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1 Introduction

The purpose of this paper is to review the development of a finite volume method
for the numerical calculation of transonic flow, under the assumption that the flow is
irrotational, so that the velocity can be represented as thegradient of the potential.
Essentially this limits the application of the method to flows containing fairly week
shock waves, for which the Mach number of the normal component of the velocity
ahead of the shock is not substantially greater than 1.3, since shock waves are to be
modelled by isentropic jumps. This is in contrast to solutions of the Euler equation,
as discussed in other papers in the present volume, for whichthere is an increase in
entropy in traversing the shock and consequently the flow downstream of the shock
is rotational. The potential flow approximation has been widely used in calculations
of flows over aerofoils and wings [1,2], and found to give excellent results up to the
onset of drag rise, provided that the geometric profile is corrected to allow for the
displacement effect of the boundary layer.

A well-established procedure is to transform the potentialflow equation into a
curvilinear coordinate system which conforms to the body. This has been shown to
give accurate predictions of flows past wings [1,2], cascades [3] and nacelles [4]. It
becomes progressively more difficult, however, to find a suitable transformation as the
geometric configuration becomes more complex, and a more flexible method will be
required if the calculation are to be extended from isolatedcomponents to more com-
plete configurations such as wing-body-tail combinations and ultimately a complete
aircraft.

The present method borrows from finite-element techniques to arrive at a discretiza-
tion procedure with the flexibility needed to treat arbitrary geometric configurations.
This leads initially to formulas which are a central-difference approximation to the po-
tential flow equation in conservation form. As they stand, these formulas are unsuitable
for the treatment of transonic flow, because they preserve symmetry in the upwind and
downwind directions. This leads to a difficulty connected with the non-uniqueness of

∗Work supported by the Office of Naval Research under contractNo. N00014-77-C-0032

1



solutions of the potential equation for transonic flow, in the absence of a condition that
expansion shocks are to be excluded. If the Euler equation were being solved, instead
of the potential equation, the existence of an expansion shock would imply a decrease
in entropy through the shock; it would therefore be justifiable to exclude this from the
numerical solution on the basis of the physical argument that entropy cannot decrease
in a real flow. If the numerical solution of the potential equation is to give a reason-
able representation of a real flow, steps must be taken to ensure that expansion shocks
are likewise excluded. Consider for example, the flow past a body with fore and aft
symmetry, such as an ellipse. The proper solution consists of a smooth expansion over
the front half of the profile, followed by a discontinuous compression through a shock
wave standing over the rear half. Presuming that a suitable iterative scheme could be
found to solve the central-difference equations, fore and aft symmetry would be pre-
served in the solution, which would therefore contain an expansion shock at the front
and a compression shock at the rear. In the present method this difficulty is overcome
by the device of modifying the difference formulas so that they have an upwind bias
in zones of supersonic flow. this procedure, first used by Murman and Cole for the
numerical solution of the transonic small disturbance equation [5], has been found to
lead to stable numerical schemes with effective shock-capturing properties. Whereas
Murman and Cole used a simple switch to upwind differencing at supersonic points,
the upwind bias is introduced here by the addition of artificial viscosity [6]. the viscos-
ity is eliminated in zones of subsonic flow by a switching function. This leads to sharp
representation of shock waves. At the same time the conservation form is preserved in
the construction of the viscosity, so that according to a theorem of Lax and Wendroff
[7], the proper shock-jump relation consistent with the isentropic model is yielded in
the limit as the mesh width is reduced to zero. The complete difference equations with
artificial viscosity added are solved by embedding the steady-state equation in an artifi-
cial time-dependent equation constructed so that it evolves to the steady-state solution
[8].

An alternative approach to the problem of eliminating expansion shocks is to use
an iterative scheme derived from optimal control theory, and to introduce a penalty
function to limit the magnitude of the expansion gradients to be permitted in the solu-
tion. In this approach, which has been explored by Glowinski, Perrier and Pironneau
[9] (see also the paper by Bristeau et al in the present volume) the desymmetrization
of the solution for a body with fore and aft symmetry is accomplished by the iterative
scheme rather than by direct desymmetrization of the difference formulas.

2 Formulation of the equations

As a typical application, consider the case of a wing or a wing-body combination in
a uniform stream. Assuming the flow to be isentropic and to satisfy the equations
of potential flow, letΦ be the potential. Also let qbe the velocity vector, given by
q = ∇Φ, where∇ is the gradient operator in cartesian space; qhas the magnitude q
and cartesian componentsu, v, w. Let p andρ be pressure and density. The potential
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flow equation can be written in conservation form as

∇ · (ρq) = 0

or, using cartesian coordinates x,y,z, as

∂

∂x
(ρu) +

∂

∂y
(ρv) +

∂

∂z
(ρw) = 0 (1)

where
u = Φx, v = Φy, w = Φz. (2)

Also let a be the local speed of sound andM be the local Mach numberq/a, and let
M∞, q∞ = 1 andρ∞ = 1 be the Mach number, speed and density of the uniform flow
at infinity. Then the local densityρ is given by the formula

ρ = {1 +
γ − 1

2
M2

∞
(1 − q2)}

1

γ−1 (3)

whereγ is the ratio of specific heats, and the pressure and speed of sound follow from
relations

p =
ργ

γM2
∞

, a2 =
dp

dρ
=

ργ−1

M2
∞

. (4)

Equation(1) is hyperbolic when the flow is locally supersonic, and elliptic when it
is locally subsonic; furthermore, consistent with the theorem of Morawetz [10], shock
waves will generally appear if there is a region of supersonic flow. The shock jump
conditions which will be applied are:

(a) continuity ofΦ, implying a continuity of the tangential velocity compo-
nent;

(b) continuity ofρqn, whereqn is the velocity component normal to the shock
surface;

(c) the condition thatqn decrease through the shock.

According to these conditions a normal shock is to be modeledas a jump between
equal-area points of an isentropic stream tube. With such a model it is not possible
simultaneously to satisfy the condition that the pressure-plus-normal-momentum be
conserved across the shock (in contrast to a solution of the Euler equations using the
Ranking-Hugoniot relations across the shock, in which thisquantity is explicitly con-
served and consequently the entropy increases across the shock). Now in a non-lifting
potential flow, the streamwise component of this pressure-plus-normal-momentum dis-
continuity integrated over the shock surface must exactly cancel that of the pressure
integral over the body surface. It thus follows that this latter quantity, which may be
interpreted as the drag force corresponding to a non-lifting isentropic flow, is in fact a
measure of the violation of the continuity of pressure-plus-normal-momentum across
the shock; it is sometimes taken as an approximation to the ”wave drag” for a real flow,
which is in fact related to the entropy production at the shock surface. A similar argu-
ment applies for lifting potential flow: the pressure integral over the body surface in a
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potential flow solution yields a drag which simulates the wave and vortex drag.

The boundary condition at the body is that the normal velocity component be zero,
that is:

qn =
∂Φ

∂n
= 0 (5)

To obtain a unique lifting solution the Kutta condition thatthere be no flow around
the trailing edge is also imposed. The resulting spanwise variation in the calculation
Γ =

∫

q ds around each wing section causes a vortex sheet to be shed fromthe trailing
edge. In the calculations, the vortex sheet will be assumed to coincide with a coordinate
surface and convection and roll-up of the sheet will be ignored. The conditions to be
applied at the sheet are then

(a) the jumpΓ in the potential is constant along lines parallel to the freestream

(b) the normal velocity componentqn is continuous through the sheet.

In the far field,Φ approaches the potential of the undisturbed free stream, except in the
Trefftz plane far downstream, where there is a flow induced bythe vortex sheet andΦ
approaches a two-dimensional solution of Laplace’s equation with a jump across the
vortex sheet.

In a finite domainR with boundaryS, equations(1) − (5) are equivalent to the
Bateman variational principle [11] which states that

I =

∫

R

p dR (6)

is stationary. Now a variationδΦ in the potential produces a velocity variation given
by δq = ∇δΦ. Since inserting equation(3) into the first of equations(4) gives the
pressurep as a function of the single variableq, it can easily be shown that the pressure
variationp compatible with the potential variationδΦ is given by:

δp = −ρq · δq

Thus

δI = −

∫

R

ρq · ∇ δΦ dR

=

∫

R

δΦ ∇ · (ρq) dR −

∫

S

δΦ ρqn dS

The contribution from the boundary integral vanishes when the boundary value ofΦ is
specified (as at the far-field boundary) or whenqn (as at the body); forδI to vanish for
arbitraryδΦ it is necessary that equation(1) should hold throughoutR.

Consider a transformation to a new set of coordinatesX,Y,Z. Suppose that the
derivatives of the transformation are given by

H =





XX XY XZ

YX YY YZ

ZX ZY ZZ



 H−1 =





XX XY XZ

YX YY YZ

ZX ZY ZZ



 (7)
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and leth be the determinant ofH; the value ofh at a particular point is equal to the
local value of the ratio of an elemental volume in the physical (distorted) cell to the
corresponding elemental volume in the mapped (cubic) cell.The metric tensor of the
new coordinate system is defined by the symmetric matrix

G = HT H (8)

It follows by chain rule that




u
v
w



 = H−T





ΦX

ΦY

ΦZ



 (9)

Also equation(1) becomes
(

XX

∂

∂X
+ YX

∂

∂Y
+ ZX

∂

∂Z

)

(ρu) +

(

XY

∂

∂X
+ YY

∂

∂Y
+ ZY

∂

∂Z

)

(ρv)

+

(

XZ

∂

∂X
+ YZ

∂

∂Y
+ ZZ

∂

∂Z

)

(ρw) = 0

Then on multiplying byh and substituting the appropriate co-factors ofH for quantities
such ashXX , it may be verified that equation(1) reduces to

∂

∂X
(ρhU) +

∂

∂Y
(ρhV ) +

∂

∂Z
(ρhW ) = 0 (10)

whereU, V andW are the contravariant velocity components defined by




u
v
w



 = H−1





u
v
w



 = G−1





ΦX

ΦY

ΦZ



 (11)

The expression on the left-hand side of equation(1) is a well-known formula of tensor
analysis for the quantityh∇ · (pq) [12]. It may also be verified that the speedq,
appearing in equation(3) for and indirectly in equations(4) for p and a2, is now
determined by the formula:

q2 = UΦX + V ΦY + WΦZ (12)

3 Construction of the numerical scheme

The discrete approximation to the equations will be developed using a subdivision of
the domain into distorted cubic cells. It is convenient to regard each cell as being
generated by a separate trilinear transformation between local coordinatesX,Y,Z and
cartesian coordinatesx, y, z. Numbering the cell vertices from 1 to 8, as illustrated
in Fig.1, the vertices in the local coordinates are assumed to be atXi = ± 1

2
, Yi =
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± 1

2
, Z = ± 1

2
. (Note that the computational cell thus has unit volume). then the local

mapping is defined by

x = 8

8
∑

i=1

xi (
1

4
+ XiX) (

1

4
+ YiY ) (

1

4
+ ZiZ) (13)

with similar formulas fory, z. The potential is assumed to have a similar form inside
the cell

Φ =

8
∑

i=1

Φi (
1

4
+ XiX) (

1

4
+ YiY ) (

1

4
+ ZiZ) (14)

This amounts to representing the solution with isoparametric trilinear finite elements
[13]. Such elements preserve the continuity ofx, y, z andΦ at the cell boundaries be-
cause the mappings in adjacent cells reduce to the same bilinear form at the common
face.

The derivatives of the transformation, obtained by differentiating (13), in general
vary throughout the volume of each cell; the determinanth is likewise variable. the
derivatives at a cell centreX = 0, Y = 0, Z = 0, are given by formulas such as:

xX =
1

4
(x2 − x1 + x4 − x3 + x6 − x5 + x8 − x7)

Let the cell vertices be represented by triple subscriptsi, j, k and let quantities evalu-
ated at the cell centres be denoted by subscriptsi + 1

2
, j + 1

2
, k + 1

2
. It is convenient to

introduce averaging and difference operators by the notation

µXfi,j,k =
1

2
(fi+ 1

2
,j,k + fi− 1

2
,j,k)

δXfi,j,k =
1

2
(fi+ 1

2
,j,k − fi− 1

2
,j,k)
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Suppressing the indices, it is also convenient to use notation such as

µXXf = µX(µXf), µXY f = µX(µY f)

δXXf = δX(δXf), δXY f = δX(δY f)

By inspecting the arrangement of terms in the expression given earlier forxX , for
example, it can then be seen that the derivatives of the transformation at the cell centres
are given by formulas such as

xX = µY Z δX x, xY = µXZ δY x;

similarly it follows from equation(14) that

ΦX = µY Z δX Φ, ΦXY = µZ δXY Φ, ΦXY Z = δXY Z Φ

A discrete approximation to equation(1) can now be derived by using a simple one-
point integration scheme to approximate the Bateman integral given by the equation
(6). Thus this integral is replaced by a sum of terms, each comprising the product
of the pressure at a cell centre and the volume of that cell. Since the volume of a
(distorted) cell is approximately equal to the value of the determinant at the centre of
that cell, the integral is approximated by:

I =
∑

i,j,k

hi+ 1

2
,j+ 1

2
,k+ 1

2

Pi+ 1

2
,j+ 1

2
,k+ 1

2

.

According to equations(3), (4) and(12), using(11) and the fact thatG−1 is symmet-
ric, the variation inp due to a variationδΦ may be written in the form:

δp = −ρδ

(

q2

2

)

= −ρ (U δΦX + V δΦY + W δΦZ)

Furthermore, the solution to the problem is obtained when the value ofΦ at every node
is such that I is stationary, i.e. the derivative of I with respect to every nodal value
Φi,j,k is zero. It then follows on setting

∂I

∂Φi,j,k

= 0

with respect to each nodei, j, k, and collecting the contributions from the eight cells
with this node as common vertex, that

µY Z δX (ρhU) + µZX δY (ρhV ) + µXY δZ (ρhW ) = 0. (15)

Along the boundary there are only four cells adjacent to eachmesh point and equation
(15) is correspondingly modified.

If the cell vertices are assumed to be generated by a smooth global transformation
of coordinates, equation(15) can be directly interpreted as a difference approximation

7



to equation(10). First the derivatives of the transformation and the potential are evalu-
ated at each cell centre by the ”box scheme”, in which each derivative is approximated
by the average of the differences along the four cell edges inthe appropriate direction.
Then equation(10) is approximated by a second application of the box scheme to rep-
resent a flux balance over a set of auxiliary cells, each generated from a cube joining
the centres of 8 primary cells, as illustrated in Fig.2.

With this interpretation the local discretization error isseen to be of second order as
long as the transformation is smooth. The quantityρhU represents the flux across a
faceX = constant and the boundary condition(5) simply reduces toU = 0, V = 0 or
W = 0 on cell faces coincident with the boundary. The flux balance is then represented
with auxiliary cells bounded on one or more faces by the body surface, as illustrated in
Fig.3.

The use of a more accurate integration scheme than the simpleone-point formula
to represent the Bateman integral would lead to a much more complicated difference

8



equation than equation(15). For two-dimensional calculations, equation(15) has the
property that it admits the uniform flow defined byΦ = x as an exact solution, but for
three-dimensional calculations it generally does not. Thescheme as it stands also has
a disadvantage which can most readily be seen by consideringLaplace’s equation on a
uniform grid. Settingh = 1, ρ = 1, equation(15) reduces in the two-dimensional case
to

(µY Y δXX + µXXδY Y ) Φ = 0

which is the rotated Laplacian scheme

Φi+1,j+1 + Φi−1,j+1 + Φi+1,j−1 + Φi−1,j−1 − 4Φi,j = 0

It can thus be seen that the discrete equation for any pointi, j does not contain
contributions from adjacent points in the same row or columnof the mesh. It follows
that the odd and even mesh points are decoupled into two independent meshes with a
larger mesh interval. The solution at each point is independent of the solution at all
the nodes of the other mesh (apart from any coupling effects which may be introduced
at the boundary). Furthermore, it can be seen that separate uniform distributions of
potential on each of these two meshes will satisfy the above rotated Laplacian scheme
at all internal points of each mesh. Thus high-frequency oscillations in which, for
example,Φ = 1 at odd points and−1 at even points are admitted by the scheme. This
difficulty can be traced to the representation of the flux across the face AB in Fig.4 by
the derivativeΦX evaluated

at the point A. This flux would be better represented by evaluating ΦX at a point C
somewhere on the face. This shift can be accomplished by adding a compensating
termεΦXY to ΦX . The addition of similar terms on all faces produces the formula

(µY Y δXX + µXXδY Y − ε δXY XY ) Φ = 0
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which reduces to the usual 5-point second-order-accurate formula whenε = 1

2
, and to

the 9-point fourth-order-accurate formula whenε = 1

3
.

Equation(15) can be compensated in a similar manner. Allowing for the depen-
dence ofρ onΦX , ΦY , ΦZ , the coefficients ofΦXX , ΦY Y , ΦZZ when equation(10)
is expanded are

AX = ρh

(

g11 −
U2

a2

)

AY = ρh

(

g22 −
V 2

a2

)

AZ = ρh

(

g33 −
W 2

a2

)

wheregij are the elements ofG−1 (the algebraic manipulations used in deriving these
expressions take account of the fact thatG−1 is symmetric). These coefficients can
conveniently be used to determine the magnitude of the corrections to be applied to the
fluxes across the different faces of each auxiliary cell, forexample,εAX µZ δXY Φ to
shift ΦX in theY direction on a faceX = constant. Let

QXY = (AX + AY ) µZ δXY Φ.

with similar formulas forQY Z , QZX , and let

QXY Z = (AX + AY + AZ) δXY Z Φ

Then collecting the contributions from the eight primary cells surrounding each mesh
point, the final compensated equation is

µY Z δX (ρhU) + µZX δY (ρhV ) + µXY δZ (ρhW )

−ε

{

µZ δXY QXY + µX δY Z QY Z + µY δZX QZX −
1

2
δXY Z QXY Z

}

= 0 (16)

where0 ≤ ε ≤ 1

2
. In practice the valueε = 1

2
has proved satisfactory. Observe that

equation(16) is assembled by calculating all possible mixed differencesas well as the
first differences in the application of the box scheme to the primary cells, and then
repeating the same mixed differencing operations in the second application of the box
scheme to represent the flux balance.

Equation(16) completes the definition of the scheme for subsonic flow. It re-
mains to add artificial viscosity to produce a scheme which isdesymmetrized in the
streamwise direction in zones of supersonic flow and will notadmit expansion shocks.
Equation(10) will be replaced by the modified conservation law

∂

∂X
(ρhU + P ) +

∂

∂Y
(ρhV + Q) +

∂

∂Z
(ρhW + R) = 0

where the added fluxesP,Q andR are proportional to the cell width in the physical
domain, with the result that the correct conservation law isrecovered in the limit as the
cell width is reduced to zero. Presuming the distribution ofmesh points to be smooth,
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P,Q andR are constructed as approximations to−µh |U |∆X ρX ,−µh |V |∆Y ρY

and−µh |W |∆Z ρZ , whereµ is a switching function

µ = max

[

0,

(

1 −
a2

q2

)]

which vanishes in the subsonic zone, and∆X,∆Y and∆Z are the cell widths in the
computational domain (each equal to unit); note that each ofthese terms is approxi-
mately proportional to the mean cell-width in each direction in the physical domain,
sinceh is approximately equal to the volume of the physical cell, i.e. to the product of
the mean cell-widths.

The simplest implementation is to represent∆X ρX directly by differencing be-
tween adjacent cells. Then the effect ofP,Q, andR is to replace the densities ap-
pearing in equation(15) by modified densities such asρ − µ δX ρ in the first term.
In three-dimensional calculations for a swept wing, however, the cells typically have
a very high aspect ratio in the spanwise direction, and this has proved unsatisfactory
because the use of shifted densities at the centres of the primary cells surrounding a
given mesh point does not sufficiently concentrate the artificial viscosity at that point.
The following scheme has proved stable. According to formula (3)

ρX = −
ρ

a2

∂

∂X

(

q2

2

)

whereq2 is given by the formula(12). Therefore first construct

p̂ = µh
ρ

a2

(

U2 δXX + UV µXY δXY + WU µZX δZX

)

Φ

andQ̂, R̂ by similar formulas. Then set

Pi+ 1

2
,j,k =

{

P̂i,j,k if U > 0

P̂i+1,j,k if U < 0

with similar shifts for Q, R. Finally equation(15) is modified by the addition of

δXP + δY Q + δZR.

This introduces the desired upwind bias in the difference scheme at each supersonic
point.

An iterative method for solving the nonlinear difference equations which are gen-
erated by this discretization procedure can be derived by embedding the steady-state
equation in an appropriate artificial time-dependent equation [8]. Thus the equations
which are finally solved are a discrete approximation to the equation

∂

∂X
(ρhU + P ) +

∂

∂Y
(ρhV + Q) +

∂

∂Z
(ρhW + R)
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= αΦXT + βΦY T + γΦZT + δΦT

where coefficientsα, β andγ are chosen to make the flow direction timelike in zones
of supersonic flow, as it is in the steady-state equation, andis a parameter related to the
over-relaxation factor of a conventional relaxation process, which should be chosen to
optimize the rate of damping [8, 14].

4 Application to swept wings

In the treatment of a particular geometric configuration thechoice of the mesh will
generally have an important influence on the accuracy which can be attained with a
given number of mesh cells. The cells should be concentratedin regions where the
disturbances in the flow are largest. Since the formulation of the artificial viscosity
presupposes a smooth distribution of cells, and the one-point integration scheme will
also cause a loss of accuracy if the mesh is irregular, it is important to use a reasonably
smooth mesh. This is most easily accomplished by using global mappings to generate
the mesh points.

The swept wing calculations presented in this section have been performed on
meshes generated by the introduction of sheared parabolic coordinates [15]. First,
parabolic coordinates are introduced in planes containingthe wing sections by the
transformation

(

X̄ + iȲ
)2

=
{x − x0(z) + i(y − y0(z))}

t(z)

Z̄ = z

wherez is the spanwise coordinate,t(z) is scaling factor which can be used to control
the number of cells covering the wing, andx0(z) and y0(z) are the coordinates of
a singular line just inside the leading edge which defines theorigin of the parabolic
coordinates. The effect of this transformation is unwrap the wing to form a shallow
bump,Ȳ = S(X̄, Z̄), as illustrated in Fig.5.
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Then a shearing transformation

X = X̄, Y = Ȳ − S(X̄, Z̄), Z = Z̄

is used to map the wing to the coordinate surfaceY = 0. Finally the mesh points are
constructed by the reverse sequence of mappings from a rectangular grid in theX,Y,Z
coordinate system. The vortex sheet trailing behind the wing is assumed to coincide
with the coordinate surface leaving the trailing edge. The definition of the mesh re-
quired by the finite-volume formulas consists simply of the cartesian co-ordinates of
each mesh point, and a specification of which points lie on theboundary surfaces where
special conditions are to be applied.

This mesh can be modified to treat wing-cylinder combinations by first mapping
the cylinder to a vertical slit by a Joukowsky transformation, and then using the same
sequence of transformations to generate a sheared parabolic coordinate system around
the wing projecting from the slit. An alterative way of generating a mesh around a
wing-fuselage combination [16] is to start by introducing cylindrical coordinates r and
around the fuselage. In each cylindrical surface the wing section then appears as a pro-
file in a channel bounded by the intersection of the surface with the plane of symmetry
at θ = ±π

2
. This configuration can be mapped to a channel with a bump on the upper

wall by the transformation
σ = log (1 − cosh(ζ))

as illustrated in Fig.6. Finally the bump is removed by a shearing transformation.

Both these mesh-generating schemes lead to meshes which wrap around the leading
edge of the wing, and belong to the second of three basic classes of mesh which are
identified in Fig.7:

(a) Straight-through meshes in which one set of mesh lines isroughly parallel
to the streamlines of the flow.
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(b) Meshes wrapping around the leading edge of the wing and passing smoothly
off the trailing edge.

(c) Meshes wrapping around both the leading and the trailingedge.

Consider a plane containing a wing section. Then meshes in class (a) can be generated
by mapping the domain exterior to the profile onto the domain exterior to a slit, meshes
in class (b) can be generated by mapping the domain exterior to the profile onto a
half plane, and meshes in class (c) can be generated by mapping this domain onto the
domain exterior to a disc. Depending on application, there may be advantages to any of
these classes of mesh. Meshes in class (a) could be sheared toproduce a mesh which is
rectangular except in an inner region near the profile, and would lend themselves rather
easily to a process of patching different meshes containingdifferent components such
as a wing and a tail.
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On the other hand, they offer poor resolution in the region around the leading edge
because of the singularity introduced by folding a smooth curve to a slit. Meshes in
class (c) lead to a natural bunching of the cells near the trailing edge which leads to
a good resolution of the Kutta condition, and have been demonstrated to give very
accurate results in two-dimensional calculations [1,2]. The generation of meshes in
class (c) requires the use of comparatively complicated mapping procedures, however,
particularly in the framework of cylindrical coordinates,and the small mesh-width near
the trailing edge can lead ’to a low rate of convergence of theiterative scheme.

Figs.8 and 9 show results of swept wing calculations. The first example is a calcu-
lation of the flow past the ONERA M6 wing, for which experimental data are available
[17]. Separate pressure distributions are shown for stations at 20, 45, 65, and 95 per-
cent of the semispan. Section lift and drag coefficients CL and CD were obtained by
integrating the pressure coefficient at which the flow has sonic speed is marked by a
horizontal line on the pressure axis. Although the calculation did not include any cor-
rection for the displacement effect of the viscous boundarylayer, it can be seen that the
agreement with the experimental data is quite good. The triangular shock pattern above
the planform is clearly visible in the three-dimensional plot of the pressure distribution
(Fig.8b). The front shock, emanating from the leading edge at the wing root, merges
with the rear shock about three quarters of the way across thespan. The mesh used in
this calculation contained 160 intervals in theX direction wrapping around the section,
16 intervals in theY direction normal to the section, and 32 intervals in the spanwise
direction, for a total of 31, 820 cells. Preliminary calculations were performed on grids
with 40x4x8 and 80x8x16 cells, and the result of each of thesecalculations was inter-
polated to provide the starting guess for the next mesh. 100 relaxation cycles were used
on each mesh. Such a calculation takes about 15 minutes on a CDC 7600.
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Fig.9 has been provided by the Boeing Company, and shows the result of a cal-
culation which was performed at Boeing with the same code. The wing is a modern
design with a quite highly cambered section and substantialrear loading. In this case
a boundary layer correction was made, using a program developed by McLean to pre-
dict the displacement thickness of turbulent boundary layers in three-dimensional flow
[18], and the correction has a significant effect.

The results of these calculations encourage confidence in the usefulness of the po-
tential flow model for engineering predictions, and with theappearance of a new gen-
eration of computers one can reasonably contemplate the possibility of attempting a
calculation for a complete aircraft, such as a Boeing 747.
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