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A new com bination of a nite volume discretization in conjunction  with carefully
designed dissipativ e terms of third order, and a Runge Kutta time stepping scheme, is
shown to yield an eectiv e metho d for solving the Euler equations in arbitrary = geometric
domains. The metho d has been used to determine the steady transonic o w past an
airfoil using an O mesh. Convergence to a steady state is accelerated by the use of a
variable time step determined by the local Couran t mem ber, and the intro duction of a
forcing term prop ortional to the dierence between the local total enthalp y and its free
stream value.

In tro duction

HILE potential ow solutions have proved extremely useful for predicting transonic o ws with shock

wavesof moderate strength , typical of cruising igh t of long rangetransport aircraft. the approximation
of ignoring entropy changesand vorticit y production cannot be expected to give acceptableaccuracy when the
igh t speedis increasedinto the upper transonic range. There also appearsto be somedisturbing discrepancies
between consenative potential ow solutions and solutions of the Euler equations at quite moderate Mach
numbers, such asthe NACA 0012 airfoil at Mach .8 and an angle of attack of 1:25 [2] (possibly related to the
existenceof non-unique solutions of the transonic potential o w equation[3]).

The purposeof the presert work is to develop economicalmethods of solving the Euler equations, particularly
for steady ows, with the aim of reducing the computational cost to the point where they might be used as
an alternative to potential ow calculations for design work. Since it is desired that the methods should be
applicable to complex geometric con gurations, the nite volume formulation hasbeenusedto develop the space
discretization, allowing the useof an arbitrary grid. This hasthe additional advantage that calculations can be
performed on the samegrids as have beenusedfor potential o w calculations, sothat errors dueto the potential
0w assumption can be assessed.

The researt stemsfrom a visit by the rst author to the Dornier compary in August 1980. At that time
he substituted an alternativ e di erence scheme into a code for solving the Euler equations which had been
previously developed by Rizzi and Schmidt[4]. The new method retained the nite volume formulation of the
earlier method, but replacedthe MacCormadk scheme by a three state iterated certral di erence scheme for
advancing the solution at ead time step, comparableto the schemesof Gary[5] and Stetter[6]. A key feature
wasthe introduction of dissipative terms in a separate Iter stageat the end of eat time step. The magnitude
of the dissipative terms was adapted to the local properties of the o w by meansof a sensorbasedon the local
pressuregradien.
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The revised method was found to o er signi cant advantagesover the MacCormadk scheme. In particular
the results of a linear stability analysis indicates that the scheme is stable for Courant numbers up to 2 in
one dimensional problems, and that stability is maintained in multidimensional problemswith an appropriately
reducedtime step, without any need for splitting. These properties have been con rmed in practice, and the
scheme has been found in fact to be stable enoughto allow a variable time step at the limit set by the local
Courant number to be used throughout computational domains with very large variations in cell size. This
permits steady states to be reached in a few hundred time stepseven on 0 meshes,where the largest cells are
many million times the sizeof the smallestcellsclusteredat the trailing edge. The schemealsohasthe advantage
that by using certral dierences it treats the ow on the upper and lower sidesof the airfoil symmetrically on
0 and C meshes,whereasthe MacCormadk schemerequires logic to presene the samesequenceof upwind and
downwind di erencing on the two sidesof the airfoil.

The implementation of the three stagecertral di erence schemefor three dimensional o ws hasbeencarried
out by Rizzi and is described in a separatepaper[7]. In a concurrert e ort the presen authors have continued
an investigation of alternative two dimensional schemeswith the objective of nding answersto some of the
following questions:

1. What is the most e cien t time stepping scheme?
2. What is the optimal form of the dissipative terms?
3. What is the best way to treat the boundary conditions at the body and in the far eld?

4. How can corvergenceto a steady state be accelerated?
It is concluded:

1. that a fourth order Runge Kutta time stepping schemeis preferableto the three stage scheme.
2. that the dissipative terms should be constructed from an adaptive blend of secondand fourth di erences.

3. that the treatment of the boundary conditions in the far eld should be basedon the appropriate charac-
teristic combinations of variables.

4. that corvergenceto a steady state is signi cantly accelerated

(a) by using a variable time step at the maximum limit set by the local Courant number

(b) by adding a forcing term basedon the di erence betweenthe local total ernthalpy and its free stream
value (this implies that the energy equation must be integrated in time, and not eliminated in favor of
the steady state condition that the total erthalpy is constart, ashasbeenthe practice, in a number of
recernt applications [4,7,8].

Some numerical results supporting these conclusionsare preseried in the last section. Applications of the
method to practical aerodynamic problems are discussedin a companion paper, which addressegjuestionssuch
asthe inclusion of boundary layer corrections, treatment of the Kutta condition, and di erences betweenpotential
ow and Euler solutions[9].

Finite Volume Scheme

Let p, , u, v, E and H denote the pressure,density, Cartesian velocity componerts, total energy and total
erthalpy. For a perfect gas

E= P +%(u2+v2); H=g+" (1)

( 1
where is the ratio of speci ¢ heats. The Euler equationsfor two dimensional inviscid ow can be written in
integral form for a region with boundary @ as
zZ I
Q@ wdxdy + (fdy gdx)=0 (2)
@ @

where x and y are Cartesian coordinates and
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The discretization procedurefollows the method of Ilnes in decouplmg the approximation of the spatial and
temporal terms. The computational domain is divided into quadrilateral cells as in the sketch, and a system
of ordinary dierential equationsis obtained by applying equation (2) to ead cell separately The resulting
equations can then be solved by seweral alternativ e time stepping schemes.

Let the valuesof the quantities assaiated with ead cell be denoted by i,j. (These can be regardedas values
at the cell certer, or averagevaluesfor the cell). For eac cell equation (2) assumeshe form

L)+ aw=o0 @

where h is the cell area, and the operator Q represens an approximation to the boundary integral de ned by
the secondterm of (2). This is de ned asfollows. Let xyx and vy, be the incremerts of x and y along side k
of the cell, with appropriate signs. Then the ux balancefor, say, the x momertum componern, is represened
as

x4

Ghuy+ ™ Qcuet wpd=0 )
@ k=1
where h is the cell area, Qi is the ux velocity
Qk = YkUk Xk Pk (6)

and the sum is over the four sidesof the cell. Each quartity such asu; or (u); is evaluated as the averageof
the valuesin the cells on the two sidesof the face,

1 1
(u)= E(U)i;j + E(U)Hl:j )
for example. The schemereducesto a certral di erence schemeon a Cartesian grid, and is secondorder accurate
provided that the grid is smooth enough.
Dissipativ e Terms

To suppressthe tendencyfor odd and evenpoint decoupling,andto prevent the appearanceof wigglesin regions
cortaining sewere pressuregradients in the neighborhood of shock wavesor stagnation points, it provesnecessary
to augmert the nite volume scheme by the addition of arti cial dissipative terms, Therefore equation(4) is
replacedby the equation.

%(hw) +Qw Dw=0 8

whereQ is the spatial discretization operator de ned by equations(5-7),and D is a dissipative operator. Extensive
numerical experimernts have establishedthat an e ectiv e form for Dw is a blend of secondand fourth di erences
with coe cien ts which depend on the local pressuregradiert.
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The construction of the dissipative terms for ead of the four dependert variablesis similar. For the density
equation

D =Dy +Dy 9)

where Dy and Dy are corresponding cortributions for the two coordinate directions, written in consenation
form

DX = d|+ l] dl ;.j
2 2 10
Dy = dlj +% dl,j % ( )
The terms on the right all have a similar form:
hivgi "o n(4) ©
disyy = — i+%;j( i1 i) i+%;j( i+25 3+ + 3 i 1) (11)
where h is the cell volume, and the coe cien ts "@ and "® are adapted to the ow. De ne
- Piv1i 2P tPoag) (12)
I - - - - - B
D Py 2ipg i+ R 1]
Then
2
i(+)%;' = @ max( j+1 SRS ) (13)
and
4 w(2
i(+)%;j = max 0;( @ i(+)%;j) (14)

where typical valuesof the constarts @ and © are

@-1 @_- 1

4’ 256
The dissipative terms for the remaining equations are obtained by substituting u, v and either E or H for
in theseformulas.

The scalingh=t in equation (11) conformsto the inclusion of the cell areah in the dependen variables of
equation (8). Sinceequation (11) cortains undivided di erences, it followsthat if "@ = O( x2) and"® = O(1),
then the addedterms are of order x2. This will be the casein a region wherethe o w is smooth. Near a shock
wave "@ = O(1), and the schemebehaveslocally like a rst order accurate scheme.

It has beenfound that in smooth regions of the ow, the schemeis not su cien tly dissipative unlessthe
fourth dierences are included, with the result that calculations will generally not corverge to a completely
steady state. Instead, after they have reached an almost steady state, oscillations of very low amplitude cortinue
in de nitely (with & 103, for example). Theseappear to be induced by re ections from the boundariesof the
computational domain. Near shock wavesit hasbeenfound that the fourth di erences tend to induce overshaoots,
and therefore they are switched o by subtracting "® from © in equation (14).

Time Stepping Schemes

Stable time stepping methods for equation (6) can be patterned on standard schemesfor ordinary di eren tial
equations. Multistage two level schemesof the Runge Kutta type have the advantage that they do not require
any special starting procedure,in cortrast to leap frog and Adams Bashforth methods, for example. The extra
stagescan be usedeither

1. to improve accuracy, or

2. to extend the stability region.

An advantage of this approadc is that the properties of these schemeshave beenwidely investigated, and are
readily available in textb ooks on ordinary di erential equations.
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Consider a linear system of equations

dw
a+AW—O

Supposethat A can be expressedas A = T T ! where T is the matrix of the eigervectors of A, and s
diagonal. Then setting v =V 'w yields separateequations

d
— + =
at Vk k Vk 0

for eadh dependert variable vi. The stability regionis that region of the complex plane cortaining valuesof t
for which the schemeis stable. Consider now the model problem

@, @ @u

~—t+ta—+" x—5=0 15

@ ‘&’ ‘ee (13)
on a uniform meshwith interval x, with a dissipative term of order x. This can be reducedto a system of
ordinary di erential equationsby introducing certral-di erence approximations for @@ and %:

dy; a )
d_tj+ —X(Ui+l Ui 1)+ —X(Ui+l 2ui+ui 1)=0
Taking the Fourier transform in space
Z
1-t
0= — ue" *dx
2 1
this becomes
da
—+ 0=0

where

1 I X
= — asin(l x) 4"sin> —=
X ( ) 2
It can be seenthat the maximum allowable value of the imaginary part of t determinesthe maximum value
of the Courant number a—f( for which the calculation will be stable, while the addition of the dissipative term
shifts the region of interest to the left of the imaginary axis.
In the presert case,if the grid is held xed in time sothat the cell areah is constart, the systemof equations
(8) hasthe form
dw
— +Pw=0 16
gt (16)

whereif Q is the discretization operator de ned in Section2, and D is the dissipative operator de ned in Section
3, the nonlinear operator P is de ned as

Pw %(QW Dw) a7

The investigation has concerrated on two time stepping schemes. The rst is a three stage schemewhich is
de ned asfollows. Let a superscript n denote the time level, and let t be the time step. Then at time level n
set

w@® = wn

W(l) = W(O) tP W(O)

W(z) = W(O) Tt (P W(O) + P W(l) ) (18)
W(3) = W(O) Tt (P W(O) + P W(z) )

wh +1 - W(3)

Variations of this scheme have been proposedby Gary[5], Stetter[6], and Gravesand Johnson[10]. It can be
regardedas a Crank Nicolson schemewith a xed point iteration to determine the solution at time level n+1,
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and the iterations terminated after the third iteration. It is secondorder accurate in time, and for the model
problem [15]with " = 0, it is stable whenthe Courant number schemes,this schemegivesup third order accuracy
in time for a larger bound on the Courant number.
at
— 2
X
This bound is not increasedby additional iterations. Comparedwith standard third order Runge-Kutta schemes,
this schemegivesup third order accuracyin time for a larger bound on Courant number.
The other schemewhich hasbeenextensively investigatedis the classicalfourth order Runge-Kutta scheme,
de ned asfollows. At time level n set

w® = wn
W(l) = W(o) Tt P W(o)
2 = 0 _tpw®
w = W Pw
2
w® = w0 pw® (19)
w® = w@ L pw@ + 2Pw® + 2PWE@ + Pw®
whtl o = W@
This schemeis fourth order accurate in time, and for the model problem [15] with " = 0, it is stable for Courant
numbers
at P
— 2
X

Its stability region, which is displayed on page 176 of Ref. [11], for example, also extendswell to the left of the
imaginary axis, allowing latitude in the introduction of dissipative terms.

Both schemeshave the property that if Pw" = 0 then w® = w© | and soon, sothat w"*! = w", and the
steady state solution is

Pw=20

independert of the time step t. This allows a variable time step determined by the bound on the local Courant
number to be usedto accelerateconvergenceto a steady state without altering the steady state.

The expenseof re-ewaluating the dissipative terms at every stage of these schemesis substartial. One
method of avoiding this is to introduce the dissipative terms in a separatefractional step after the last stage of
the Runge Kutta scheme. Then equation (17) is replaced by

Pw %Qw
and the fourth order Runge Kutta sdhemede ned by equation (19), for example,is modi ed by setting

w't = W@+ tDw®

This method hasthe advantage that the stability properties for the two fractional stepsare independen, sothat
the schemewill be stable if ead fractional step is stable. It hasthe disadvantage that the steady state solution
is no longer independert of the time step.

An alternativ e approad which has proved successfulin practice, is to freezethe dissipative terms at their
valuesin the rst stage. Thus the fourth order Runge Kutta schemeis modi ed sothat it hasthe form

w® = wn

W(l) = W(O) Z_r{ QW(O) + Z_r{ D W(O)

W(z) = W(O) o Qw(l) + o D W(O) (20)
W(3) = W(O) _t QW(Z) + _t D W(O)

W(4) = W(O) G_T;[ QW(O) + ZQw(l) + ZQw(Z) + Qw(3) + TtDW

The operators Q and D require roughly equal amounts of computation. Assigning to ead 1 unit of work,
and assumingthat dissipative terms would be required in the leap frog or MacCormadk schemes,both of which
have maximum time stepsboundedby a Courant number of one, one obtains the following table for the relative
e ciency of the schemes:
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Sceme Evaluations Evaluations work Maximum E ciency=

of Qw of Dw Courant number (time steps)/work
Leap frog 1 1 2 1 1/2
MacCormadk 2 1 3 1 1/3
3 stage 3 3 6 2 1/3
4 stage 4 4 8 2.8 .35
4 stage 4 1 5 2.8 .56

(frozen Dw)

Boundary Conditions

Improper treatment of the boundary conditions can lead to seriouserrors and perhapsinstability. In order to
treat the o w exterior to a pro le onemust introducean arti cial outer boundary to produce a boundeddomain.
If the ow is subsonicat in nit y there will be three incoming characteristics where there is in o w acrossthe
boundary, and one outgoing characteristic, corresponding to the possibility of escapingacoustic waves. Where
there is out o w, on the other hand, there will be three outgoing characteristics and one incoming characteristic.
According to the theory of Kreiss[12],three conditions may therefore be speci ed at in o w, and one at out o w,
while the remaining conditions are determined by the solution of the di erential equation. It is not correct to
specify free stream conditions at the outer boundary.

For the formulation of the boundary conditions it is conveniert to assumea local transformation to coordi-
nates X and Y such that the boundary coincideswith aline Y constart. Using subscripts X and Y to denote
derivatives,the Jacobian

h= Xy XY (21)

correspondsto the cell areaof the nite volume scheme. Introduce the transformed ux vectors.
F=v.f X 8G=x.9 yf (22)

wheref and g are de ned by equation (3). In dierential form equation(2) then becomes

_(hw) + @ + @ =0 (23)

TTTTTTT 77777

Consider rst the boundary condition at the pro le. Acrossside 1 of cell A in the sketch there is no convected
ux since

X,V y,u=0 (24)

X

But there are contributions ypand xp to the momertum equations, which require an estimate of the pressure
at the wall. Taking the time derivativ e of equation (24) multiplied by , and substituting for @@(h u)and @@(h V)
from equation (23) leadsto the relation (given by Rizzi[13])

(X2 +y2)p, = (X X, + Y, V)P + (Ve U X, V)(VX,  + Uy, ) (25)

Thus we can estimate py . in terms of quantities which can be determined from the interior solution, and we can
usethis value of py . to extrapolate the pressurefrom the adjacert cell certer to the wall.
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Stable boundary conditions have been given by Gottlieb and Turkel[14]and Gustafssonand Oliger[15] for
a variety of di erence schemes. The treatment of the outer boundary condition adopted here follows similar
lines. The equations are linearized about values at the end of the previous time step, and the characteristic
variables corresponding to outgoing characteristics are then determined by extrapolation from the interior, while
the remaining boundary conditions are speci ed in a manner consistert with the conditions imposedby the free
stream. Let

A= g; B = @
@v @v
Sincethe boundary is a line Y=constant, the eigenvalues of B determine the incoming and outgoing charac-
teristics. If ¢ and g, are the velocity componerts normal and tangential to the boundary, and c is the speed of
sound, theseeigernvaluesare g,;G; ¢ Cc;andg, + c. Let valuesat the end of the previous time step be denoted
by the subscript o, and let T, be the eigervector matrix of B . Then B, is reducedto diagonal form by the
transformation , = T, 'B,T,, and setting v = T, 'w, the linearized equation assumeshe form

g(hv) + T, 1AOTO% + o% =0

The characteristic variables are the componerts of v. Thesearep ¢2; g;p  0CoGh and po + oColh

Let values extrapolated from the interior and free stream values be denoted by the subscripts e and 1 .
Then at the in o w boundary we set

p c = pp c
e o (26)
p 0Colh - P1 oCOQM
Pt 0Cth = Pet oColh,

yielding
1
q= §(pe+ Pr + 0Co(Ch, Ch,))

P P

= +
th = Gh, =

The density can be determined from (26a). For steady state calculations it can alternativ ely be determined by
specifying that the total enthalpy H hasits free stream value.

At the out o w boundary one condition should be speci ed. If the ow is a parallel stream then % = 0, so
for an open domain

P=p1 (27)

A non re ecting boundary condition which would eliminate incoming wavesis

g(p oCoth) = O (28)

This doesnot assure(27). Following Rudy and Strikwerda(16), (27) and (28) are therefore combined as

g(p oCoth)+ (P pL)=0 (29)

where a typical value of the parameter is 1/8. The velocity componerts and energy are extrapolated from the
interior.

Various other boundary conditions designedto reducere ections from the outer boundary have been pro-
posedby seweral authors (17, 18), and it seemsthat it would be worth while to test someof these alternativ es.
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Convergence Acceleration

Two deviceshave beenusedto acceleratethe convergenceof the solutions to a steady state. The rst is to use
the largest possibletime step permitted by the local stability bound everywhere In the computational domain.
This hasthe e ect of assuringthat disturbancesare propagated the whole way acrossthe domain in a number
of time stepsof the sameorder asthe number of meshintervals. It can be regardedas scaling the wave speedto
give equations of the form

o, 0.9
@ @ @
where is proportional to the local mesh interval. Assuming that a stretched grid is used to extend the

computational domain away from the prole, will be very large near the outer edgeof the domain.
As a model for this procedure considerthe wave equation in polar coordinates r and

=0

_ 1@ 1
t = ¢ F@(r i)+ 2
Supposethat the wave speedc is proportional to the radius, say c= r . Then

= 2 r—@(r r) ¥

@
This has solutions of the form

— 1 t
suggestingthe possibility of exponertial decay.

A more sophisticated modi cation of the equations, which is preserily being investigated, is to set

@ + M @ + @
@ @ @
where the matrix M couplesthe equationsfor ; u; v;andE , and modi es the eigenvaluesof the system.
The seconddevicefor corvergenceaccelerationis to introduce a forcing term proportional to the di erence
betweenthe total enthalpy H and its free streamvalueH; . In a steady o w with a uniform free streamH = H,
throughout the domain. The density and energy equations

@
@

=0

;§uw+ (v)=0

and

@
Q@
are then consistert. This property is not presened by various predictor corrector di erence schemes,suc as
the MacCormadck scheme. It is presened by the schemesde ned in sections 2-4, however, provided that the
dissipative operator is appliedto H and not E in the energy equation. Thus a forcing term proportional to
H Hi doesnot alter the steady state.

The reasonfor introducing such a term is to provide additional damping. The term is intended to have an
e ect similar to that of the term containing ¢ in the telegraph equation:

g(uH)+ (vH)=0

t + t= xx b yy
Multiplying this equation by {, and integrating by parts over all spaceleadsto the relation
@ z 1 z 1
—+ Zdxdy = 0
@ 1 1 t y
where
1 z 1 z 1
— 2 2 2
P=3 | (f+ I+ Doy
SinceP is non negative, it mustdecay if > Ountil ; = 0. When relaxation methods are regardedas simulating

time dependert equations, it is similarly found that the term containing  plays a critical role in determining
the rate of convergence[19].
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In subsonic o w the Euler equations are equivalert to the unsteady potential o w equation

t+2U x + 2V gy = (Cz uz) xx  2UV xy + (C2 V2) yy (30)

which can be reducedto the wave equation by intro ducing moving coordinates x°= x ut; y°=y vt. Also the
unsteady Bernoulli equation is

t+H=H;

It can be veri ed that if the Euler equationsare written in primitiv e form, and the density equation is modi ed
by the addition of a term proportional to H H; , sothat it becomes

@, @, @, @, @

— 4+ U—+V—+

@ @ @ @ @

then the ow remains irrotational in the absenceof shock waves, and equation (30) is modied by a term
proportional to . When the density equation is combined with the momertum equationsto yield a system of
equationsin consenation form, the modi ed equationsbecome

+ (H H]_)ZO

@+ @u)+ @(v)+ (H Hi)

%(u)@(+@@(ug@+p)+g(vu)+ u(H Hp)
B(u)r @w)r @V v (H H)
@@(E)+ @@(UH)+ @@(VH)‘F H (H Hp)

I n
o O O o

The energy equation now has a quadric term in H, like a Riccati equation. This can be destabilizing, and an
alternativ e which has beenfound e ectiv e in practice is to modify the energy equation to the form

%Ehgwm+§wm+m Hi)=0

which tendsto drive H towardsH; . The additional terms can conveniertly beintroducedin a separatefractional
step at the end of eat time step.

Results

Sometypical results of numerical calculations are preseried in this section. Sincethe purposeis primarily to
show the accuracy and convergenceof the basic numerical algorithm, the examplesare restricted to nonlifting
ow past a cylinder and a NACA 0012 airfoil. Only the ow in the upper half plane was calculated, and an
0 mesh was used with 64 intervals in the chord wise direction and 32 intervals in the normal direction. The
meshextendedto a distance of about 25 chords from the pro le, and the meshinterval near the outer boundary
was of the order of a chord. In the caseof the NACA 0012 airfoil, the cells adjacert to the outer boundary
had an area 2.5 million times greater than the area of the smallest cell, located at the trailing edge. Extensive
numerical experiments con rmed the superior e ciency of the modi ed fourth order RungeKutta schemede ned
by equation (20), and this schemewas usedto produce all the results displayed in this section.

Figure 1 shaws results for ow past a circular cylinder. The grid is displayed in Figure 1(a). Figures 1(b)
and 1(c) shav the computed pressuredistributions for Mach numbers of .35 and .45. The ow is fully subsonic
in the rst case,and there should be no departure from fore and aft symmetry in an exact calculation. The
ow should also be isertropic. The calculations are normalized with p=1 and =l at innit y, sothe quartity
S=p= 1 can be used as a measureof erntropy generation. The largest computed value of S was .0003, at
a point along the surface. At Mach .45 there is a moderately strong shock wave, as can be seen. The entropy
was computed to be .0120 behind the shock wave. Figure 1(d) shows the corvergencehistory for the ow at
Mach .45. The measureof corvergenceis the residual for the density, de ned as the root mean square value
of %(calculated at as = t for the complete time step). This was reducedfrom 1.67 to .486 10 ° in 1000
cycles. The meanrate of corvergencewas .978 per cycle. Another measureof convergence(not plotted) is the
root mean squaredeviation of the total enthalpy from its free strum value. This wasreducedfrom .0828to .500
10 9. Enthalpy damping was usedin this calculation to acceleratecorvergence. The calculation was started
impulsively by suddenly intro ducing the cylindrical obstacleinto a uniform o w, and immediately enforcing the
solid wall boundary condition at its surface. This createsvery large disturbances, but the pattern of the ow
eld is still quite rapidly established. One measureof this is the size of the supersonic zone. In this casethe
number of supersonicpoints was frozen after 450 cycles.
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Figure 2 shows a comparisonbetweenthe results of potential o w and Euler calculations for a NACA 0012
airfoil at zerodegreesangle of attack and Mach .850. The meshis shown in Figure 2(a), the potential o w result
is shown in Figure 2(b), and the Euler result is shavn in Figure 2(c). It can be seenthat the shock wave is
further aft in the potential o w calculation, which was performed by the fully consenative nite volume method
of Jamesonand Caughey[20]. using a rst order accurate formulation in the supersoniczone. The cornvergence
history of the Euler calculation is shawvn in Figure 2(d). Figures3(a) and 3(b) show a similar comparisonbetween
the potential ow and Euler results for the NACA 0012 airfoil at Mach .900. In this casethe shock locations
are identical. Figures 3(c) and 3(d) show the convergencehistory over 1500 cycleswith and without erthalpy
damping. Without ernthalpy damping the nal residual is .269 10 6. With ernthalpy damping it is .240 10 °.
These runs used the potential ow result as the starting condition for the Euler calculation. Thus the ow
pattern was already essetially establishedat the start of the Euler calculation, with the result that the number
of points in the supersoniczonewas frozen after 180 cycleswhen enthalpy damping was used. To illustrate the
dewvelopmert of the ow eld without the assistanceof the potential ow calculation, Figure 4 shaws the result
for the same o w after 200, 400,600 and 800 cycleswith an impulsive start. Finally a print out of the computed
density, velocity componerts, total enthalpy, pressure,Mach number, and entropy (measuredas S = p= 1)
is displayed in Table 1. In an exact calculation S would be zero upstream of the shock wave. Actually it hasa
value of -.0017 near the leading edge. Then it settlesto valuesin the range of .0002to .0009ahead of the shock
wave, and risesto .0054 behind the shock wave.

Theseresults support the conclusionsstated in the introduction. It also appearsthat shock wavescan be
satisfactorily captured without resorting to vector splitting and one sided di erencing[21-24], at least for steady
state calculations, and that fairly rapid corvergenceto a steady state can be obtained without the use of an
implicit scheme.

Attractiv e features of the scheme are its comparative simplicity, and its susceptibility to the extensive use
of vector operations on a vector computer. The presern implementation of the fourth order Runge Kutta scheme
requires 426 oating point operations at ead interior cell. On a meshwith 64x32 = 2048 cells a single cycle
therefore requires about .9 mega ops (million oating point operations). In tests on a Cray 1 computer it has
beenfound that the program operatesat 44 cyclesper second(corresponding to a computing speedof about 40
mega ops per second). The code is written in standard FORTRAN, and this rate was achieved simply by relying
on the capability of the Cray FORTRAN computer to vectorizethe code automatically. A still higher rate could
be realized by writing certain critical segmets of the program in assenbly language. In practice a typical run
is more than su cien tly convergedfor engineeringapplications within S00cycles. At 44 cyclesa secondsuch a
calculation would be completedin 12 seconds,(or 24 secondsfor a lifting casewith twice as many meshcellsto
represert the ow in both the upper or lower half planes, provided that the samerate of convergencecould be
realized).
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(d) Convergence history



Fig. 2 NCA0012 airfoil at Mac h .85
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Fig. 3 NCA0012 airfoil at Mac h .80
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Fig. 4 Development of ow eld: NA CA 0012 airfoil at Mac h .80

16 of 17

American Institute  of Aer onautics and Astr onautics Paper 1981{1259



Table 1

I J RHO

1 1 1.3433

2 1 1.2950

3 1 1.2160

4 1 1.1369

5 1 1.0695

6 1 1.0140

7 1 0.9693

8 1 0.9328

9 1 0.9025
10 1 0.8769
11 1 0.8547
12 1 0.8354
13 1 0.8181
14 1 0.8026
15 1 0.7884
16 1 0.7758
17 1 0.7640
18 1 0.7535
19 1 0.7436
20 1 0.7351
21 1 0.7267
22 1 0.7199
23 1 0.7128
24 1 0.7076
25 1 0.7015
26 1 0.6980
27 1 0.6930
28 1 0.6917
29 1 0.6871
30 1 0.6866
31 1 0.6869
32 1 0.7812
33 1 0.9287
34 1 0.9580
35 1 0.9525
36 1 0.9485
37 1 0.9495
38 1 0.9527
39 1 0.9564
40 1 0.9607
41 1 0.9654
42 1 0.9706
43 1 0.9759
44 1 0.9815
45 1 0.9871
46 1 0.9930
47 1 0.9989
48 1 1.0050
49 1 1.0113
50 1 1.0177
51 1 1.0243
52 1 1.0312
53 1 1.0382
54 1 1.0456
55 1 1.0533
56 1 1.0615
57 1 1.0701
58 1 1.0795
59 1 1.0895
60 1 1.1012
61 1 1.1136
62 1 1.1306
63 1 1.1489
64 1 1.1813
65 1 1.1813

U
0.0896
0.2111
0.3910
0.5661
0.7105
0.8240
0.9121
0.9813
1.0369
1.0825
1.1205
1.1528
1.1808
1.2054
1.2269
1.2462
1.2632
1.2786
1.2920
1.3045
1.3151
1.3252
1.3333
1.3414
1.3473
1.3537
1.3575
1.3613
1.3642
1.3677
1.3619
1.2238
1.0204
0.9872
0.9945
0.9994
0.9976
0.9929
0.9871
0.9807
0.9734
0.9656
0.9575
0.9490
0.9403
0.9313
0.9221
0.9127
0.9029
0.8928
0.8823
0.8715
0.8602
0.8483
0.8357
0.8225
0.8082
0.7928
0.7756
0.7564
0.7336
0.7063
0.6660
0.6133
0.6133

Prin tout of ow eld

American Institute

\%
0.1221
0.3198
0.4296
0.4645
0.4552
0.4264
0.3906
0.3538
0.3182
0.2847
0.2537
0.2249
0.1982
0.1734
0.1501
0.1284
0.1079
0.0887
0.0705
0.0535
0.0374
0.0222
0.0080
-0.0054
-0.0179
-0.0298
-0.0406
-0.0512
-0.0603
-0.0697
-0.0771
-0.0771
-0.1710
-0.0722
-0.0763
-0.0805
-0.0840
-0.0870
-0.0898
-0.0923
-0.0946
-0.0966
-0.0984
-0.1001
-0.1016
-0.1030
-0.1042
-0.1054
-0.1063
-0.1071
-0.1077
-0.1081
-0.1084
-0.1085
-0.1082
-0.1077
-0.1069
-0.1058
-0.1039
-0.1015
-0.0981
-0.0927
-0.0858
-0.0667

0.0667

in the cells along the surfaceairfolil

H
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
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P
1.5109
1.4336
1.3130
1.1953
1.0976
1.0192
0.9570
0.9072
0.8663
0.8321
0.8030
0.7777
0.7553
0.7353
0.7173
0.7011
0.6864
0.6731
0.6609
0.6501
0.6400
0.6313
0.6230
0.6163
0.6094
0.6046
0.5991
0.5969
0.5920
0.5905
0.5922
0.7134
0.9087
0.9466
0.9391
0.9337
0.9351
0.9394
0.9446
0.9505
0.9571
0.9642
0.9717
0.9794
0.9874
0.9955
1.0039
1.0125
1.0213
1.0304
1.0398
1.0496
1.0596
1.0702
1.0813
1.0931
1.1054
1.1190
1.1336
1.1505
1.1689
1.1933
1.2220
1.2683
1.2683

MA CH
0.1207
0.3078
0.4725
0.6036
0.7039
0.7821
0.8439
0.8940
0.9356
0.9711
1.0018
1.0289
1.0532
1.0753
1.0953
1.1137
1.1304
1.1461
1.1600
1.1733
1.1848
1.1961
1.2053
1.2148
1.2219
1.2296
1.2344
1.2394
1.2434
1.2481
1.2416
1.0845
0.8739
0.8416
0.8490
0.8541
0.8526
0.8483
0.8430
0.8369
0.8301
0.8229
0.8153
0.8074
0.7992
0.7909
0.7824
0.7736
0.7645
0.7552
0.7456
0.7357
0.7253
0.7144
0.7029
0.6909
0.6779
0.6639
0.6484
0.6310
0.6105
0.5860
0.5503
0.5032
0.5032

S
-0.0005
-0.0017
-0.0014
-0.0012
-0.0009
-0.0006
-0.0002
-0.0000

0.0001
0.0002
0.0003
0.0003
0.0004
0.0004
0.0005
0.0004
0.0005
0.0004
0.0006
0.0004
0.0007
0.0003
0.0008
0.0002
0.0009
0.0000
0.0011
-0.0000
0.0012
-0.0004
0.0020
0.0080
0.0079
0.0051
0.0052
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0054
0.0055
0.0053
0.0055
0.0049
0.0061
0.0044
0.0044

at Mac h .80
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