AeradynamicDesignvia Cortrol Theory

Antony Jameson
Departmert of Medhanical and AerospaceEngineering
Princeton University
Princeton, NJ 08450

Abstract

This paper addressesthe question of how to modify in aerodynamic designto improve the performance.
Represertativ e examples are given to demonstrate the computational feasibility of using control theory for
such a purpose. An introduction and historical survey is included.

1 Intro duction and historical survey

Computers have had a twofold impact on the scienceof aerodynamics. On the one hand numerical simulation
may be usedto gain new insights into the physicsof complex o ws. On the other hand computational methods
can be used by engineersto predict the aerodynamic characteristics of alternativ e designs. Assuming that
one has the ability to predict the performance, the question then arises of how to modify the design to
improve the performance. This paper is addressedto that question.

Prior to 1960 computational methods were hardly usedin aerodynamic analysis. The primary tool for
the developmert of aerodynamic con gurations was the wind tunnel. Shapeswere tested and modi cations
selectedin the light of pressure and force measuremerns together with o w visualization techniques. Com-
putational methods are now quite widely acceptedin the aircraft industry. This has beenbrought about by
a combination of radical improvemerts in numerical algorithms and contin uing advancesin both speedand
memory of computers.

If a computational method is to be useful in the design process,it must be based on a mathematical
model which provides an appropriate represertation of the signi cant features of the ow, such as shock
waves, vortices and boundary layers. The method must also be robust, not liable to fail when parameters
are varied, and it must be able to treat useful con gurations, ultimately the complete aircraft. Finally
reasonableaccuracy should be attainable at reasonablecost. Much progresshasbeenmadein thesedirections
(Murman and Cole, 1971; Jameson,1974;1987;Jamesorand Caughey, 1977;Bristeau et al., 1985; Jamesonet
al., 1981, 1986;Ni, 1982;Pulliam and Steger, 1985; MacCormack, 1985). In many applications wherethe ow
is unseparated, including designsfor transonic o w with weak shock waves, useful predictions can be made
quite inexpensively using the potential o w equation (Murman and Cole, 1971;Jameson,1974; Jamesonand
Caughen, 1977; Bristeau et al., 1985). Methods are also available for solving the Euler equations for two-
and three-dimensional con gurations up to a complete aircraft (Jamesonet al., 1981, 1986; Ni, 1982; Pulliam
and Steger, 1985; MacCormack, 1985; Jameson,1987). Viscous simulations are generally complicated by the
needto allow for turbulence: while the Reynolds averaged equations can be solved by current methods, the
results depend heavily on the choice of turbulence models.

Given the range of well proven methods now available, one can distinguish objectivesfor computational
aerodynamics at seeral levels:

1. Capability to predict the o w past an airplane or important componerts in di erent igh t regimessuc
astake-o or cruise, and o design conditions such as utter.

2. Interactiv e design calculations to allow rapid improvemert of the design.
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3. Automatic design optimization.

Substantial progress has been made toward the rst objective, and in relatively -simple casessuch as
an airfoil or wing in inviscid ow, calculations can be performed fast enough that the second objective is
within reach. The third objective has also been addressedfor various special cases. In particular it has
beenrecognizedthat the designergenerally has an idea of the kind of pressuredistribution that will lead to
the desired performance. Thus it is useful to consider the problem of calculating the shape that will lead
to a given pressure distribution. Such a shape does not necessarily exist, unlessthe pressure distribution
satis es certain constraints, and the problem must therefore be very carefully formulated: no shape exists,
for example, for which stagnation pressureis attained over the ertire surface.

The problem of designing a two dimensional prole to attain a desired pressure distribution was rst
studied by Lighthill, who solved it for the caseof incompressible o w by conformally mapping the prole to
a unit circle (Lighthill, 1945). The speedover the prole is

g= =h (1.1)

where is the potential for ow past a circle, and h is the modulus of the mapping function. The solution
for is known for incompressible ow. Let qq be the desired surface speed; Then the surface value of h can
be obtained by setting q = gq¢ in equation (1.1), and since the mapping function is analytic, it is uniquely
determined by the value of h on the boundary. A solution exists for a given speedq; at in nit y only if

+ ]{ W = (1.2)

and there are additional constraints on q if the pro le is required to be closed.

Lighthill's method was extended to compressible o w by McFadden (1979). Starting with a given shape,
and a corresponding mapping function h(®, the ow equations can be solved for the potential (?, which
now depends on h®. A new mapping function h is then determined by setting q = g in equation (1),
and the processis repeated. In the limiting caseof zero Mach number the method reducesto Lighthill's
method, and McFadden gives a proof that the iterations will converge for small Mach numbers. He also
extends the method to treat transonic o w through the introduction of articial viscosity to suppressthe
appearance of shock waves, which would causethe updated mapping function to be discontinuous. This
di cult y canalso be overcomeby smoothing the changesin the mapping function. Such an approach is used
in a computer program written by the author for Grumman Aerospace. It allows the recovery of smooth
pro les that generate o ws containing shock waves,and it hasbeenusedto designimproved blade sectionsfor
propellers (Taverna, 1983). A related method for three dimensional design was devised by Garabedian and
McFadden (1982). In their schemethe steady potential o w solution is obtained by solving an arti cial time
dependert equation, and the surface is treated as a free boundary. This is shifted according to an auxiliary
time dependert equation in such a way that the ow evolvestoward the speci ed pressuredistribution.

Another way to formulate the problem of designing a prole for a given pressure distribution is to
integrate the corresponding surface speed to obtain the surface potential. The potential o w equation is
then solved with a Diric hlet boundary condition, and a shape correction is determined from the calculated
normal velocity through the surface. This approach was rst tried by Tranen (1974). Volpe and Melnik
(1986)have shown how to allow for the constraints that must be satis ed by the pressure distribution if a
solution is to exist . The sameidea has beenused by Henne (1980) for three-dimensional design calculations

The hodograph transformation o ers an alternativ e approach to the design of airfoils in transonic o ws.
Garabedian and Korn (1971) achieved a striking successin the design of airfoils to produce shock-free
transonic o ws by using the method of complex characteristics to solve the equations in the hodograph
plane. Another design procedure has been proposed by Giles, Drela and Thompkins (1985), who write
the two-dimensional Euler equations for inviscid ow in a streamline coordinate system, and use a Newton
iteration. An option is then provided to treat the surface coordinates as unknowns, while the pressureis
xed.

Finally, Hicks and Henne (1979) have explored the possibility of meeting desired design objectives by
using constrained optimization. The con guration is specied by a set of parameters, and any suitable
computer program for ow analysis is used to evaluate the aerodynamic characteristics. The optimization
method then selectsvalues of these parameters that maximize somecriterion of merit, such asthe lift-to-drag



ratio, subject to other constraints such as required wing thickness and volume. In principle this method
allows the designerto specify any reasonable design objectives. The method becomesextremely expensive,
however, asthe number of parameters is increased,and its successfulapplication in practice depends heavily
on the choice of a parametric represertation of the con guration.

The purpose of this paper is to proposethat there are benets in regarding the design problem as a
control problem in which the control is the shape of the boundary. A variety of alternativ e formulations
of the design problem can then be treated systematically by using the mathematical theory for control of
systems governed by partial di eren tial equations (Lions, 1971). Supposethat the boundary is de ned by
a function f(x), where x is the position vector. As in the caseof optimization theory applied to the design
problem, the desired objectiveis speci ed by a cost function I, which may, for example, measurethe deviation
from a desired surface pressuredistribution, but could also represert other measuresof performance such as
lift and drag. The introduction of a cost function has the advantage that if the objective is unattainable, it
is still possibleto nd a minimum of the cost function. Now a variation in the control bf leadsto a variation
bl in the cost. It is shown in the following sectionsthat bl can be expressedto rst order asan inner product
of a gradient function g with f

I=(g f)
Here g is independert of the particular variation f in the control, and can be determined by solving an ad
joint equation. Now choose

where is a su cien tly small positive number. Then

l=—-(g9<0

assuring a reduction in I. After making such a modi cation, the gradient can be recalculated and the process
repeated to follow a path of steepest descert until a minimum is reached. In order to avoid violating

constraints, such asa minimum acceptable wing thickness,the steps can be taken along the projection of the
gradient into the allowable subspaceof the control function. In this way one can devise design procedures
which must necessarily converge at least to a local minimum, and which might be accelerated by the use of
more sophisticated descert methods. While there is a possibility of more than one local minimum, the cost
function can be chosento reduce the likelihood of di culties causedby such a corntingency, and in any case
the method will lead to an improvemert over the initial design. The mathematical developmert resenblesin

many respectsthe method of calculating transonic potential o w proposedby Bristeau, Pironneau, Glowinski,

Periaux, Perrier and Poirier (1985), who reformulated the solution of the ow equations as a least squares
problem in control theory.

In order to illustrate the application of control theory to design problems in more detail, the following
sections present design procedures for three examples. Section 2 discussesthe design of two dimensional
pro les for compressiblepotential o w when the pro le is generated by conformal mapping. This leadsto a
generalization of the methods of Lighthill and McFadden. Section 3 discussesthe same problem when the
ow is governed by the inviscid Euler equations. Finally, Section 4 addressesthe three dimensional design
problem for a wing, assuming' the ow to be governed by the inviscid Euler equations. The procedures
which are preserted require the solution of seweral partial di eren tial equations at eact step. The question
of the most e cien t discretization of these equations is deferred for future investigation.

2 Design for potential o w using conformal mapping

Consider the caseof two dimensional compressibleinviscid ow. In the absenceof shock waves an initially

irrotational o w will remain irrotational, and we can assumethat the velocity vector q is the gradient of a
potential . In the presenceof weak shock wavesthis remains a fairly good approximation. Let , T and S
denote vorticit y, temperature and entropy. Then according to Crocco's Theorem, vorticit y in steady ow is
assaiated with entropy production through the relation

gx +TVS=0

Thus, the introduction of a potential is consistert with the assumption of isentropic o w, and shock waves
are modelled by isertropic jumps. Let p, , c and M be the pressure, density, speed of sound and Mach
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number g/c. Then the potential ow equation is

ViV =0 (2.1)
where the density is given by
= {1+ ;11\/|12(1_(f)}1= ' 2.2)
while
P= iz 2= _P (2.3)

Here M1 is the Mach number in the free stream, and the units have beenchosensothat p and q have the
value unity in the far eld. Equation (2.2) is a consequenceof the energy equation in the form

2 2

C
+ T = constant

-1 2

Suppose that the domain D exterior to the prole C in the z plane is conformally mapped onto the
domain exterior to a unit circle in the plane as sketched in Figure 1. Let R and be polar coordinates in
the plane, and let r be the inverted radial coordinate 1=R. Also let h be the modulus of the derivative of
the mapping function

dz
=13
Now the potential o w equation becomes
@ @ .
= +r—=(r =0inD 2.4
@( ) @( r) (2.4)
where the density is given by the equation (2.1). and the circumferential and radial velocity componerts are
2
r r<
= = 25
Uus - v=— (2.5)
while
o= u?+ v? (2.6)
The condition of ow tangency leadsto the Neumann boundary condition
_lo _
V—H@—OOHC (2.7)

In the far eld the potential is given by an asymptotic estimate, leading to a Diric hlet boundary condition
at r = 0(Jameson, 1974).
Supposethat it is desiredto achieve a speci ed velocity distribution gq on C. Intro duce the cost function

| = %/(q—qdfd 2.8)
C

The design problem is now treated as a control problem where the control function is the mapping modulus
h, which is to be chosento minimize | subject to the constraints de ned by the ow equations (2.2 - 2.7).



A modication h to the mapping modulus will result in variations , u, v and to the potential,
velocity components and density. The resulting, variation in the cost will be

[@-a) 29)
C
where on C g=u. Also
— @ h — 2 ro_y_
u=r H u e v=r P % h
while according to equations (2.2) and (2.6)
=V
u
Hence
= —Z(uu+vyv)
h r
Sho@hl TV

It follows that satis es

L= r 2 )

h
@ h
@ u? V2 @ u @
(D)8 2 g)g (D)3 58 o

Then if is any periodic di eren tiable function which vanishesin the far eld
/—2|_ ds :/ M 3V:V Nas (2.11)
D r D h

where dS is the area elemert rdrd , and the right hand side has beenintegrated by parts.
Now we can augmert equation (2.9) by subtracting the constraing (2.11). The auxiliary function then
plays the role of a Lagrange multiplier. Substituting for q and integrating the term

@
- —d

@[g—

/(q qd)q—d —/C @[—h }d
h

—/Dr—QL dS+/DM2V:VWdS

Now supposethat  satis es the adjoint equation

where

by parts we obtain

L =0inD (2.12)
With the boundary condition
@ _l@ [q—qd}
—=>-—|——| onC 2.13
Then integrating by parts
/ —2L ds = —/ r d
r
D (03
and
—/(q—qd)q—hd +/ M 2V:V s (2.14)
C h D h

Here the rst term represerts the direct e ect of the changein the metric, while the areaintegral represens
a correction for the e ect of compressibility.



Equation (2.14) can be further simplied to represert | purely as a boundary integral becausethe
mapping function is fully determined by the value of its modulus on the boundary. Set

dz .
log—=f +
ogd i
where q
z
f =log|——|=logh
oo| %] - o
and h
f = —
h
Then f satis es Laplace's equation
f=0inD

and if there is no stretching in the far eld, f — 0, Thus
f=0inD

and f — 0in the far eld.
Intro duce another auxiliary function P which satis es

P=M?3:V inD (2.15)

and
P=0onC (2.16)

Tehn the areaintegral in equation (2.14) is

@
Pde:/ f=_d —/P fds
/D C @ D

and nally
I = /g fd (2.17)
(03
where @
g= @—(q—qd)q (2.18)
Thus suggestssetting
f=-g

sothat if is asucien tly small positive number

I:—/QQd <0
C

Arbitrary variations f cannot, however, be admitted. The condition that f — 0 in the far eld, and
also the requirement that the prole should be closed, imply constraints which must be satis ed by f on the
boundary C. Supposethat log [3—2} is expanded as a power series

1

log [3—2} =y & (2.19)

n=0
where only negative powers are retained becauseotherwise 3—1 would becomeunbounded for large . The
condition that f — 0as — oo implies
Co=10

Also the changein z on integration around a circuit is

d .
Z:]{d_Zd =2 icy



sothe prole will be closedonly if
c1=0

On C equation (2.19) reducesto

1 1

fc+ic= Z(a” cosn + b, sinn )+ iz:(b1 cosn —a, sinn )

n=0 n=0
Thus a, and b, are the Fourier coe cien ts of f ¢, and these constraints reduce to
a=0 a=0 b=0

In order to satisfy these constraints we can project g on to the admissible subspacefor f¢ by setting

g=9g—Ao—Aicos —Bjsin (2.20)
where
Ao = 1 /gd
0 = —
2 C
1
A = —/gcos d (2.21)
C
B, = 1/gsin d
C
Then
[@-ou =0
(03
and if we take
f=—-—¢g

it follows that to rst order

I - /ggd=—/(g+g—g)gd=—/g2d<0
C (03 (03

If the ow is subsonic this procedure should converge toward the desired speed distribution since the
solution will remain smooth, and no unbounded derivativeswill appear. If, however, the ow is transonic,
one must allow for the appearanceof shock wavesin the trial solutions, even if gq is smooth. Then q— qq is
not di eren tiable. This dicult y can be circumvented by a more sophisticated choice of the cost function.

Consider the choice )
1 ds
':zl(l§+2(?)0d (222

where ; and - are parameters, and the periodic function S( ) satis es the equation

d’s
1S — 2z - 4~ (2.23)

Then
das d

l( 1S S+ T d S)d

d2
/CS( 1S— a5 S)d

/Sqd
C



Thus S replacesq — qq in the previous formulas, and if one modi es the boundary condition (2.13) to

@ 1@ (S)
—=-—|(-)onC 2.24
the formula for the gradient becomes
@

= — -8 2.25
9= @ —Sd (2.25)
instead of equation (2.18). Then one modi es f by a step — g in the direction of the projected gradient as
before.

The nal designprocefureis thusasfollows. Choosean initial pro le and corresponding mapping function
f. Then

1. Solve the ow equations (2.2-2.7) for ; u;v;q;

2. Solve the ordinary dieren tial equation (2.23) for S
3. Solve the adjoint equation (2.12) for  subject to the boundary condition (2.24)
4. Evaluate @
= —-S
g @ q
on C, and nd its projection g onto the admissible subspaceof variations according to equations (2.20)
and (2.21)
5. Correct the boundary mapping function fc by
f=—-¢

and return to step 1.

3 Design for the Euler equations using conformal manning

This section treats the caseof two dimensional compressible o w where the potential o w equation is replaced
asa mathematical model by the inviscid Euler equations. Let p; ; u;v;Eand H denote the pressure,density,
Cartesian velocity componerts, total energy and total enthalpy. For a perfect gas

p=( -1 {E—%(u2+v2)} 3.1)
and
H=E+p 3.2
where is the ratio of specic heats. The Euler equations may then be written as
@ o @
-+ —+ ==0 3.3
e e’ @ 53
where x and y are Cartesian coordinates, t is the time coordinate and
v
- u P u+p |. _ uv
W= v it = uv 9= vi+p (3.4)
E uH v H

As in-the previous section, supposethat the domain D exterior to the prole C in the z plane is mapped
conformally onto the domain exterior to a unit circle in the plane (seeFigure 1). Assume also that the
outer boundary B of the domain is very far from the prole. Let the derivative of the mapping function be

3—2 = he' (3.5)



Also let r and be polar coordinates in the a plane, where in this caseit is more conveniert to take r asthe
true radial coordinate denoted by R in the previous section, and 0 is measuredin the clockwise direction.
De ne the rotation parameters

c=co§ — ); s=sin( — ) (3.6)
and rotated velocity components
Uul_|s —-c u
b
Then the Euler equations become
@ 2 @ @
—(rh*w) + =(hF)+ —<(rhG) =0 3.8
@( ) @( ) @( ) (3.8)
where
U Y,
_ u . _ Uu+sp | . _ V v+ cp
W=y k= Uv—cp |’ F= V v+ sp (3.9)
E UH V H

Then the ow is determined as the steady state solution of equations (3.8) and (3.9), subject to the ow
tangency condition

V=0onC (3.10)
At the far eld boundary B conditions can be specied for incoming waves, while outgoing waves are
determined by the solution.

In contrast to the caseof potential o w, the pressureis not determined solely by the speed, and assuming
that one wishesto control the surface pressuredistribution, a suitable cost function is

=3 / (P pa)’d (3.11)
C

where pq is the desired pressure. A modi cation to the mapping function will in uence equation (3.8) and
(3.9) through changes h and in both the modulus and argument of %, nally lead to a variation in the
cost function

| = / (P po) pd (3.12)
C

where p is the variation of the pressure
Now the mapping variations causevariations in the rotation parameters

S = C C = _s
(hs) = sh+c (ho) = ch—hs (3.13)
De ne the Jacobian matrices ;
A= —; B = _g
w w (3.14)
C=sA—-cB; D=cA+ sB
Then the variation w in w satis es
@ @ @
—(hC w)+ —(rhD w)= ——(F h+ hG — —r1(G h—-hF 3.15
( ) @( ) @( ) @ ( ) (3.15)
Also
V=conC (3.16)

At the outer boundary there will be no variation in characteristic variables corresponding to incoming waves.
If we take the outer boundary B at a xed radius, incoming waves correspond to negative eigervalues of D.
Supposethat D is represerted asT T !, where is a diagonal matrix containing its eigervalues, and the
columns of T are eigervectors of D. De ne

w=T "~ w



and w asthe componerts of w corresponding to negative eigervalues of T. Then
w =0onB (3.17)

Since w satis es the constraint (3.15), we can replace equation (3.12) by

_ T @ @
| = /C(p—pd) nd —//D {@(hc w) + 2(rhD w)}drd

T @ @
—//D {@(F h+hG )+ Zr(G h—hF )}drd

where the vector is a Lagrange multiplier, and the superscript T denotesthe transpose. Supposethat
is the steady state solution of the adjoint equation

(3.18)

@ T @ T@ _ .
6_6 @—rD 6—0|nD (3.19)

At the outer boundary B conditions can bespeci ed for incoming waves, corresponding to positive eigervalues
of DT=T ' T7. Dene
~_ -I-T

and ~ asthe corresponding components of ~ corresponding to positive eigenvalues of D. Then we can set

~t=0onB (3.20)

If we integrate equation (3.18) by parts the contribution

/rhTDWd=/rh~ wd
B B

vanishesbecauseof the complemertary boundary conditions (3.17) and (3.20) satised by W and ~ at the
outer boundary. If h and decay fast enoughin the far eld the contribution

/r(G h—hF )d
B

will also be negligible. Thus we nd that

|:/(p—pd) pd +/ "(hD w+gh—hF )d +1J
C

C

where
J=/ {(FT +G'r /) h+(G" —F'r )h }drd (3.21)
D
Also
0 0
_ _ cp (hc)
hD w+ Gh-hF = (hG)=h sp +p (hs)
0 0

Thus using the relations (3.13)

| = /(p—pd) pd+/(c2+s3) phd +/p(c2+s3) hd
C C C

—/p(s 2—C 3) hd +1J
C

Now let  satisfy the boundary condition

h(c 2+ s 3)= —(p—pa) ONC (3.22)
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Then
= —/(p—pd)p%d —/(s 2—C 3)ph d +1J (3.23)
C C

Finally we can usethe fact that the mapping function is fully determined by its boundary value to reduce

J to a boundary integral. Set

Iogg_2=f+i

where d
f = Iog‘d—z‘ = logh

and h
f:F

Also f and separately satisfy Laplace's equation
f=0; =0
and jointly they satisfy the Cauchy Riemann equations
f =r; = —rf,;

Let the auxiliary function P satisfy the equation

P=h(F" +G'r ,)inD (3.24)
and the boundary condition
P=0onC (3.25)
Also let the auxiliary function Q satisfy the equation
Q=h(G" —F'r ;)inD (3.26)
and the boundary condition
% = hp(s 2+ ¢c 3)onC (3.27)
Then
J = //(Pf+ Q )drd
D
@ @ }
f—+hp(s 2+cC 3) —Q—= d
@ @ }
= f=—+hp(s 2+¢Cc 3)—Q—= f > d
Thus nally
| = / gfd (3.28)
C
where ® @
== + = _(p— 3.29
9=a‘te (P — pa)p (3-29)

As in the previous section, an appropriate modi cation of f is

f=—-—¢g

where g is the projection of g onto the admissible subspaceof variations de ned by equations (2.20) and
(2.21), and is a sucien tly small positive number. Then

I:—/g2d <0
C

11



If the ow is transonic, shock wavesare likely to be formed, and again it may be desirable to use a more
sophisticated cost function to produce a smooth shape change. In this casewe can set

1 dsi?
| = E/C { \S2+ g[d—} ]d (3.30)

where ; and  are positive parameters, and the periodic function S( ) satis es the equation

d2
1S — 297 P —Pd (3.31)

Then
ds d

£(188+ gd—d—S)d
/S( . S)d
C
= /Spd
C

Thus S replacesp — pq in the previous formulas. If one modi es the boundary condition (3.22) to

h(c 2+s 3)= -SonC (3.32)
the formula for gradient becomes
@
= —+—-S8 3.33
=g e °° (3:33)

instead of equation (3.29), and an appropriate modi cation of f is again — &
The nal design procedure using the Euler equations is thus as follows. Choose an initial prole and
corresponding mapping function f. Then

1. Solve the ow equation (3.8) for w by integrating to a steady state.
2. Solve the ordinary dieren tial equation (3.31) for S.

3. Solve the adjoint equation (3.19) with the boundary conditions (3.20) and (3.32) for integrating to
a steady state.

4. Solve the auxiliary Poissonequations (3.24) and (3.26) for P and Q.

5. Evaluate @ @
= —+ — _— 8§
on C, and nd its projection g onto the admissible subspaceof variations according to equations (2.20)
and (2.21).

6. Correct the boundary mapping function fc by
f=—g

where > 0, and return to step 1.

4 Wing design using the Euler equations

In order to illustrate further the application of control theory to aerodynamic design problems, this section
treats the caseof three-dimensional wing design, again using the inviscid Euler equations asthe mathematical
model for compressible o w. In this caseit provesconveniert to denote the Cartesian coordinates and velocity
components by X1;X2;Xsanduy; uz; us, and to usethe convention that summation overi = 1to 3is implied
by a repeated index i. The three-dimensional Euler equations may then be written as

@,08 _, (4.2)

@ o

12



where

ui
w = uo 4.2)
us
E
and
U1 u o us
u?+p U 2Uq U sUs
fi= u U2 ;o fa= U%"’D ;o fa= u 3Uz
U 1Us U 2Us u §+ p
u1E u-qE u 3E
Also
u?
p=( -1 (E-3) H=E+p (4.3)
Consider a transformation to coordinates X 1; X 2; X3 where
@i 1_ @,
Hi = =——; J=det(H); H, = — 4.4
1 @(j ( ) ij @j ( )
The Euler equations can now be written as
@v @
—+ —=—=0 4.5
@ e (4-5)
where
W=Jw;, Fi= J@_'fj (4.6)
J
De ne the contravariant velocity vector
U1 Uz
U [=H | u (4.7)
U3 Us
Then
Ui
Uiju; + @%p
Fi=1J Uius + —2' (4.8)
U i U3 + @—;
U

Assume now that the new coordinate system conforms to the wing in such a way that the wing surface By
is represerted by X2 = 0. Then the ow is determined as the steady state solution of equation (4.5) subject
to the o w tangency condition

U; = 0on By (4.9

At the far eld boundary, conditions can be speci ed for incoming waves as in the two-dimensional case,
while outgoing waves are determined by the solution.

Supposenow that it is desiredto control the surface pressureby varying the wing shape. It is convenient
to retain a xed computational domain. Variations in the shape then result in corresponding variations in
the mapping derivatives,de ned by H. Introduce the cost function

1
| = E/ (p— pa)?dX1dX s (4.10)
Bw

where pq is the desired pressure. A variation in the shape will causea variation by in the pressure and
consequetily a variation in the cost function

| = / / (P pa) pdX1dXs (@.11)
Bw
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Since p depends on w through the equation of state (4.3), the variation by can be determined from the
variation w. De ne the Jacobian matrices

A = %; Ci = Hj A (4.12)
Then @
@(i( i) (4.13)
where
Fi=C w+ (J %}I) fj (4.14)
and for any di eren tiable vector
T
@ Fav= / ni ' Fids (4.15)
o @i boundaries

where nyi;n2 and n3 are the components of a unit vector normal to the boundary. On the wing surface, B,
ni: = n3 = 0 and it follows from equation (4.9) that

0 0
@ @x
gf P (Jgf)
Fo=J gzz pl+p| (I gg) (4.16)
@s P (I82)
0 0
Supposenow that s the steady state solution of the adjoint equation
@ T @ .
— —C —=0inD 4.17
@ e “.17)

At the outer boundary incoming characteristics for  correspond to outgoing characteristics for w. Conse-
quently, asin the two-dimensional case,one can chooseboundary conditions for  such that

ni TCi w=0

If the coordinate transformation is such that (JH ') is negligible in the far eld, the only remaining

boundary term is
—// T FaodX,dX3
Bw

Let satisfy the boundary condition

@2 @2 @2
J ( + + ) = —(p— onB 4.18
&, 2 &, &, (P — pa) w ( )
Then, sinceit follows from equation (4.17) that
@ T
—C; wdV =0
q ©Xi
we nd that
@’ @X;
J—|fjdv
/D @ { @ } J
(4.19)

LA b

A convenient way to treat awing is to intro duce shearedparabolic coordinates through the transformation

R o s
X2 X3

x = 3{X®—(Y -8(X;2))*}
y = X(Y+S(X;2))
z = Z
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Figure 2:

Here x; y; z are Cartesian coordinates, and X and Y + S correspond to parabolic coordinates generated by
the mapping

X+ iy = %(X +i(Y + 8))?

at a xed span station Z. The surfaceY = 0 is a shallow bump corresponding to the wing surface, with a
height S(X;Z) determined by the equation

X +iS = /2(Xs + iys)

where xs(z) and ys(z) are coordinates of points lying in the wing surface. We now treat S(X;Z) as the
control.

In this case
X—=(Y+S)Sx —(Y+S) —(Y+9)S;
Y + S+ X Sy X XSz
0 0 1
while
J=X2+ (Y +S)?
and
1 X Y+S 0
H '= 2| «(Y+S+XSx) (X —(Y+S)Sx —-JS;
J
0 0 J
Also
J=2(Y+9S)S
and

0 S 0
(JH 1)=[—(S+X Sx) —(SSx +(Y+S)Sx) —(JSz+1J Sz)‘|
0 0 1

Inserting these formulas in equation (4.19) we nd that the volume integral in | is

/ Y Sfidv
D

—/ v{( S+ X Sx)f1+ ((SSx + (Y +S) Sx)fa+ (JISz +J Szfz)}dV
D

+/§Jdv
D
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where S and S are independert of Y. Therefore, integrating over Y, the variation of the cost function can
be reduced to a surface integral of the form

I = //(P(X;Z) S+ Q(X;Z) Sx + R(X;Z) Sz)dXdz
B

Also the shape change will be con ned to a bounded region of X-Z plane, so we can integrate by parts to

obtain @ ®

- - 8-8)

Thus to reduce | we can choose

where is sucien tly small and non-negative.
In order to imp osea thicknessconstraint we can de ne a baseline surface So(X;Z) below which S(X;2Z)
is not allowed to fall. Now we take
= (X;Z) asa non-negative function such that

S(X;Z)+ S(X;Z) > Su(S;Z)

Then the constraint is satis ed, while

|=//B (P—%—%fdngo

5 Conclusion

The purposeof the last three sectionsis to demonstrate by represertativ e examplesthat control theory can
be usedto formulate computationally feasible proceduresfor aerodynamic design. The cost of ead iteration
is of the sameorder astwo o w solutions, sincethe adjoint equation is of comparable complexity to the ow
equation, and the remaining auxiliary equations could be solved quite inexpensively. Provided, therefore,
that one can aord the cost of a moderate number of o w solutions, proceduresof this type can be usedto
derive improved designs. The approach is quite general, not limited to particular choices of the coordinate
transformation or cost function, which might in fact contain measuresof other criteria of performance such
aslift and drag. For the sake of simplicity certain complicating factors, such asthe needto include a special
term in the mapping function to generatea corner at the trailing edge,have beensuppressedfrom the presert
analysis. Also it remains to explore the numerical implementation of the design proceduresproposedin this
paper.
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