboundary
layer separation and bu eting, invalidating the analysis, and a design which led to the presenceof a strong
shock wave would in any casebe unsuitable becauseof the accomparying drag rise and lossof lift. The error in
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ignoring changesin entropy through shock waves,and the resulting vorticit y, should therefore be small, and we
can expect to obtain a satisfactory approximation by using the transonic potential equation for irrotational ow
instead of the full Euler equations. In the caseof three-dimensional calculations, in particular, the replacemen
of v e dependert variables (three velocity componerts, pressure,and energy) by a single velocity potential leads
to important savings in machine time and memory.

When the boundariesare prescribed, the non-existence(cf. [8]) of smooth transonic solutions of the potential
equation requires consideration of weak solutions (cf. [9]). The appropriate solutions admit discortin uities
acrosswhich massis consened but momertum is not, sothat a drag force appears. The method is thus able to
predict the onsetof wave drag. If, however, we do not imposea restriction on the type of jumps to be allowed
corresponding to the entropy inequality, weak solutions of the potential equation are in general nonunique.
The equation is invariant under reversal of the o w direction, sothat a body with fore and aft symmetry, for
example, admits both a solution with a compressionshock, and a corresponding reversed o w solution with
an expansionshock. To obtain uniqguenesswe must exclude discortin uous expansions. We ought, therefore, to
restore in the numerical schemethe directional property which was removed by the exclusion of entropy from
the equations. This indicates the needto ensurethat the dominant terms of the truncation error represer an
arti cial viscosity.

It was rst shown by Murman and Cole for the caseof the small disturbance equations that the required
arti cial viscosity can be introducedin an e ectiv e and simple manner by using retarded di erence formulas to
represen derivativesin the streamwise direction at all points in the hyperbolic region. This leadsto a simple
implicit scheme which can be solved line by line advancing with the stream. Moreover, when the dominant
truncation error is included, the resulting di erential equation resenblesthe viscoustransonic equation, which
admits solutions with the approximate structure of a shock wave (cf. [10]). The di erence equations exhibit
similar behavior. Shock wavesemergein the courseof the calculation as compressionlayers spread over a few
meshwidths in which the arti cial viscosity becomesthe dominant term.

The method described in this paper is basedon a similar principle, but no assumption about the direction
of ow is madein constructing the di erence scheme. Instead, the proper directional property is obtained by
‘rotating' the di erence schemeto conform with the local stream direction. This avoids the needto align one
of the coordinates with the ow in the supersonic zone, a sourceof di cult y when this zone extends towards
in nit y at near sonicfree stream Mach numbers. The rotated schemeis derived by rearranging the equationsas
if they werewritten in a streamline and normal coordinate system. In the hyperbolic region retarded di erence
formulas are then usedfor all contributions to the streamwise secondderivative, producing a positive arti cial
viscosity correctly oriented with the stream.

The method described in this paper is basedon a similar principle, but no assumption about the direction
of ow is made in constructing the di erence scheme. Instead, the proper directional property is obtained by
‘rotating’ the di erence schemeto conform with the local stream direction. This avoids the needto align one
of the coordinates with the ow in the supersonic zone, a sourceof di cult y when this zone extends towards
in nit y at near sonicfree stream Mach numbers. The rotated schemeis derived by rearranging the equationsas
if they werewritten in a streamline and normal coordinate system. In the hyperbolic region retarded di erence
formulas are then usedfor all contributions to the streamwise secondderivative, producing a positive arti cial
viscosity correctly oriented with the stream.

The method retains the property of the Murman schemeof automatically locating the shocks. This is a great
advantage for the owsto be considered,which may contain a complex pattern of shocks above and below the
wing, together with a detached bow shock if the o w is supersonicat in nit .



2 Formulation of the Equations

In the isertropic o w of a perfect gasthe equation of state

(2.1) LS constant

is assumedto hold, where p is the pressure, the density, and the ratio of specic heats. If the density is
normalized to the value unity at in nit y, and M. is the Mach number at in nit y, the speedof sound a is given

by

dp !
2.2 2= T =
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The energy equation can then be expressedas
1
(2.3) a% + qu = constant

g being the velocity vector. Also consenation of massrequires

(2.4) r:(q)=0

Since the ow is isertropic it is also irrotational. Introducing a velocity potential , the energy and mass
equations can then be combined to give the transonic potential o w equation

(2.5) (@ u?) «+ (@ Vvd yy t (@ w?) 4
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in which u, v and w are the velocity componerts

(2.6) u= ; V=, W=

The equation is elliptic at subsonicpoints for which g° < a2, and hyperbolic at supersonic points for which
o > a°.

In a weak solution for an isertropic ow the appropriate jumps to be allowed consene mass. Thus, at a
surface of discortin uity,

(2.7) ni(19; 20) =0

where n is the normal to the surface,and the subscripts denote upstream and downstream conditions. At the
sametime the introduction of a velocity potential ensurescontinuity of the tangerntial componerts of velocity.
Across sudch a jump the normal componert of momertum is not consened. The balance of momertum for the
complete o w then requiresa drag force on the pro le equaland opposite the force on the jump. This represens
the wave drag according to the isertropic approximation (cf. [11]).

The boundary condition at the boundary is

... . @
(2.8) 0= q: _@

where is the normal to the body surface. For lifting owsi it is also necessaryto imposethe Kutta condition
which requiresthe circulation at ead sectionto be suc that the velocity is nite at the sharp trailing edge. In
the three dimensional casethis resultsin a trailing vortex sheetacrosswhich there is a jump in potential. Using
a simplied model, convection of the sheetwill be ignored, and the sheetwill be assumedto trail smoothly o
the trailing edgewithout rolling up. The conditions applied at the sheetare rst that the jump in potential
is constart along lines in the direction of the free stream, and secondthat the normal velocity is continuous
through the sheet. At innit y the velocity approachesa uniform far eld value except near the vortex sheet.
Thus ! 1, andit is necessaryto work with a reduced potential from which the singularity at in nit y has
been subtracted.



3 Coordinate Systems

It is dicult to satisfy the Neumann boundary condition (2.8) with su cien t accuracy when the body surface
crossesthe coordinate lines. This is particularly the casenear the leading edge of the wing where the surface
has a high curvature and the ow is sensitive to small variations in the shape. The treatment is facilitated
by the use of a curvilinear coordinate systemin which the body surface coincideswith a coordinate surface.
In two-dimensional calculations such a system can be conveniertly obtained by a conformal mapping. The
potential equation (2.5) becomes

(3.1) (@ y?) xx  2uV 4 + (8% VR) gy +
(u? + v?)(uhy + vhy) = 0

where h is the modulus of the mapping function, x and y are new coordinates in the transformed plane, and u
and v are the velocity componerts in the new coordinate directions,

— X, — y.
(3.2) u= o V= he
For two-dimensional o ws which are subsonicat in nit y, a most successfulcoordinate system, rst introduced
by Sells[12] for subcritical calculations, is obtained by a mapping of the exterior of the pro le onto the interior
of a circle. This coordinate system automatically bunchesthe mesh points in the sensitive regions near the
leading and trailing edges,and has beenfound to give high accuracy (cf. [5], [6]). Near the certer of the circle
the modulus of the mapping equation approades r% where r is the radial coordinate, and the use of nite
di erence formulas can lead to seriouserrors. It is corveniert, therefore, to calculate the mapping onto the
exterior of a circle and then to usean explicit inversion. If z isin the exterior of the pro le and or in the exterior
of the circle, then the modulus of the mapping function may be expressedas

dz
=T

where, if " is the included angle of the corner at the trailing edge,

(3.3)

dz 1t X,
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n=0
The mapping coe cien ts ¢, canbe calculated by a simple iterativ e procedure(cf. [13]). If the mapping function
is to be represerted at 2K equally spacedgrid points around the circle, it is conveniert to take N = K sothat
the real and imaginary parts of the power seriesreduce to trigonometric interpolation formulas for functions

speci ed at the grid points. This leadsto favorable error estimates (cf. [14]). Evaluating the residue, the
condition that the mapping generatesa closedpro le is seento be

(3.4) =1 -

An airfoil with a wake of constart thicknessis equally easily treated. It is simply necessaryto adjust the value
of c; . If isthe circulation, the far eld condition is (cf. [15])

(3.5) ! COS(%H —tan ML M3 an( + )

wherer and are polar coordinates for the interior of the circle and is the ow angleat in nit y.



If the o w issupersonicat in nit y the mappingto acircle is lesssatisfactory becausewe now wish to distinguish
betweenthe conditions upstream at in nit y where Cauchy data is to be provided, and downstream at in nit y
where no condition should be imposed. A more conveniert coordinate systemis obtained by a mapping onto
the upper half-plane. Let w denote this plane. Then this mapping is easily derived from the mapping onto the
exterior of the circle by the additional transformation

:p_+ 1

(3.6) w P

The mapping from z to w, expressedwith  asa parameter, is then

P— X
dz dzd 2 o
(3.7) awodaw @ =) exp . -
For a cusped airfoil (" = 0) the singularities cancel at the trailing edge, leaving a smooth transformation.

Additional stretchings of the x and y coordinates can be usedto map the half-plane to a rectangle. The ow
now enters the top boundary, splits, and leavesthrough the two sides. The airfoil coversa segmen of the lower
boundary. Outside this segmen corresponding points have to be identied as the two sidesof a cut in the
z-plane, and the potential hasto be continued acrossthe cut with a jump to accourt for the circulation. In the
far eld the mapping approachesa squareroot transformation

(3.8) z=w?
and a suitable reduced potential which is nite at in nit y is obtained by setting
(3.9) G= (x> y?®cos  2xysin;

wherex and y are coordinatesin the transformed planeand isthe ow angleat in nit y. If the ow is subsonic
at in nit y, the far eld condition becomes

(3.10) G = 0 on the top boundary;

1 . .
G= > on the side boundaries

where is the circulation. If the ow is supersonicat in nit v, it will be undisturb ed upstream of the bow wave,
sothe condition is
@

G=0 @ = 0 on the top boundary .

An economicalmethod of obtaining a coordinate systemwith similar characteristics, suggestedby Garabedian,
is simply to apply the squareroot transformation (3.8) about a point just inside the leading edge. This generates
parabolic coordinates in the physical plane, while the pro le is unwrappedto a bump in the transformed plane.
Unfortunately it is hard to satisfy the Neumann condition with su cien t accuracyin the region of the leading
edgebecauseof the rapid variation of the mapping modulus near the singularity insideit. This dicult y canbe
overcomeby displacing the y coordinate lines to follow the contour of the transformed pro le, sothat it lieson
a coordinate line in a slightly nonorthogonal coordinate system (Figure 3.1). To avoid an unnecessarycorner
in the coordinates care should be taken to cortin ue the cut in the physical plane smoothly o the trailing edge.
It is impossibleto remaove the corner due to a nite wedgeangle at the trailing edge,but this is a feature to be
avoidedin any casebecauseit forcesthe appearanceof a stagnation point in the inviscid ow, leadingto larger
adversepressuregradients, and increasingthe likelihood of boundary layer separation. The main disadvantages
of a shearedparabolic coordinate system of this type are the appearanceof someextra terms in the equations
becausethe coordinates are not orthogonal, and lessaccurate resolution of the Kutta condition becausethere
is no concertration of meshpoints near the trailing edge.
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In three-dimensional calculations the construction of a satisfactory coordinate system is one of the most
dicult parts of the problem. For studies of an isolated wing the use of shearedparabolic coordinates appears
to provide the best approach. For a tapered wing the use of a conformal transformation which varied in the
spanwisedirection would add numerousextra terms to the equations, and the resulting coordinate systemwould
in any casebe nonorthogonal. Under a xed transformation independert of the sparwise coordinate, on the
other hand, the potential equation retains the relatively simple form

(3.11) (@ u?) x + (@ V3 g+ h3@ w?) 4
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Thus if the wing has a straight leading edge,which is the most usual case,the squareroot transformation (3.8)
can cornveniertly be usedto unwrap the sectionsabout a singular line just inside the leading edge,so that the
wing surface becomesa shallow bump above a coordinate plane formed by unfolding the two sidesof a cut
behind the singular line. Then, asin the two-dimensional case,the bump can he removed by displacing the
coordinate surfacessothat they becomeparallel with the wing surface. The trailing vortex sheetis assumedto
lie along the cut, sothat it is alsosplit by the transformation. A complication is causedby the cortin uation of
the cut beyond the wing tips. Points on the two sidesof the cut must be identi ed as represerting the same
physical point. Also a special form of the equationsmust be usedat points on the “fold' along the continuation of
the singular line, where h vanishes. At these points the equation to be satis ed reducesto the two-dimensional
Laplace equation in the x and y coordinates.

Analytical expressiondor the far eld potential have beengivenby Klunker [16]. If, however, the coordinates
are stretched to in nit y, the use of these can be avoided becauseat in nit y the square root transformation
collapsesthe region in uenced by the vortex sheetto a single line of meshpoints corntaining the sheet.

The caseof a yawedwing, asproposedby R. T. Jones,is treated by keepingthe coordinate system xed to the
wing, with the x,y-planes normal to the leading edge,and rotating the ow at in nit y through the appropriate
yaw angle, asillustrated in Figure 3.2. The vortex sheetthen hasto be tracked in the stream direction behind
the trailing edgeand downstream tip.

4 Simple and Rotated Dierence Schemes

The numerical formulation of the problem requiresthe construction of an appropriate set of di erence equations.
Thesearethen to be solved by iteration. Following the ideaadvancedby Murman and Cole [3], the plan of attack
is to distinguish betweenthe regions of subsonic o w, where the governing equation is elliptic, and supersonic
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ow, whereit is hyperbolic, and to usea di erence stchemewhich is sensitive to the local type. For this purpose
the velocities are rst determined, using certral di erence formulas to approximate the rst derivativesof the
potential. Then at elliptic points certral di erence formulas are usedfor all secondderivatives. At hyperbolic
points streamwisesecondderivativ esare approximated by di erence formulasretarded in the upstreamdirection.
This yields an implicit system of equations with a region of dependencewhich correctly re ects the region of
dependenceof the ow, and leadsto a truncation error which has the e ect of an arti cial viscosity. It is
important to usean implicit di erence scheme, becausenear the sonic line the characteristics becomealmost
perpendicular to the velocity, with the result that the mesh spacing of an explicit scheme would have to be
reducedto zeroin the direction of ow to obtain the correct region of dependence.The arti cial viscosity ensures
the desiredentropy inequality, excluding expansionshocks but permitting the appearanceof compressionlayers.

If the ow is aligned with one of the coordinates, it is relatively easyto implement theseideas. Considering
the two-dimensionalcase(3.1) for corvenience,let x be the coordinate in the o w direction. Then if the ow is
supersonicat the meshpoint [i x;j y], we take

(4.1) xx = )

_ij+ i1 i nj+rtoo1 o
w =
Y 2 Xy
_oir 25t o1
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Thus we obtain a simple implicit schemein the hyperbolic zone which can be solved line by line. The
schemeis secondorder accuratein y and rst order accuratein x. The dominant truncation errors arising from
the terms in  , and , are x(u? a?) xw and Xuv ,, . Theserepresen a positive arti cial viscosity



provided that u? > a2. When the ow is not perfectly aligned with the coordinate system, there exist points
in the hyperbolic region at which u? < a? < u? + v2. Theseare a sourceof di cult y. On the one hand, a von
Neumanntest indicates, and experiencecon rms, that certral di erence formulas are unstable in the hyperbolic
region. On the other hand, the y coordinate line now lies behind one of the characteristics from the certer point
i x;j V], sothat useof the retarded di erence formulas leadsto a scheme which does not have the correct
region of dependence. This is re ected in the fact that the arti cial viscosity x(u?a?) yx IS NOW negative,
and the existenceof a marching instabilit y in the x direction is con rmed by a von Neumann test.

Nevertheless,the scheme has proved extremely satisfactory in practice, provided that the supersonic ow is
con ned to a zone near the body in which the velocity is more or lessaligned with the curvilinear coordinate
system. The presenceof a narrow band of points with negative numerical viscosity near the sonic line is not
enoughto upsetthe calculation. Instabilit y can be anticipated asthe meshspacingis shrunk to zero, but more
than adequate accuracy can be obtained well before its onset. Following Garabedian and Korn [5], one may
alsoimprove the accuracy by partially cancellingthe truncation errors through the addition of nite dierence
formulas represeniing X xxx and X xxy

When the o w is supersonicat in nit y, and alsoin three-dimensionalcalculations, a simple di erence scheme
of this type is not so satisfactory. Curvilinear coordinate systemswhich allow an accurate treatment of the
boundary condition are generally not well aligned with the ow. We need, therefore, a coordinate invariant
di erence sdheme. Considering rst the two-dimensional case,the principal part of (3.1) can be written in the
canonical form
(4.2) (a2 qz) ss+ @ m =0

where s and n are coordinates in the local stream and normal directions. Sincethe direction cosinesare u=q
andv=g ss and ,, canbe expressedocally in terms of the actual coordinates as

1
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It is now easyto devise a proper di erence scheme for points in the supersonic zone. By using di erence
formulas retarded in both the x and y directions for all cortributions to s , and certral di erence formulas for
all contributions to ., , we obtain a ‘rotated' di erence scheme which reducesto the Murman scheme when
the ow is aligned with either coordinate direction. At points in the subsoniczonecertral di erence formulas
are usedin the cornventional manner.

A positive arti cial viscosity with a magnitude proportional to g> a? is introducedat all supersonicpoints.
This enforcesthe correct directional property on the solution. At the sametime the presenceof points ahead
of the y coordinate line in the formulas for ,,, ensuresthat the region of dependenceof the di erence scheme
always contains the region of dependenceof the di erential equation. In the subsoniczonethe sthemeis second
order accurate. In the supersoniczoneit is secondorder accurate in the term represening nn, but only rst
order accurate in the term represeiting (a> ¢?) ss, forcing the useof rather ne meshto obtain an accurate
solution.

5 lterativ e Solution: Analysis Using Articial Time

While the coordinate invariant form of the rotated di erence schemeassuressatisfaction of the correct entropy
inequality, it alsoincreaseghe di cult y of actually solving the di erence equations. The useof certral di erence
formulas in both coordinate directions for the contributions to ., prevents the use of a simple marching
procedureto solve the equationsin the hyperbolic region a line at a time, asin the Murman scheme. Instead,



if one advancesin the x direction, the correction at the point [i x;j y] hasto be calculated using “old' values
for the forward points [(i + 1) x;(j +1) y];[(i+1) x;j yland[(i+ 1) x;(j 1) y]. Thusthe equations
in the hyperbolic region have to be solved by iteration, just asin the elliptic part of the ow.

Sudh a processhasto be carefully controlled to ensurestability and convergence.lt is helpful to regard the
iterations as successie levels in an arti cial time coordinate. This leadsto a theory for equations of mixed
type in the spirit of Garabedian's theory for elliptic equationsin [17]. The essetial idea is that the iterativ e
procedure, regarded as a nite dierence scheme for a time dependent process,should be consistert with a
properly posedinitial value problem which is ‘compatible’ with the steady state equation; that is to say, that
the solution of the initial value problem should reach an equilibrium point which represens a solution of the
steady state equation. Then, if the di erence schemeis also stable, it should corvergeto the desiredsolution.

Let t denotethe time step, and let updated valuesof at any circle of the calculation be denoted by the
superscript +. Then the typical certral di erence formula for a secondderivative is

Py @) § @ X)) gt g
X2

XX =

where the updated value is used on one side, the old value on the other side becausethe updated value is not
yet available, and a linear combination of the two is used at the certer point. In the time dependert system
this formula may be interpreted as represerting

t
XX _X( xt+rt)

We must consider, therefore, a time dependent equation which cortains mixed space-timederivatives. Dividing
through by a2, its principal part will have the form

(5.1) (M2 1) ss+2 4 m*t*2 =0

where M is the local Mach number g=a, and the valuesof and depend on the combination of new and old
valuesactually usedin the di erence formulas. Introducing a new time coordinate,

S

= S—
(5.2) T=t o5 —*n
(5.1) becomes
2
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If the ow is locally supersonic,it can be seenthat T is spacelike and either s or n is timelike. Sinces is the
timelik e direction in the steady state problem, we require

(5.4) 2> (M2 1)

to ensurethat it is alsothe time-lik e direction in the unsteady problem. This indicates the needto add terms
represerting mixed space-timederivativesto the retarded di erence formulasto compensatefor their presence
in the certral di erence formulas.

The characteristics of the unsteady equation (5.1) satisfy
(5.5) (M2 1)(t?+2nt) 2st+(s n)?>=0

Provided that is positive, the cone of dependencelies on the upstream side of the n,t-plane and behind the
s,n-plane, touching along the line

n= -—s
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Figure 3: Characteristic cone of equivalent time dependert equation.

as illustrated in Figure 5.1. Thus the region of dependenceat the current time level is reducedto a single
line, and an iterativ e scheme with the correct region of dependencecan be obtained simply by ensuring that
the points surrounding this line have already been updated. If is negative, the cone of dependenceis in
the downstream direction. Thus to ensurethe proper region of dependenceit is necessaryto control both the
magnitude and the sign of the coe cien t of ¢

A von Neumann test of local stability leadsto an additional guideline. Let the dierential equation be
approximated at the meshpoint [i X;j Y] by the generaldi erence equation

X
(g i+pi+q Db f+pjeq) = 0
P
Substituting the formula
— erimx einy
for at the k-th time interval, the growth factor G is given by
P .
(p+a)
G = pralm®
0 bpqel(P q)
where
=m Xx; =n vy

For small valuesof and , G may be expandedas
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where consistencywith the steady state di erential equation (3.1) requiresthat
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is either positive or negative, whenewer the o w is supersonic, Gj can certainly exceedunity unless

Ago=Bopo=0
It follows that X X
8pq = Bpg = 0
p:q p:q

Interpreting the di erence scheme as the represenation of a time-dependen process,this meansthat the
coe cien t of { should be zeroat supersonicpoints, re ecting the fact that t is not a time-lik e direction. This is
in contrast to the subsonicpart of the ow. There the damping dueto ¢, playsacritical role in the convergence
of the successie overrelaxation processfor an elliptic equation (cf. [16]). The medanism of convergencein
the supersonic zone can be inferred from Figure 5.1. An equation of the form (5.1) with constart coe cien ts
reaches a steady state becausewith advancing time its characteristic cone (5.5) evertually ceasego intersect
the initial time-plane. Instead it intersects a surface containing the Cauchy data of the steady state problem.
The rate of convergenceis determined by the backward inclination of the most retarded characteristic

“mz 1 "7
and is maximized by using the smallest permissible coe cient for the term in . In the subsoniczone,on
the other hand, the coneof dependencecontains the t-axis, and it is important to intro duce damping to remove
the in uence of the initial data.

It is possibleto deviseboth point and line relaxation schemesbasedon these principles. Line relaxation is
generally preferable becauseit spreadsthe in uence of the boundariesand the e ects due to circulation faster,
and givesmore latitude in ensuring that the region of dependenceis correct. The following is a line relaxation
algorithm which has proved e ectiv e. First derivativesare represered throughout the o w by certral di erence
formulas using valuesfrozen from the previous cycle:

P i s
(5.6) LS y__ﬂLETfL_

2 X
Velocities computed from the rst derivatives are usedto determine whether the point is elliptic (g°> < a2) or
hyperbolic (¢? > a?). At hyperbolic points the principal part of the equation is written in the canonical form
(4.2). If the valuesof on ay coordinate line are to be updated, the cortributions to , are represertied by
the certral di erence formulas

+ + . + . l .
N I | ij [ 1+17)
(5.7) 0 = e
+ + . . + . .
_ i1 1 i1+l i+1;) 1 i+1 ;) +1
W 4 x vy
+ + +
ij +1 2 ij i 1
yy = y2

where the superscript + has again beenusedto denote updated values. Theseformulas add a cortribution

v t
q X nt

to the equivalent time dependen equation (5.1). The cortributions to s are represerted by retarded di erence
formulas evaluated from the “upstream' quadrant containing the reversedvelocity vector. If u > O;v > 0, we

take

5.8) 20 i 275t g
. =

I
X2
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+ + +
_20 0 iyt oat i

Xy
_Zitj ij 2iTj 1t 02
yy y2
These formulas produce a cortribution
u t v t
2M2% 1) ——+ ——
M? 1) o s

to compensatefor the term in . . They alsolead to a diagonally dominant tridiagonal set of equations for
the new values * on ead line, which are easyto solve. Near the sonic line, where M ? 1 approadhes zero,
the term in 4, should be augmerted to satisfy condition (5.4). A suitable stabilizing term is

t v
xtt — = yt

y q

olc

t
X

where " is a parameter which must be chosento be sucien tly large. If u> 0,v > 0, then , and y are
represened as

+ +
ij i1 i1
5.9 p = —
(5.9) x o
+ +
_ ij iij 1t 0o
i =
y t y

These formulas presene the diagonally dominant tridiagonal form of the line equations. In practice it often
provespossibleto take " = 0.

At subsonic points all terms are represerted by the samecertral di erence formulas that are used for the
cortributions to nn , exceptthat  is represened as

[

+ 2 +
iy g 21 it

(5.10) xx =

where! isthe over-relaxation factor with avalue betweenl and 2. This is an adjustment to the usual formulation
of successie over-relaxation. It preserescortinuity of the represenation of , betweenpoints wherethe type
changes,sothat the optimal value of w can be usedthroughout the elliptic regionwithout creating a disturbance
at the sonicline.

6 Three-Dimensional Dierence Scheme

The sameideasare easily extendedto the tree-dimensionalcase. The principal part of governing equation (3.11)
is written in the canonical form

(6.1) (& ) s+ & ss) = 0
where is the Laplacian
(6.2) = x t oyt h? XX
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and
1

(6.3) ss = _2(U2 xx T v2 yy T h2w? 7z
+2uv 4y + 2hvw y; + 2huw ;)
Then, asbefore, ¢ is represerted by retarded di erence formulasand ss by certral di erence formulas at

all hyperbolic points, with caretakento make surethat the equivalent time-dependert equation contains a large
enoughcoe cien t for ¢ andazerocoe cient for ;. The formulation in terms of the Laplacian eliminates the
needto determine explicitly a pair of local coordinate directions in the plane normal to the stream direction.

It is conveniert to solve the equations a line at a time, corresponding to a point relaxation processin two
dimensions. Any of the coordinate lines may be usedfor this purpose,the choice being guided by the needto
avoid advancing through the hyperbolic region in a direction opposedto the ow. This constraint is dictated
by the split betweennew and old valuesin the retarded di erence formulas which are usedto represert ¢ and
the addedterm in { . In practice it has beenfound conveniert to divide ead x,y-plane into three strips, and
to march towards the surfacein the certral strip, updating horizontal lines, and then outwards in the left-hand
and right-hand strips, updating vertical lines.

7 Boundary Conditions and Kutta Condition

The Neumannboundary condition (2.8) is satis ed by intro ducing a row of dummy points behind the boundary.
The potential at each dummy point is given a value suc that the normal velocity at the surfacecomputed from
a certral di erence formula is zero. The ow equations are then represerted at the surface by the standard
di erence formulas. Thusthe boundary condition is satis ed with secondorder accuracy, while the o w equations
are satis ed with the sameaccuracy as at interior points. In the iterativ e solution procedurethe values of the
potential at the dummy points are updated to satisfy the boundary condition in the courseof eat cycle.

In calculations with lift the circulation hasto be adjusted to satisfy the Kutta condition. In two-dimensional
calculations this requires only a minor complication. Along a cut behind the trailing edgethere should be a
constart jump in the circulation. In the circle plane this is easilyaccommalated by subtracting aterm =2
from the potential and writing di erence equations for the resulting single-valued function G. At the trailing
edgethe modulus of the mapping function is zero. Then the velocity computed accordingto formula (3.2) would
be in nite unless

=G 2—:0

is therefore updated at the end of ead cycle, so that this condition is satis ed when G is representied by a
certral di erence formula.

In calculations using either a conformal mapping or a shearedsquareroot transformation to the half-plane, the
cut is openedup to form part of the lower boundary (Figure 3.1). As in the treatment of the boundary condition
on the pro le, dummy points are introduced below the boundary. Thesemay be identi ed with corresponding
interior points, obtained by re ection about the origin, which map to the same points in the physical plane.
The potential at each dummy point is therefore set to the value at the corresponding interior point augmerted
by the jump . Each point along the boundary on one side of the cut is treated as an interior point, using
the standard di erence equations, and the potential at the corresponding point on the other side of the cut is
set by adding the value of the jump.

In three-dimensional calculations a similar procedure is employed. Since, however, the cut now represers
the vortex sheet, it is no longer appropriate to satisfy the ow equations at the boundary points. Instead
the condition that the vertical componert of velocity is continuous through the vortex sheetis represeried by
equating the corresponding nite dierence expressionsfor , on the two sidesof the sheet. The value of the
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jump at eadh point on the sheetis assignedthe value at the corresponding point on the trailing edge,obtained
by projection in the direction of the undisturbed stream.

8 Computations

The proposedrelaxation procedure has beenprogrammedin FORTRAN for both two- and three-dimensional
ows. Calculations are normally performed on se\eral meshes. A solution is rst obtained on a coarsemesh,
and the result is interpolated to provide the initial guessfor a calculation in which the mesh spacingis halved
in eadh coordinate direction by the introduction of new mesh points. This processmay be repeated. When
the mesh spacing is halved, the rate of convergenceis also roughly halved becausethe e ectiv e time step is
proportional to the meshspacing. Allowing for the increasein the number of mesh points, the computer time
required to reach a solution from a given initial estimate can therefore be expected to increaseroughly by a
factor of eight in two-dimensional calculations, or sixteen in three-dimensional calculations. The procedure of
meshre nement thus leadsto signi cant savings of computer time by providing good starting guessedor the
ne meshcalculations. It also seresthe purposeof providing an indication of the convergenceof the solution
of the di erence equationsto the solution of the di erential equations.

Numerous ow computations have been performed with the aid of the CDC 6600 belonging to the AEC
Computing and Applied Mathematics Certer at New York University. Someof thesehave beenfor the purpose
of generating data for a forthcoming secondvolume on supercritical wing sections[18]. Provided that the mesh
re nement procedureis used, a su cien tly accurate answer can generally be obtained after 100to 200 cycles
on the ne mesh. Typically a two-dimensionalcalculation with a ne meshof 6144 cellstakesabout 5 minutes,
and a three-dimensional calculation with a ne mesh of 98304 cells takesabout 45 minutes.

The merits of mappings to the circle and half-plane have beentested in two-dimensional calculations. The
Kutta condition is lessaccurately treated in the coordinate systemswhich use a mapping to the half-plane,
either by a conformal transformation or the introduction of shearedparabolic coordinates. Neverthelessthe
results remain very satisfactory, con rming the suitability of these systemsfor the extensionsto supersonic
free streams and three-dimensional o ws. All the preserted results were obtained using the shearedparabolic
coordinate system.

Figures 8.1 and 8.2 display some results from a study over a wide Mach range of an airfoil designedby
Garabedian to produce very high lift with shock free ow. Figure 8.1 shows the pressuredistribution near the
design condition, and also at Mach 1. Figure 8.2 shows the computed drag rise and loss of lift through Mach
1. This result is in accordwith the generalexperienceof wind tunnel and ight tests, although in practice the
strong shock waveswhich occur after the onset of drag rise would lead to separated o w.

No di culties have beenencourtered in calculating o ws with a free stream at exactly Mach 1. The pattern
of the o w near the wing remains essetially unaltered asthe Mach number at in nit y is increasedbeyond one,
while a weak bow wave appearsfar upstream. Near Mach 1 the calculations usually indicate a * sh tail' shock
pattern at the trailing edge,as sketched in Figure 8.3. Sud patterns have been experimentally obsened, but
whereas.the calculations show strong oblique shocks at the trailing edge,with a subsoniczonein the sh talil,
the experiments shov weak oblique shocks through which the o w remains supersonic.

In order to test the stability and accuracyof the three-dimensionaldi erence scheme,a number of calculations
have been performed for an in nite yawed wing. The conditions for simple sweepbad theory are then exactly
satised. If the Mach number normal to the leading edgeis xed while the yaw angle is varied, we expect
the solution to consist of an invariant ow in the plane containing the wing section together with a uniform
superposedspanwisevelocity. The ow is seendi erently by the di erence scheme,however, becausethe number
of supersonic points increasesas the yaw angle and corresponding total Mach number are increased. It was
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Figure 4
65-15-10 airfoil

Figure 4: (a) At Mach 0.65, Angle of attack O , Lift coe cient 1.4930,Drag coe cien t -0.0005(b) At Mach 1,
Angle of attack O , Lift coe cient 0.5048,Drag coe cien t 0.1154
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Figure 5: Lift and drag of 65-15-10airfoil.

Bow Wave Fishtail Shock

Figure 6: Shock pattern near Mach 1.
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Figure 7: (a) Unyawed at Mach 0.67, Angle of attack 0:5 , Lift coe cient 1.4249,Drag coe cien t 0.0074(b)
Yawed 489 at Mach 1.02, Angle of attack 0:5 , Lift coe cient 1.4242,Drag coe cien t 0.0093

veri ed that the computed solutions do have the expected invariance, asillustrated in Figure 8.4. If the ow is
supersonic behind a shock wave, however, the shock is lesssharply represerned, being spreadover 4 to 5 mesh

widths.

Figures 8.5 and 8.6 display results of three-dimensional calculations for wings of nite aspect ratio. Figure
8.4 shows an unyawed wing at Mach 0.82and an angle of attack of 1 . The certral panel hasa sectiondesigned
by Garabedian for a lift coe cien t of 0.6 at Mach 0.78. Over eat outer panel the sectionis gradually altered
to a lesshighly cambered pro le at the tip. The pressuredistributions at successie span stations are plotted
above ead other at equal vertical intervals. It can be seenthat there is a transition from a single shock wave
at the certer to a multiple shock pattern near the tip, with almost shock-free o w in between. Figure 8.6 shaws
a similar wing at Mach 1, yawed through 36 , and with sometwist introduced to equalizethe load acrossthe
span. The leading tip is at the bottom and the trailing tip is at the top of the picture. The shock wavesare
now smudged, but their accunulation towards the trailing tip is evidert.
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VIEW OF WING UPPER SURFACE PRESSURE LOWER SURFACE PRESSURE

Figure 8: Angle of attack 1:8 , Unyawed wing at Mach 0.82, Lift coe cien t 0.5139,Lift drag ratio 22.05,Drag
coe cien t 0.0233
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Figure 9: Wing yawed 36 at Mach 1 with trailing tip at the top, Angle of attack 1:8 , Lift coe cient 0.2327,
Drag coe cien t 0.0201,Lift drag ratio 11.59
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9 Conclusion

The results of these computations reinforce the view that the computer can evertually be usedasa "numerical
wind tunnel'. The repeated and reliable convergenceof the method at all Mach numbers, including Mach I,
provides numerical con rmation of the existenceand uniquenessof weak solutions of the potential equation
when a suitable entropy inequality is enforced. The method achieves speed and econony by simulating an
arti cial time dependert equation constructed so that it will reach a steady state as fast as possible. This is
in cortrast to the proposalto integrate the physical time dependert equation of an unsteady ow (cf. [19]), a
method which has beenfound to convergeslowly to the steady state.

In order to improve the treatment of shock wavesit would be desirableto introducea shock tting procedure
to enforce more precisely the jump condition (2.7), rather than rely on the arti cial viscosity introduced by
the di erence schemeto generatethe correct jumps. A more accurate represenation of shock wavesmight also
be obtained by using the divergenceform (2.4) of the potential equation, and making sure that the arti cial
viscosity introduced by backward di erence operators was also in consenative form, as in Murman's latest
schemefor the small disturbance equations (cf. [20]).

The other main disadvantage of the presert schemeis its useof rst order accurate di erence equationsin
the hyperbolic region. When the ow is mainly subsonic, with a small embedded supersonic zone, it is easy
to compensatefor this by bunching the mesh points near the body. When the ow is supersonic at in nit y
it forcesthe use of a large number of mesh points to obtain an accurate answer. An equation resenbling the
utter equation

tt2U ¢+ 2V = (@ u®) x 2uv xy T (@ v?) vy

would be obtained by the addition of an explicit term in . This would require a three level di erence scheme,
but would have the advantage of rotating the cone of dependencefully behind the current time level, allowing
more latitude for the construction of a schemewith a higher order of accuracy
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