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. Intro duction

Sincethe present author rst becameinvolved in computational uid dynamics, around 1970, the land-
scape haschangeddramatically. At that time, panel methods had just comeinto use,and the world's fastest
super computer, the Control data 6600,had only 131000words of memory (about 1 megatyte). Prior to the
break-through of Murman and Cole [1970], no viable algorithms for computing transonic ow with shock
waveshad beendiscovered. By 1980the standard for super-computing was represerted by the Cray 1, which
achieved a performanceof about 100 mega ops, but at leastinitially it washard to obtain a Cray with more
than 128 megabytes of memory. At the presert time numerouslaptops are available with processingspeeds
of 2-3 gigaherz,and a gigabyte of memory, well beyond the power of the Cray XMP of the mid-eighties. In
fact the speedof the Intel microprocessorshasincreasedmore than one thousand fold in 17 years, between
the 803860f 1986and the current Pertium 4. These developmerts were unimaginable in 1970.

There have beenalmost equally dramatic advancesin algorithms, at least for someaerodynamic prob-
lems. Stemming in part from the pioneeringwork of Godunov,- many e ectiv e shock capturing algorithms
have beendeveloped. Moreover, whereasthe available methods for solving the steady state Euler equations
in 1980required 5000-10000terations to reach a reasonablelevel of corvergence,and none would corverge
completely to machine zero,” solutions of the Euler equationsfor o ws around airfoils can now be obtained
in 3-5 steps:” Thesedevelopmerts are reviewed by the author in an article for the Encyclopedia of Compu-
tational Mechanics.” Someproblems sud asthe prediction of transition and separation, or the formulation
of universal turbulence model, remain recalcitrant. Neverthelessthe combined advancesin software and
hardware have made it feasibleto tackle problems of many orders of magnitude greater complexity than
could contemplated 30 yearsago.

Evenat the outset, intelligent useof computational uid dynamics(CFD) could have animportant impact
on design, and the presen author has always recognizedthat the real challengewas not just to predict the
ow over a give shape, but to nd a superior shape, optimal accordingly to some useful criteria. In fact
the author's rst CFD program, Synl (July 1970) provided a complete solution to the inverseproblem of
designing an airfoil in ideal (irrotational and incompressible) o w which would produce a speci ed target
pressuredistribution. Stemming from discussionswith Malcolm James at Douglas Aircraft, the method
nds the conformal mapping which transforms a circle to the required airfoil. It is on extensionof Lighthill's
method, which is described by Thwaites,” as an incomplete solution becauseit requiresthe target velocity
to be speci ed in the circle plane. The input to Synl is the target pressureas a function of the arc length
s. Then sincethe potential alongthe prole is

z

= qds

and is known in the circle plane, the angle in the circle plane can be determined as a function of s by a
Newton iteration. If the target pressureis not realizable, Syn1 nds the shape which producesthe nearest
attainable pressuredistribution. Nowadays it runs on a laptop in lessthat ﬁ second.

By the late eighties, following someearly experiments by Hicks and Henne’ with the use of numerical
optimization for airfoil and wing design,the time seemedrip e to tackle the generalproblem of aerodynamic

Thomas V. Jones Professor of Engineering, Department of Aeronautics and Astronautics, AIAA Member.

Copyright ¢ 2004 by the American Institute of Aeronautics and Astronautics, Inc. The U.S. Government has a royalty-free
license to exerciseall rights under the copyright claimed herein for Governmental purp oses. All other rights are reserved by the
copyright owner.

1of 21

American Institute of Aeronautics and Astronautics Paper 2004-4369



shape optimization (ASO). After attending an ICASE workshopon o w cortrol in February 1980;it occurred
to the author that control theory o ered an indirect route to ASO which could be for more e cien t than the
methods that had beenpreviously tried. The author subsequetly discoveredthat the idea of using cortrol
theory for shape optimization had also beenexplored by Pironneau for elliptic equations.

Control theory for partial di erential equations,wherethe control takesthe form of boundary movemert,
is a natural extensionof the calculus of variations, which enablesthe in nitely dimensional (Frechet) deriva-
tive of a cost function with respect to the shape to be determined by the solution of an adjoint equation.
This gradient information canthen be usedto improve the shape, and the processcan be repeated until the
shape corverges. With this approach one doesnot think in terms of a number of design parametersin the
range of 10-100. Rather the shape is treated as a free surface, which might be represeried in the discrete
model by the surface mesh points, or an expansionin an appropriate set of basis functions. In the case
of airfoil designone can, for example, describe the pro le by the Fourier coe cien ts corresponding to the
Laurent serieswhich de nes the conformal mapping to a circle.

The theory of control of linear PDEs is formulated in the classic work of Lions.” The extension to
nonlinear PDEs with possibly discortin uous solutions raises some di cult  issues, some of which remain
open. However, the author derived the necessaryadjoint equationsboth for transonic potential o w and the
Euler equationsin 1988, and developed software for airfoil designin transonic potential o w later that year.
The rst numerical result was published in 1989."” A preliminary Euler adjoint code was also developed
(Syn82), and support was obtained from the AFOSR to pursue the concept further. One of the issuesto
be explored was whether it is better to derive the adjoint PDE in continuousform from the PDE describing
the ow and then discretizeit, ( the \continuous adjoint” method) or to discretize the o w equations rst,
and then directly derive the discrete adjoint equations (the \discrete adjoint" method).

In the author's view it is important to derive the continuous adjoint equation to gain insight into the
equation's properties and the appropriate boundary condition. But the appropriate discretization should
certainly re ect the discretization of the ow equations. For example if one usesan upwind scheme, the
adjoint discretization appearsasa downwind scheme(in reality upwind for the wavesin the adjoint equation
which travel in the reversedirection). When a shock capturing schemewith non-linear limiters is used, the
discrete adjoint approach producesvery complicated discrete equations. In practice the cortin uous adjoint
approach has provedto be very e ectiv e, but it is sometimeseasierto treat the boundary conditions by the
discrete approad.

In 1993the author coded an adjoint solver for the three-dimensionalEuler equation (Syn87), and applied
it to wing design,using a global meshtransformation. In his thesis," under the author's supervision, James
Reuther developed techniquesto obtain the gradient with respect to shape changeswhen an arbitrary mesh
is subject to smooth perturbations. This decouplesthe adjoint method from the meshgenerationtechnique,
and enablesthe treatment of very complex con gurations using any body tted mesh. At the sametime
Syn87 was made available to NASA Ames, whereit was coupledwith NASA software for geometry control,
and played an important role in the HSR program.~ During the last decadethe adjoint method for shape
optimization has becomeincreasingly popular, and it hasbeensuccessfullyusedin a variety of applications.

This paper focusesmainly on the continuous adjoint approach. The adjoint system of equations has a
similar form to the o w equations,and hencethe numerical methods developed for the o w equations*
can be re-usedfor the adjoint equations. While the gradient information obtained from the adjoint solution
can be fed to any gradient basedseard procedure,it has proved very e cien t in practice to make repeated
small stepsin a direction de ned by a smoothing the gradient implicitly via a secondorder di erential
equation. This process,which guaranteesthe smoothnessof the sequenceof redesignedshapes, is equivalent
to rede ning the gradient in a Soholev space,and it acts as an e ectiv e preconditioner, often yielding the
optimum in 10-20designcycles.

It is alsoshown that with the cortinuousadjoint approacd (but not the discrete approad), it is possible
to derive the gradient directly from the adjoint solution and the surface motion, independent of the mesh
modi cation. This eliminates the needto evaluate volume integrals which depend on the meshperturbation.
If one wishesto obtain the pointwise gradient using an unstructured mesh, these integrals becomevery
expensive becausethe propagation of the meshdeformation hasto be calculated separatelyfor the de ection
of eadh surfacemeshpoint. Their elimination from the gradient thus opensthe way for shape optimization
using unstructured mesh.

Recerily wing planform parametershave beenincluded asdesignvariablesand the AerospaceComputing
Laboratory at Stanford University has successfullydesigneda wing which producesa speci ed lift with

2 of 21

American Institute of Aeronautics and Astronautics Paper 2004-4369



minimum drag, while meeting other criteria such aslow structure weight, su cien t fuel volume, and stability
and cortrol. Based on the promising results from our wing planform optimization strategy applied to
inviscid ow and from our viscous aerodynamic design techniques,“ ** we are now applying wing shape
and planform optimization methods to viscous o w in order to take into accourt the viscouse ects such as
shock/b oundary layer interaction, ow separation, and skin friction and eventually produce more realistic
designs:” The use of unstructured grid techniques hold considerable promise for aerodynamic design by
facilitating the treatment of complex con gurations without incurring a prohibitiv e cost and bottleneck in
meshgeneration. The computational feasibility of using unstructured meshedor designis essetially enabled
by the use of the continuous adjoint approac and the reducedgradient formulas.”* Represetativ e results
for complete con gurations are displayed in the nal section.

[I. Formulation of the optimization pro cedure

A. Gradien t Calculation

For the class of aerodynamic optimization problems under consideration, the design spaceis essetally
in nitely dimensional. Supposethat the performanceof a systemdesigncan be measuredby a cost function
I which dependson a function F (x) that describesthe shape,whereunder a variation of the design F (x),
the variation of the costis |. Now supposethat | canbe expressedo rst order as

z
I =  G(x) F(x)dx
where G(x) is the gradient. Then by setting
FO)=  GX)
one obtains an improvemert 7
| = GA(x)dx

unlessG(x) = 0: Thus the vanishing of the gradient is a nhecessarycondition for a local minimum.
Computing the gradient of a cost function for a complex system can be a numerically intensive task,
especially if the number of design parametersis large and the cost function is an expensiwe evaluation. The
simplest approach to optimization is to de ne the geometry through a set of design parameters, which may,
for example, be the weights ; applied to a set of shape functions B;(x) sothat the shape is represered as

X
F(x) = iBi (x):

Then a cost function | is selectedwhich might be the drag coe cien t or the lift to drag ratio; | is regarded
asa function of the parameters ;. The sensitivities -2- may now be estimated by making a small variation
i In eact designparameterin turn and recalculating'the ow to obtain the changein |. Then
@ I+ ) 10w,
@; [ '

The main disadvantage of this nite-di erence approach is that the number of ow calculations needed
to estimate the gradient is proportional to the number of design variables.”= Similarly, if one resorts to
direct code di erentiation (ADIF OR~'<"), or complex-variable perturbations, <> the cost of determining the
gradient is also directly proportional to the number of variables usedto de ne the design.

A more cost e ectiv e technique is to compute the gradient through the solution of an adjoint problem,
such asthat developedin references.” “"“° The essetial ideamay be summarizedasfollows. For o w about
an arbitrary body, the aerodynamic properties that de ne the cost function are functions of the ow eld
variables (w) and the physical shape of the body, which may be represertied by the function F. Then

I =1 (w;F)
and a changein F results in a changeof the cost function

T T
|:Qw+@;|::

@v @
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Using a technique drawn from cortrol theory, the governing equations of the oweld are introduced as
a constraint in such a way that the nal expressionfor the gradient does not require reewaluation of the
oweld. In order to achieve this, w must be eliminated from the above equation. Suppose that the
governing equation R, which expresseghe dependenceof w and F within the ow eld domain D, can be
written as

R(w;F) = 0 (1)
Then w is determined from the equation
@r @R
R= — w+ — F=0
@v o
Next, introducing a Lagrange multiplier , we have
CcH @' T @R @r
Il = — w+ — F — w+ — F 2
o' @ o & @)
With somerearrangemen
T T
| = @; T @ W + @; T @ F:
@v @v G2 G
Choosing to satisfy the adjoint equation
@' _a@
& == 3)
@v @v
the term multiplying w can be eliminated in the variation of the cost function, and we nd that
| =GF;
where
G= g T @
o G2

The advantageis that the variation in costfunction is independent of w, with the result that the gradient of
| with respectto any number of designvariablescan be determined without the needfor additional o w- eld
evaluations.

In the casethat (1) is a partial di erential equation, the adjoint equation (3) is also a partial di eren tial
equation and appropriate boundary conditions must be determined. It turns out that the appropriate
boundary conditions depend on the choice of the cost function, and may easily be derived for cost functions
that involve surface-pressurdantegrations. Cost functions involving eld integrals lead to the appearanceof
a sourceterm in the adjoint equation.

The cost of solving the adjoint equation is comparable to that of solving the ow equation. Hence,
the cost of obtaining the gradient is comparableto the cost of two function evaluations, regardlessof the
dimension of the designspace.

1. Design using the Euler Equations

The application of cortrol theory to aerodynamic design problems is illustrated in this section for the
caseof three-dimensional wing design using the compressibleEuler equations as the mathematical model.
The extension of the method to treat the Navier-Stokes equations is preserted in references.” " It
proves corveniert to denote the Cartesian coordinates and velocity componerns by x1, X2, X3 and ug, Uy,
uz, and to usethe converntion that summation overi = 1 to 3 is implied by a repeatedindex i. Then, the
three-dimensional Euler equations may be written as

@ @ _ . . .
6+@_0 in D; 4)
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where

Uijuz+ pi2 %)
UiU3+pi3§
E ' uiH

and j is the Kronecker delta function. Also,
1 2 .
p=( 1) E 5 uj , (6)
and

H=E+p (7)

where is the ratio of the speci c heats.
In order to simplify the derivation of the adjoint equations,we map the solution to a xed computational
domain with coordinates 1, », 3 where

@
Q@

@i

Kij = @j;

; J=det(K); Kyt=
and
S=JK %

The elemens of S are the cofactorsof K, and in a nite volume discretization they are just the face areas
of the computational cells projected in the x1, X, and x3 directions. Using the permutation tensor j x we
can expressthe elemeris of S as

1 @&p Xq
S = =, . =P4. 8
' 2M e, @, ©
Then
@, _ 1 OX @&, G O
@i : 2 s @r@i @s @r @s@i
= O 9)
Also in the subsequen analysis of the e ect of a shape variation it is useful to note that
S = @P @(Q.
S, = @P @(Q.
2T Mg @,
@p &q
S3 = jpg—=—— 10
97 IMe, @ (10)
Now, multiplying equation(4) by J and applying the chain rule,
@v
J—+R(w)=0 11
a (w) (11)
where @ @
R(w) = Sij@]_= @(Sijfj); (12)
| I
using (9). We can write the transformed uxes in terms of the scaledcontravariant velocity componerts
U = Sij Uj
5o0f 21
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as 2 3
i
Uiui+ Siip
Fi=Sjfj=8 Uju,+ Sizp
Uius + Siap
UiH

For convenience,the coordinates ; describingthe xed computational domain are chosenso that eath
boundary conformsto a constart value of one of these coordinates. Variations in the shape then result
in corresponding variations in the mapping derivatives de ned by Kj . Supposethat the performanceis
measuredby a cost function 7 7

| = M (w;S)dB + P (w;S)dD ;
B D

containing both boundary and eld cortributions wheredB and dD are the surfaceand volume elemers in
the computational domain. In general,M and P will depend on both the ow variablesw and the metrics
S de ning the computational space. The design problem is now treated as a cortrol problem where the
boundary shape represerts the cortrol function, which is chosento minimize | subject to the constraints
de ned by the ow equations (11). A shape change producesa variation in the ow solution w and the
metrics S which in turn produce a variation in the cost function

z z
| = M (w;S)dB + P(w;S)dD : (13)
B D
This can be split as
= 1+ Iy; (14)
with
M = [M w]| w+ My,
P = [Pw], W+ Py; (15)

where we continue to usethe subscripts| and Il to distinguish betweenthe contributions assaiated with
the variation of the ow solution w and those asswiated with the metric variations S. Thus [M ], and
[Pw], represen % and % with the metrics xed, while M |, and P;, represern the contribution of the
metric variations Sto M and P.

In the steady state, the constraint equation (11) speci es the variation of the state vector w by

R = @@? Fi=0 (16)
Herealso, R and F; can be split into cortributions assaiated with w and S using the notation
R = R+ Ry
Fi = [Fiw], w+ Fiy: (17)
where
[Fiwl = Sj %

Multiplying by a co-statevector , which will play an analogousrole to the Lagrangemultiplier introduced
in equation (2), and integrating over the domain produces
z
T — N
— FdD =0 18
@ (18)
Assumingthat s di erentiable, the terms with subscript | may be integrated by parts to give
Y4 Y4 @T Z

n T F dB —— F;,dD + T RydD =0 (19)
B b @; D
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This equation results directly from taking the variation of the weak form of the o w equations, where s
taken to be an arbitrary di erentiable test function. Sincethe left hand expressionequalszero, it may be
subtracted from the variation in the cost function (13) to give

z z

I = 1y T R, dD M, n T F, dB
D B

T
+ P, + @ Fi, dD: (20)
D i
Now, since is an arbitrary dierentiable function, it may be chosenin such a way that | no longer
depends explicitly on the variation of the state vector w. The gradient of the cost function can then be
evaluated directly from the metric variations without having to recompute the variation w resulting from
the perturbation of eath designvariable.
Comparing equations (15) and (17), the variation w may be eliminated from (20) by equating all eld
terms with subscript\1" to produce a di erential adjoint system gaoverning
@’ .
——I[Fiwl; + [Pw]i =0 inD: (21)
@i
Taking the transpose of equation (21), in the casethat there is no eld integral in the cost function, the
inviscid adjoint equation may be written as

@ :
C' = =0 inD; 22
' @ (22)
where the inviscid Jacobian matrices in the transformed spaceare given by
av’
The corresponding adjoint boundary condition is produced by equating the subscript \ 1" boundary terms
in equation (20) to produce

Ci = Sij

ni T[Fiw] = Ml onB: (23)

The remaining terms from equation (20) then yield a simplied expressionfor the variation of the cost
function which de nes the gradiert Z
= 1, + T R, dD ; (24)
D
which consistspurely of the terms containing variations in the metrics, with the ow solution xed. Hence
an explicit formula for the gradient can be derived oncethe relationship between mesh perturbations and
shape variations is de ned.

The details of the formula for the gradient depend on the way in which the boundary shape is parame-
terized as a function of the designvariables, and the way in which the meshis deformed as the boundary
is modi ed. Using the relationship betweenthe mesh deformation and the surface modi cation, the eld
integral is reducedto a surfaceintegral by integrating along the coordinate lines emanating from the surface.
Thus the expressionfor | is nally reducedto the form

z

= GFGdB
B

whereF represerts the designvariables, and Gis the gradient, which is a function de ned over the boundary
surface.

The boundary conditions satis ed by the ow equations restrict the form of the left hand side of the
adjoint boundary condition (23). Consequetly, the boundary cortribution to the cost function M cannot
be speci ed arbitrarily . Instead, it must be chosenfrom the classof functions which allow cancellation of
all terms corntaining w in the boundary integral of equation (20). On the other hand, there is no sud
restriction on the speci cation of the eld cortribution to the costfunction P, sincetheseterms may always
be absorbed into the adjoint eld equation (21) as sourceterms.
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For simplicity, it will be assumedthat the portion of the boundary that undergoesshape modi cations is
restricted to the coordinate surface , = 0. Then equations(20) and (23) may be simpli ed by incorporating
the conditions

nt=n3=0;, ny=1;, dB =d 1d 3;

sothat only the variation F, needsto be consideredat the wall boundary. The condition that there is no
ow through the wall boundary at , = 0 is equivalent to

U, = 0;
sothat
Uz =0

when the boundary shape is modi ed. Consequetly the variation of the inviscid ux at the boundary

reducesto
8 8 9
% 0 § O §
S23 § §

Since F, depends only on the pressure,it is now clear that the performance measureon the boundary
M (w; S) may only be a function of the pressureand metric terms. Otherwise, complete cancellation of the
terms containing w in the boundary integral would be impossible. One may, for example,include arbitrary
measuresof the forcesand momerts in the cost function, sincetheseare functions of the surface pressure.
In order to designa shape which will lead to a desired pressuredistribution, a natural choiceis to set
z

1
=5 (P po)°dS
B

TN ©

(25)

where pq is the desired surface pressure,and the integral is evaluated over the actual surfacearea. In the
computational domain this is transformed to
zZ
2.
(P Pa)iSzjd 1d 3;

NI =

Bw

where the quartit y p
1S2) = S8y

denotesthe face area corresponding to a unit elemen of face areain the computational domain. Now, to
cancelthe dependenceof the boundary integral on p, the adjoint boundary condition reducesto

nj=p Ppd (26)
where n; are the componerts of the surfacenormal

S
n = > .
iSai’
This amounts to a transpiration boundary condition on the co-state variables corresponding to the momen-

tum componerts. Note that it imposesno restriction on the tangential componert of at the boundary.
We nd nally that

z T
| = @ S; f;dD
zZ o @

(So1 2+ S» 3+ Spz 4)pd 1ds: (27)

Bw
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Here the expressionfor the cost variation depends on the mesh variations throughout the domain which
appear in the eld integral. However, the true gradient for a shape variation should not depend on the way
in which the mesh is deformed, but only on the true ow solution. In the next section we shonv how the
eld integral can be eliminated to produce a reducedgradient formula which dependsonly on the boundary
movemert.
IV. The Reduced gradient form ulation
Consider the caseof a meshvariation with a xed boundary. Then,
=0
but there is a variation in the transformed ux,
Fi=C w+ § fji

Here the true solution is unchanged. Thus, the variation w is due to the meshmovemert x at each mesh
point. Therefore

W=rw x=@_xj(= w )

@
and since @
— F = O'
@
it follows that @ @
—(Sjfj)= — (G w): 28
@i ( 1) J) @| ( | ) ( )
It is veri ed below that this relation holds in the generalcasewith boundary movemert. Now
z z
T RdD = T =c(w w)dD
D » @
= TCi(w w)dB
B
z @T
—©Cij(w w)dD: (29)
p @i
Here on the wall boundary
Cw= F; ng fj : (30)

Thus, by choosing to satisfy the adjoint equation (22) and the adjoint boundary condition (23), we reduce
the cost variation to a boundary integral which dependsonly on the surfacedisplacemet:

Z

| = T(Szjfj"‘CzW)dldg

zz Bv
(So1t 2+ S» 3+ Spz 4)pd1da: (31)
Bw

For completenesghe generalderivation of equation(28) is preserted here. Using the formula(8), and the
property (9)

2 (sify)
- 1@ @%@, &0
2@i Jpa s @r @s @r @s !
- 1 @%@, G @xq @
2 Ipa trs @r @s @r @s @i
1 @ @q @j

2T @ "Pas @
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1 e &
ijq e @s q@r @i

@ e)

@ e e .

Now express X, in terms of a shift in the original computational coordinates

+

Then we obtain ® @ o @@
@I( Sj fj) = @, paj rsi@—:@—jaji ko (33)

The term in @—@1 is
@ @0 6@
B @ e @;@-

Here the term multiplying 1 is

@p @q @j @p @q @j

"M @ @ @ @ @:@:
According to the formulas(10) this may be recognizedas

or, using the quasi-linear form(12) of the equation for steady ow, as

@:.

Slj @

The terms multiplying , and 3 are

@ &g @ @y @&Xq@ _ @1

M @,@, @ @ @:@: Sy @2

and

G @09 & @0 @1

M @, @ @ @; @: @ Sy @3

Thus the term in @—@1 is reducedto

@ @

= 5, ==
@ e
Finally, with similar reductions of the terms in @—@2 and @—@3, we obtain
@ @ @; @
= (Sif;)= = S =1 - —=(C: W
@i(uj) @ @ “ i(l )

aswasto be proved.

V. Optimization Pro cedure

A. The Need for a Sobolev Inner Pro duct in the De nition of the Gradien t

Another key issuefor successfuimplemenrtation of the continuous adjoint method is the choice of an appro-
priate inner product for the de nition of the gradient. It turns out that there is an enormousbenet from
the useof a modi ed Sobolev gradient, which enablesthe generation of a sequenceof smooth shapes. This
can be illustrated by consideringthe simplest caseof a problem in the calculus of variations.
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Supposethat we wish to nd the path y(x) which minimizes

Zb
| = F(y; yo)dx

a

with xed end points y(a) and y(b). Under a variation y(x),

& @
I = = oy 2y dx
) @ y @ y
= z % g% ydx
X
a
Thus de ning the gradient as
-& i@
@ dx@
and the inner product as
Zb
(u;v) = uvdx
a
we nd that
I'=(gy)
If we now set
y= 49; >0
we obtain a improvemert
= (g9 O

unlessg = 0, the necessarycond|t|on for a minimum.
Note that g is a function of y; y y ,

) 0_ 00,
g=9(y;y:y)
In the well known caseof the Brachistrone problem, for example, which calls for the determination of the
path of quickest descem betweentwo laterally separatedpoints when a particle falls under gravity,
s

Flyy) =

1+ y2
y

and . 0
1+y?%+ 2y
2(y(@ + y2))*?

It can be seenthat ead step

nn

yn+1 - yn g
reducesthe smoothnessof y by two classes. Thus the computed tra jectory becomeslessand lesssmooth,
leading to instabilit y.

In order to prevent this we can introduce a weighted Soholev inner product
z

hu;vi = (uv+ uovo)dx
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where is a parameter that cortrols the weight of the derivatives. We now de ne a gradient g suc that

I'= g yi
Then we have
Z
I = @y+ g y)dx
z
- @a
= @ @ @) ydx
= (Y
where @ @
@@’

and g = 0 at the end points. Thus g can be obtained from g by a smoothing equation. Now the step
yn+1 - yn ngn
givesan improvemen
I = nrgn ,gnl
but y"*! hasthe samesmoothnessasy", resulting in a stable process.
B. Sobolev Gradien t for Shape Optimization

In applying control theory to aerodynamic shape optimization, the use of a Sobolev gradient is equally
important for the presenation of the smoothness class of the redesignedsurface. Accordingly, using the
weighted Sobolev inner product de ned above, we de ne a modi ed gradient G such that

| =< G, F >

In the one dimensional caseG is obtained by solving the smoothing equation

G @_@1 @—@1G= G (34)
In the multi-dimensional casethe smoothing is applied in product form. Finally we set
F = G (35)
with the result that
| = <GG> <0

unlessG = 0, and correspondingly G= 0.
When second-ordercertral di erencing is applied to (34), the equation at a givennode, i, canbe expressed
as

G G 26+ G 1 =G; 1 i n

where G and G are the point gradients at node i before and after the smoothing respectively, and n is the
number of designvariables equal to the number of meshpoints in this case. Then,

G= AG
where A isthe n  n tri-diagonal matrix such that
2 3
1+ 2 0 : 0
Al= 0
0 1+ 2
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Using the steepest descem method in eact designiteration, a step, F, is taken sud that
F= AG (36)

As can be seenfrom the form of this expression,implicit smoothing may be regarded as a preconditioner
which allows the use of much larger steps for the seard procedure and leadsto a large reduction in the
number of designiterations neededfor convergence.

C. Outline of the Design Pro cedure

Flow Solution

IAdjoint Solution

Gradient Calculation
Repeat the Design Cycle
until Convergence

Sobolev Gradient

Shape & Grid
Modification

Figure 1. Design cycle

The designprocedurecan nally be summarizedas follows:

Solve the ow equationsfor , ug, uy, usz, p.

Solve the adjoint equationsfor  subject to appropriate boundary conditions.
Evaluate G and calculate the corresponding Soholev gradient G.

Project Ginto an allowable subspacethat satis es any geometric constraints.

Update the shape basedon the direction of steepest descen.

o o~ w N PF

Return to 1 until convergenceis reached.

Practical implementation of the design method relies heavily upon fast and accurate solvers for both
the state (w) and co-state ( ) systems. The result obtained in Section VI have been obtained using well-
validated software for the solution of the Euler and Navier-Stokes equations developed over the course of
many years: "~ % For inversedesignthe lift is xed by the target pressure. In drag minimization it is
also appropriate to x the lift coe cien t, becausethe induced drag is a major fraction of the total drag,
and this could be reducedsimply by reducing the lift. Therefore the angle of attack is adjusted during ead
ow solution to force a speci ed lift coe cient to be attained, and the in uence of variations of the angle
of attack is included in the calculation of the gradient. The vortex drag also dependson the span loading,
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which may be constrained by other considerationssuch as structural loading or bu et onset. Consequetly,
the option is provided to force the span loading by adjusting the twist distribution as well asthe angle of
attack during the o w solution.

VI. Case studies

A. Two dimensional studies of transonic airfoil design

When the inviscid Euler equations are usedto model the o w, the sourceof drag is the wage-dragdue to
shock waves. Accordingly, if the shape is optimized for minimum drag at xed lift, the best attainable result
is a shock-free airfoil with zero drag. By this criterion the optimum shape is completely non-unique, since
all shock-free pro les are equally good. The author's experience during the last 15 years has con rmed
that shock-free pro les can be obtained from a wide variety of initial shape, while maintaining a xed lift
coe cient and a xed thickness.

Recerily the author's two-dimensional Euler designcode Syn83 hasbeenusedto explore the attainable
limits of Mach numbersand lift coe cien t under which shock-free airfoils of a give thicknesscanbe attained.
When the design objectives are two extreme the performancetends to degradevery rapidly o the design
point, with strong double shocks typically appearing below the designpoint. Thus the boundary of shock-
free airfoil in the C;-Mach spaceis somewhatfuzzy. The study con rms, however, that for ten-percernt thick
airfoils one can attain benign shock-free shapesalong a boundary passingthrough C; :6 and Mach .78 and
C, :7 and Mach .77. The secondof these points is illustrated in gure 3. The boundary is shifted up asthe
thicknessis reduced. In fact the transonic similarity rule can be usedto nd progressiwely thinner pro les
which are shock-free at increasingMach number, asillustrated in gure 4.

11 T T T T T T T T T T T T T T
—*— Korn
—©- DLBA-243
1k RAE 2822 ||
—+— J78-06-10
G78-06-10
—— G70-10-13
09 A W100 M
W110
£ Cast7
0.8 GAW H
= G79-06-10
0.74+ 4
-
O
0.6 n
0.5 n
\
0.4 & —
0.3 n
! ! ! ! ! ! ! ! ! ! ! ! ! !

0.2
0.7 071 072 073 0.74 0.75 0.76 0.77 0.78 0.79 0.8 0.81 0.82 0.83 0.84 0.8
Mach number

Figure 2. Attainable shock-free solutions for various shap e optimized airfoils
Moreover, shock-free o w canbe attained with pro les that have no resenblanceto the typical at-topp ed

and aft-loaded super-critical section. It appears, howewer, that aft-loading, perhaps aided by a divergert
trailing edge,can help to extend shock-free o w to higher lift coe cien ts.
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Figure 3. Pressure distribution and Mac h contours for the DLBA-243 airfoil
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Figure 4. Transonic similarit y rule: M and C_ scale with thic kness ratio

B. B747 Euler planform result

The shape changesin the section neededto improve the transonic wing designare quite small. Howewer, in
order to obtain atrue optimum designlarger scalechangessuc aschangesin the wing planform (sweepbad,
span, chord, section thickness,and taper) should be considered. Becausethese directly a ect the structure
weight, a meaningful result can only be obtained by consideringa cost function that accours for both the
aerodynamic characteristics and the weight.

In references’ <" °° the cost function is de ned as
Z
1
I = 1Cp + 25 (P pa)’dS+ 3Cw;
B
where Cy % is a dimensionlessmeasure of the wing weight, which can be estimated either from

statistical formulas, or from a simple analysis of a represenativ e structure, allowing for failure modessuch
as panel buckling. The coe cient , is introducedto provide the designersomecortrol over the pressure
distribution, while the relative importance of drag and weight are represerted by the coe cients ; and ;.
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By varying theseit is possibleto calculate the Pareto front of designswhich have the least weight for a given
drag coe cien t, or the least drag coe cien t for a given weight. The relative importance of these can be
estimated from the Breguet range equation;

|

R Co 1 W,
_ = +
R Co  logyt W2 |
_ Co + 1 Cw -
CD Iog\\;\/v_; Chvgfef

Figure 5 shows the Pareto front obtained from a study of the Boeing 747 wing,”® in which the ow
was modeled by the Euler equations. The wing planform and section were varied simultaneously, with the
planform de ned by six parameters; sweepbad, span, the chord at three span stations, and wing thickness.
The weight wasestimated from an analysisof the sectionthicknessrequired in the structural box. The gure
also shows the point on the Pareto front when - is chosensud that the range of the aircraft is maximized.
The optimum wing, as illustrated in gure 6, has a larger span, a lower sweep angle, and a thicker wing
sectionin the inboard part of the wing. The increasein spanleadsto a reduction in the induced drag, while
the section shape changeskeepthe shock drag low. At the sametime the lower sweepangle and thicker wing
section reduce the structural weight. Overall, the optimum wing improves both aerodynamic performance
and structural weight. The drag coe cien t is reducedfrom 108 counts to 87 courts (19%), while the weight
factor Cy is reducedfrom 455 counts to 450 courts (1%).

Pareto front
0.052 T T T T T
0.05 B
x optimized section
with fixed planform baseline
0.048 o B
maximized range
X
0.046 i
S
o
0.044 X e
0.042 B
x = optimized section
and planform
0.04 . . i
X
0038 | | | | |
80 85 90 95 100 105 110

‘b (counts)

Figure 5. Pareto front of section and planform mo dications
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Figure 6. Superposition of the baseline (green) and the optimized section-and-planform (blue) geometries
of Boeing 747. The redesigned geometry has a longer span, a lower sweep angle, and thic ker wing sections,
impro ving both aero dynamic and structural performances. The optimization is performed at Mac h .87 and
xed C_ .42, where —i is chosen to maximize the range of the aircraft.

C. Super B747

In order to explore the limits of attainable performancethe B747 wing has beenreplaced by a completely
new wing to produce a \Super B747". An initial designwas created by blending supercritical wing sections
obtained from other optimizations to the optimum planform which wasfound in the planform study described
in the previous section. Then the RANS optimization code Syn107was usedto obtain minimize drag over
3 designpoints at Mach .78, .85, and .87, shown in gures 7 (a)-(c) with a xed lift coe cien t of .45 for the
exposedwing, corresponding to a lift coe cien t of about .52 when the fuselagelift is included. Becausethe
new wing sectionsare signi cantly thicker, the new wing is estimated to be 12,000pounds lighter than the
baselineB747 wing as shown in table 1. At the sametime the drag is reduced over the ertire range from
Mach .78 to .90 with a maximum bene t of 25 counts at Mach .87, as showvn in gure 7 (d). Figure 8 and
table 2 display the lift-drag polar at Mach .86. The drag coe cien t of the Super B747 is 142 courts at a
lift coe cien t of .5, whereasthe baselineB747 hasthe samedrag at a lift coe cien t of .45. This represerts
improvemert in L=D of more than 10 percert. In combination with the reduction in wing weight and an
increasein fuel volume due to the thicker wing section, this should lead to an increasein range which is
substartially more than 10 percert.
Table 1. Comparison between Baseline B747 and Super B747 at Mac h .86

CL Co Cw
counts counts
Boeing 747 .45 141.3 499
(107.0 pressure,34.3viscous) | (82,5501bs)
Super B747 .50 141.9 427
(104.8 pressure,37.1viscous) | (70,6201bs)
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B747 WING-BODY B747 WING-BODY

Mach: 0.780  Alpha: 2.683 Mach: 0.850  Alpha: 2.220

CL: 0.449 CD:0.01137 CM:-0.1369 CL: 0.449 CD:0.01190 CM:-0.1498

Design: 30 Residual: 0.1710E-02 1 Design: 30 Residual: 0.7857E-03 1
Grid: 257X 65X 49 Grid: 257X 65X 49

Tip Section: 92.5% Semi-Span
Cl: 0.453 Cd-001561 Cm:-0.2117

Tip Section: 92.5% Semi-Span
Cl: 0.462 Cd-0.01878 Cm:-0.2213

= Cp=20 - -

Root Section: 13.0% Semi-Span Mid Section: 50.6% Semi-Span Root Section: 13.0% Semi-Span Mid Section: 50.6% Semi-Span
Cl: 0.344 Cd:0.05089 Cm:-0.1171 Cl: 0569 Cd:0.00036 Cm:-0.2516 Cl: 0.335 Cd:0.05928 Cm:-0.1213 Cl: 0572 Cd:-0.00217 Cm:-0.2602

(a) Mach .78 (b) Mach .85

Cp=-20 = -
B747 WING-BODY

Mach: 0.870  Alpha: 1.997

CL: 0.449 CD:0.01224 CM:-0.1590

Design: 30 Residual: 0.3222E-03 1

Grid: 257X 65X 49

Drag rise at fixed CL
280 T T

Tip Section: 92.5% Semi-Span
Cl: 0.464 Cd:-0.02110 Cm:-0.2222

= Cp=-20 - -

CD (counts)

100 I I I I I I
0.78 0.8 0.82 0.84 0.86 0.88 0.9 0.92

Root Section: 13.0% Semi-Span Mid Section: 50.6% Semi-Span
Cl: 0.332 Cd:0.06246 Cm:-0.1273 Cl: 0574 Cd:-0.00334 Cm:-0.2674 Mach

(c) Mach .87 (d) Drag Vs. Mach number

Figure 7. (a)-(c): Super B747 at Mac h .78, .85, and .87 resp ectiv ely. Dash line represen ts shap e and pressure
distribution of the initial con guration. Solid line represen ts those of the redesigned con guration. (d): Drag
Vs. Mac h number of Super B747.
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Figure 8. Drag Polars of Baseline and Super B747 at Mac h .86. (Solid-line represen ts Sup er B747. Dash-line
represen ts Baseline B747.)

Table 2. Comparison of drag polar; B747 Vs. Super B747

Boeing 747 Super B747
CL Co CL Co
0.0045 94.3970 0.0009 76.9489
0.0500 82.2739 0.0505 67.8010
0.1000 74.6195 0.1005 64.6147
0.1501 72.1087 0.1506 65.5073
0.2002 73.9661 0.2006 69.4840
0.2503 79.6424 0.2507 76.0041
0.3005 88.7551 0.3008 84.9889
0.3507 101.5293 0.3509 95.6117
0.4009 118.0487 0.4010 106.9625
0.4512 141.2927 0.4510 121.7183
0.5014 177.0959 0.5010 141.8675
0.5516 228.1786 0.5512 175.2569
0.6016  298.0458 0.6014 222.5459

(Cp in courts)
Note equal drag of the baselineB747 at C, :45 and the Super B747 at C_ 5.
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D. Shape optimization for a transonic business Jet

The unstructured design method has also been applied to seweral complete aircraft con gurations. The
results for a businessjet are shavn in gures 9 (a) and (b). There is a strong shock over the out board wing
sectionsof the initial con guration, which is essetially eliminated by the redesign. The drag was reduced
from 235 counts to 215 counts in about 8 designcycles. The lift was constrained at 0.4 by perturbing the
angleof attack. Further, the original thicknessof the wing wasmaintained during the designprocessensuring
that fuel volume and structural integrity will be maintained by the redesignedshape. Thicknessconstraints
on the wing wereimposedon cutting planesalong the span of the wing and by transferring the constrained
shape movemert badc to the nodes of the surfacetriangulation.

(a) Baseline (b) Redesign

Figure 9. Densit y contours for a business jet at M = 0:8, = 2°

VI I. Conclusion

An important conclusion of both the two- and the three-dimensional design studies is that the wing
sectionsneededto reduce shock strength or produce shock-free ow do not needto resenble the familiar
at-topp ed and aft-loaded super-critical pro les. The sectionof almost any of the aircraft ying today, sud
as the Boeing 747 or McDonnell-Douglas MD 11, can be adjusted to produce shock-free ow at a chosen
design point. The accunulated experience of the last decade suggeststhat most existing aircraft which
cruise at transonic speedsare amenableto a drag reduction of the order of 3 to 5 percen, or an increase
in the drag rise Mach number of at least .02. These improvemers can be achieved by very small shape
modi cations, which are too subtle to allow their determination by trial and error methods. When larger
scalemodi cations sud as planform variations or new wing sectionsare allowed, larger gainsin the range of
5-10percert are attainable. The potential economicbene ts are substartial, consideringthe fuel costsof the
ertire airline eet. Moreover, if onewereto take full advantage of the increasein the lift to drag ratio during
the design process,a smaller aircraft could be designedto perform the sametask, with consequen further
cost reductions. Methods of this type will surely provide a basisfor aerodynamic designsof the future.
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