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Abstract

This article outlines some of the principal issuesin the developmert of numerical methods for the pre-
diction of ows over aircraft and their usein the design process. These include the choice of an appropriate
mathematical model, the design of shock-capturing algorithms, the treatment of complex geometric con g-
urations, and shape modi cations to optimize the aerodynamic performance.

While computational methods for simulating uid o w have by now penetrated a broad variety of elds, including
ship design, car design, studies of oil recovery, oceanograply, meteorology and astrophysics, they have assumed
a dominant role in aeronautical science. In the aircraft industry there is often a very narrow margin between
successand failure. In the past two decadesthe developmert of new commercial aircraft successfulenoughto
makeaprot for the manufacturer hasproved an elusive goal. The economicsof aircraft operation are suc that
evena smallimprovemert in e ciency cantranslate into substartial savingsin operational costs. Therefore, the
operating e ciency of an airplane is a major consideration for potential buyers. This provides manufacturers
with a compelling incertiv e to designmore e cien t aircraft.

One route toward this goal is more precise aerodynamic design with the aid of computational simulation.
In particular it is possibleto attempt predictions in the transonic o w regime that is dominated by nonlinear
e ects, exempli ed by the formation of shock waves. The importance of the transonic regime stems from the
fact that to a rst approximation, cruising e ciency is proportional to ML/D, where M is the Mach number
(speeddivided by the speedof sound), L is the lift, and D is the drag. As long asthe speedis well below the
speedof sound, the lift-to-drag ratio doesnot vary much with speed,soit pays to increasethe speeduntil the
e ects of compressibility start to causea radical changein the ow. This occurs when embedded pockets of
supersonic o w appear, generally terminating in shock waves. A typical transonic o w pattern over a wing is
illustrated in Fig. 1. As the Mach number is increasedthe shock wavesbecomestrong enoughto causea sharp
increasein drag, and nally the pressurerise through the shock wavesbecomessolarge that the boundary layer
separates.The most e cien t cruising speedis usually in the transonic regimejust at the onset of drag rise, and
the prediction of aerodynamic properties in steady transonic o w has therefore beena key challenge.

Prior to 1965computational methods were hardly usedin aerodynamic analysis, although they were widely
used for structural analysis. There was already in place a rather comprehensie mathematical formulation of
uid medanics. This had been deweloped by elegant mathematical analysis, frequertly guided by brilliant
insights. Well-known examplesinclude the airfoil theory of Kutta and Joukowski, Prandtl's wing and boundary
layer theories, von Karman's analysisof the vortex street, and more recertly Jones'sslenderwing theory (1), and
Hayes'stheory of linearized supersonic ow (2). These methods, however, required simplifying assumptionsof
various kinds, and could not be usedto make quartitativ e predictions of complex o ws dominated by nonlinear
e ects. The primary tool for the developmen of aerodynamic con gurations wasthe wind tunnel. Shapeswere
tested and modi cations selectedin the light of pressureand force measuremets together with o w visualization
techniques. In much the sameway that Brunelleschi could designthe dome of the Florence cathedral through
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a good physical understanding of load paths, so could experienced aerodynamicists arrive at e cien t shapes
through testing guided by good physical insight. Notable examplesof the power of this method include the
achievemert of the Wright brothers in leaving the ground (after rst building a wind tunnel), and more recertly
Whitcomb's discovery of the arearule for transonic ow (3). In fact, in the 80 yearssincethe Wright brothers'
igh t, every conceiable con guration hasbeentried, and by a processof natural selectionairplanes have very
rapidly ewolvedto the rather e cien t forms we see ying today.

Experimental designis an expensive process,however. More than 20,000hours of wind tunnel testing were
expendedin the developmen of somemodern designssud asthe General Dynamics F 111 or the Boeing 747.
The computer opensup new possibilities for attacking these problems by direct calculation of solutions to more
complete mathematical models. The requiremerts to be met by an e ective method include: (i) capability to
simulate the main features of the o w, such as shock wavesand vortex sheets;(ii) prediction of viscouse ects;
(iii) ability to handle geometrically complexcon gurations; and (iv) e ciency in both computational and human
e ort.

Sonic line

M <1 M1 Shock wave

Boundary layer

Figure 1: Pattern of transonic ow past an airfoil. The sonic line is where M = 1, that is, where the speed
equalsthe speedof sound

This is a formidable list that posesa sewere challenge to the numerical analyst. Aside from the needto
treat nonlinear e ects, the problem is also compounded by the fact that the steady ow equations are of
mixed type, elliptic in the subsonicregions of the ow, and hyperbolic in the supersonic regions. Moreover,
they are to be solved in the unbounded domain exterior to the aircraft. The problem is somewhatalleviated,
however, by the fact that airplanes y by achieving controlled and steady ows. In someways it is easierto
predict the o w past an airplane than the o w past a nonspinning baseball. The trajectory of a knuckle ball is
unpredictable becausevortices may be shedat any angle to the axis of ight. Experimental measuremets of
the drag coe cien t of a sphereshow drastic variations with speedassaiated with changesin the wake pattern
(4). There is a suddenreduction in the drag coe cien t from around 0.4 to around 0.09 when the o w becomes
turbulent and the ow separatesfurther aft. Accurate prediction of the drag coe cien t would thus require
prediction of the changein the separation point asthe ow becomesturbulent. The ow past an aircraft is
generally attached in normal operating conditions, with the exception of certain high-speedaircraft which use
cortrolled separation o sharp side edgesto generatevortices which passabove the wing, thus enhancingthe
lift. Otherwise the onset of separation typically marks the limits of the ight ervelope, such as the stalling
point. Consequetly, depending on the intended application, useful aerodynamic simulations can be achieved
with substartially simplied mathematical models.

This article outlines someof the key issuesin the developmert of algorithms for uid o w simulation, and
their usefor aircraft design. The volume of work in computational uid dynamics precludesa comprehensie
review in an article of this length, and the choice of topics must necessarilybe personal. Somerepreserativ e
examplesof ow calculations have beendrawn from the work of the author and his assaiates.
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Mathematical Mo dels of Fluid Flow

The Navier-Stokesequationsstate the laws of consenation of mass,momertum, and energyfor the ow of a gas
in thermodynamic equilibrium. In the Cartesian tensor notation, let x;, be the coordinates, p, , T, and E the
pressure,density, temperature, and total energy and u, the velocity componerts. Each consenation equation
hasthe form
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For the i momertum equation
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where j is the visous stresstensor, which is proportional to the rate of strain tensor and the bulk dilatation.
If and arethe coe cien ts of viscosity and bulk viscosity then
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where is the coe cien t of heat conduction. The pressureis related to the density and energy by equation of
state
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Figure 3: Complexity of the problemsthat can be treated with di erent calssesof computer (1 op=1 oating-
point operation per second;1IMop = 10° ops, 1 G op=10 ° ops)

in which is the ratio of speci c heats.
An indication of the relative magnitude of the internal and viscousterms is given by the Reynold's number
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where U is a characteristic velocity and L a represenativ e length. The viscosity of air is very small, and typical
Reynolds numbers for the ow past a componert of an aircraft such as a wing are of the order of 10’ or more,
depending on the size and speed of the aircraft. In this situation the viscouse ects are essetially con ned
to thin boundary layers covering the surface. Boundary layers may neverthelesshave a global impact on the
ow by causingseparation. Unfortunately, unlessthey are cortrolled by active meanssud as suction through
a porous surface,boundary layers are unstable and generally becometurbulent.

The computational requiremerts for the full simulation of all scalesof turbulence have been estimated as
growing proportionally to R (5), and are clearly beyond the reach of current computers. Turbulent ows
may be simulated by the Reynolds equations, in which statistical averagesare taken of rapidly uctuating
componerts. Denoting uctuating parts by primes and averagingby an overbar, this leadsto the appearanceof
Reynolds stressterms of the form u % which cannot be determined from the mean values of the velocity and
density. Estimates of theseadditional terms must be provided by a turbulence model. The simplest turbulence
models augmert the molecular viscosity by an eddy viscosity that crudely represerts the e ects of turbulent
mixing, and is estimated with somecharacteristic length scalesud asthe boundary layer thickness. A rather
more elaborate class of models introducestwo additional equations for the turbulent kinetic energy and the
rate of dissipation. Existing turbulence models are adequatefor particular classesof ow for which empirical
correlations are available, but they are generally not capable of reliably predicting more complex phenomena,
such as shock wave-boundary layer interaction. Outside the boundary layer excellert predictions can be made
by treating the o w asinviscid. Setting j; = 0and eliminating heat conduction from Egs. 2, 3, and 5 yields the
inviscid Euler equations, which are a very useful model for predicting o ws over aircraft. According to Kelvin's
theorem, a smooth inviscid ow that is initially irrotational remainsirrotational. This allows oneto introduce
a velocity potential 4 such that uj = @ =@;. The Euler equationsfor a steady o w now reduceto
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This may be expandedin quasilinear form as
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where ¢ is the speed of sound, which is determined by the relation ¢ = p=
If the ow is locally aligned, say, with the x; axis, Eq. 9 readsas
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where M is the Mach number u;=c. The change from an elliptic to a hyperbolic partial di erential equation
asthe ow becomessupersonicis evident. According to Crocco'stheorem (6), the vorticity g in a steady ow
is related to entropy production through the relation u x + Tr S = 0, where S is the erntropy. Thus the
intro duction of a potential is consistert with the assumption of isertropic ow. If M is the free stream Mach
number,thenp= = M7 and = (M &) D

The potential o w equation cannot exactly model shock waves, through which erntropy is produced. Weak
solution admitting isertropic jumps that consene massbut not momertum are a good approximation to shock
waves, however, as long as the shock wavesare quite weak (with a Mach number <1.3 for the normal velocity
componert upstream of the shock wave). Stronger shock wavestend to separatethe o w, with the result that
the inviscid approximation is no longer adequate. Thus this model well balanced,and it has proved extremely
useful for the prediction of the cruising performance of transport aircraft. An estimate of the pressuredrag
arising from shock wavesis obtained becauseof the momertum de cit through an isertropic jump.

If oneassumessmall disturbancesabout a free streamin the x; direction, and a Mach number closeto unity,
Eq. 10 can be reducedto the transonic small disturbance equation in which M ? is estimated as
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The nal level of approximation is to linearize Eq. 10 by replacing M 2 by its free stream value My . In
the subsoniccasethe resulting Prandtl-Glauert equation can be reducedto Laplace'sequation by scalingthe x,
coordinate by (1 M 2 )2, Ideal incompressible o w satis es the Laplace'sequation, as can be seenby setting

= constart in Eqg. 8.

The hierarchy of mathematical modelsis illustrated in Fig. 2. With limits on the available computing power,
and the cost of the calculations, onehasto make a trade-o betweenthe complexity of the mathematical model
and the complexity of the geometric con guration to be treated. The rst major successin computational
aerodynamics was the developmert of boundary integral methods (7, 8), which enabledthe linearized potential
oW equation to be solved routinely for arbitrary con gurations. In the 1970se ectiv e methods were devised
for the treatment of the transonic potential o w equation (9-13). Thesewere instrumental, for example, in the
developmert of re ned wing designsfor aircraft such asthe Canadair Challenger and the Boeing 757, and they
are still widely usedtoday. More recertly there have beenintensive e orts to dewelop good algorithms for the
Euler and Navier-Stokesequations.

The computational requiremerts for aerodynamic simulation are a function of the number of operations
required per meshpoint, the number of cyclesor time stepsneededto reach a solution, and the number of mesh
points neededto resolve the important features of the ow. Algorithms for the three-dimensional transonic
potential o w equation require about 500 oating point operations per mesh point per cycle. The number of
operations required for an Euler simulation is in the range of 1000to 5000 per time step, depending on the
complexity of the algorithm. The number of meshintervals required to provide an accurate represeration of
a two-dimensionalinviscid transonic o w is of the order of 160 wrapping around the pro le, and 32 normal to
the airfoil. Correspondingly, about 100,000mesh cells are su cien t to provide adequate resolution of three-
dimensionalinviscid transonic o w past a swept wing, and this number needsto be increasedto provide a good
simulation of a more complexcon guration such asa completeaircraft. The requiremerts for viscoussimulations
by means of turbulence models are much more sewere. Good resolution of a turbulent boundary layer needs



about 32 intervals inside the boundary layer, with the result that a typical meshfor a two-dimensional Navier-
Stokescalculation contains 512intervals wrapping around the pro le, and 64 intervalsin the normal direction. A
corresponding meshfor a swept wing would have, say, 512X 64 X 256= 8,388,608cells, leading to a calculation
at the outer limits of current computing capabilities. Figure 3 gives an indication of the boundaries of the
complexity of problemswith can be treated with di erent levelsof computing power. The vertical axis indicates
the geometric complexity, and the horizontal axis the equation complexity.

Algorithms for Flow Simulation

The caseof the inviscid Euler equationsis usedhereto illustrate a generalapproad to the designof algorithms
for aerodynamic simulation (14). The underlying idea is simply to integrate the timedependernt equations of
uid ow until the solution ewolvesto a steady state. This may be accomplishedby dividing the domain of the
ow into a large number of small subdomains and applying the consenations laws in integral form
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Here F is the vector appearingin Eq. 1, and dS is the directed surfaceelemen of the boundary d of the domain

The useof the integral form hasthe advantage that no assumption of the di eren tiabilit y of the solutions is
implied, with the result that it remainsa valid statemert for a domain containing a shock wave. In generalthe
subdomains could be arbitrary, but it is conveniert to use either hexahedral or tetrahedral cells. Hexahedral
cells are naturally generatedby the use of body conforming meshescorresponding to curvilinear coordinate
systems. Where the geometric complexity of the con guration is suc that it becomesdicult to generatea
structured meshof this kind, one may prefer to resort to an unstructured decomposition into tetrahedral cells.
Alternativ e discretization schemesmay be derived by storing sample values of the o w variables at either the
cell certers or the cell vertices.

With atetrahedral mesh,eat faceis a commonexternal boundary to exactly two control volumes. Therefore
ead internal face can be assaiated with a setof v e meshpoints consisting of its three corners1, 2, and 3, and
the vertices4 and 5 of the two tetrahedra basedon the face. Vertices 4 and 5 are the certers of the two cortrol
volumesin uenced by the face. It is now possibleto generatethe discrete approximation by presetting the ux
balance at eadh mesh point to zero, and then performing a single loop over the faces. For eat face one rst
calculatesthe uxes of mass,momertum and energy acrossthe face, and then one assignsthese contributions
to the vertices 4 and 5 with positive and negative signs, respectively. Becauseevery contribution is transferred
from onecontrol volumeinto another, all quartities are perfectly consened. Mesh points on the inner and outer
boundaries lie on the surface of their own control volumes, and the accunulation of the ux balancein these
volumeshasto be correspondingly modi ed.

An alternativ e route to the discrete equationsif provided by the Galerkin Method. Multiplying Eq. 1 by a
test function , and integrating by parts over space,one obtains the weak form
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that is alsovalid in the presenceof discortinuities in the ow. By choosing test functions with local support,
separateequations are obtained for ead node. For example,if is piecewiselinear, with a nonzerovalue only
at a single node, and one also assumesghat ux vector to be piecewiselinear, one obtains a ux balancefor the
node that is equivalert to the useof trap ezoidal integration in the integral consenation law.

These procedureslead to nondissipative approximations to the Euler equations. Dissipative terms may be
neededfor two reasons. First there is the possibility of frozen oscillatory modes. The secondreasonis to
allow the clean capture of shock wavesand contact discortin uities without undesirableoscillations. An extreme
overshaoot could resultogn a negative value of an inherertly positive quartity such asthe pressureor density.



Consider a generalsemidiscretescheme of the form
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A maximum cannot increaseand a minimum cannot decreaseif the coe cien ts ¢;x are nonnegative. Positivity
conditions of this type lead to diagonally dominant schemes,and they are a key to the elimination of unwanted
oscillations. They may be realizedby the intro duction of dissipative terms or by the useof upwind biasingin the
discrete scheme. Unfortunately they may alsolead to sewererestrictions on the accuracy unlessthe coe cien ts
have a complex nonlinear dependenceon the solution.

Following the pioneering work of Godunov (15), a variety of dissipative and upwind schemesdesignedto
have good shock capturing properties have beendeveloped during the past decade(16-25). The one-dimensional
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provides a useful method for the analysis of these schemes. The total variation
z
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of a solution of this equation doesnot increase,provided that any discortin uity appearingin the solution satis es
an entropy condition (24). Harten proposedthat di erence sthemesought to be designedso that the total
variation cannot increase(19). General conditions on coe cien ts which result in total variation diminishing
(TVD) for schemesof this kind were stated and proved by Jamesonand Lax (27), and also by Osher and
Chakravarthy (28). In the caseof a three-point schemethey are equivalert to the positivity conditions stated
above.

A consenative semidiscreteapproximation to the one dimensional consenation law can be derived by sub-

dividing the line into cells. Then the ewolution of the value vj in the jth cell is given by

d
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whereh; ., -, is an estimate of the ux betweencellsj andj+1. The simplestestimate is the average(f; ., +f;)=2
but this leadsto a schemethat doesnot satisfy the positivit y conditions. To correct this onemay add a dissipative
term and set

1
hjy1-2= é(fj+1 +E)+ a2 Vo) (16)
In order to estimate the required value of the coe cient .1 -, let &1 -, be a numerical estimate of the wave
speed @ =@,
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Thus the positivity conditions are satis ed if
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for all j. The minumum su cien t value of just one half the wave speed producesthe upwind scheme

fj  ifau O
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It may be noted that the successfultreatment of transonic potential o w also involved the use of upwind
biasing. This was rst introduced by Murman and Cole to treat the transonic small disturbance equation
(9). The author's rotated di erence scheme(10), which extendedtheir technique to treat the generaltransonic
potential o w equation, proved to be very robust. TVD schemescan yield sharp discrete shock waveswithout
oscillations, but in this simple form they are at best rst-order accurate. Sthemesthat are second-orderaccurate
almost everywhere can be devisedwith the aid of ux limiters. Theseare usedto limit the magnitude of higher
order antidi usiv eor correctiveterms dependingon the ratio of the dierences j,1- = Vj+1 Vj;and j 1= in
adjacert cells. This technique may be traced to the work of Boris and Book (16), and it was alsoindependertly
advancedby van Leer (17).

In order to apply theseideasto a system of equationsone may split the ux into componerts corresponding
to the dierent wave speeds. A corveniert way to do this was proposed by Roe (19). Another promising
approad is to reducethe multidimensional Euler equationsdirectly to a diagonal form (29, 30). The useof ux
splitting allows the precise matching of the dissipative terms to intro duce the minimum amount of dissipation
neededto prevent oscillations, but it is computationally expensive. In practice the use of a blend of low- and
high-order dissipative terms with adaptive coe cien ts conditioned to the maximum local wave speed can yield
e ectiv e shock capturing schemes. Recertly Engquist, Lotstedt, and Sjogreenhave shown that oscillations can
be e ectiv ely cortrolled by post-processingthe result after ead time step with a Iter which is applied only
if a new extremum is detected (31). These procedureslead to a set of coupled ordinary di erential equations,

which can be written in the form
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where w is the vector of the ow variables at the mesh points, and R(w) is the vector of the residuals,
consisting of the ux balancesde ned by the spacediscretization scheme, together with the added dissipative
terms. Theseare to be integrated to a steady state. If the objective is simply to reac the steady state and
details of the transient solution are immaterial, the time-stepping schememay be designedsolely to maximize
the rate of corvergence.The rst decisionis whether to usean explicit scheme,in which the spacederivatives
are calculated from known valuesof the o w variables at the beginning of the time step, or an implicit scheme,
in which the formulas for the spacederivativesinclude as yet unknown valuesof the o w variables at the end
of the time step, leading to the needto solve coupled equations for the new values. The permissabletime step
of an explicit schemeis limited by the Courant-Friedrichs-Lewy (CFL) condition, which statesthat a di erence
schemecannot be a convergert and stable approximation unlessits domain of dependencecontains the domain
of dependenceof the corresponding di erential equation (32).

One can anticipate that implicit schemeswill yield corvergencein a smaller number of time steps, because
the time step is no longer constrained by the CFL condition. This will be e cien t, however, only if the decrease
in the number of time stepsoutweighsthe increasein the computational e ort per time step consequeh upon
the needto solve coupled equations. The prototype implicit schemecan be formulated by estimating @v=@ at
t+ t asa linear combination of R(w") and R(w"*1). The resulting equation

wn*t = wh t (I HRMW")+ RWwW"?) (22)

can be linearized as &R
| + t— w+ tRw")=0 23
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This reducesto the Newton iteration if onesets = landlets t! 1. In athree dimensional casewith an
N x N x N meshits bandwidth is of order N 2. Direct inversion requires a number of operations proportional
to the number of unknowns multiplied by the square of the bandwidth, that is, of the order of N’. This is
prohibitiv e, and forcesrecourseto either an approximate factorization method or an iterativ e solution method.
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Alternating direction methods, which intro duce factors corresponding to ead coordinate, are widely used
for structured rectangular meshes(33, 34), but they cannot be implemented on unstructured tetrahedral meshes
that do not contain identi able mesh directions. If one choosesto adopt the iterativ e solution technique, the
principal alternativ esare variants of the Gauss-Seideland Jacobi methods. A symmetric Gauss-Seideimethod
with oneiteration pertime stepis essetially equivalent to an approximate lower-upper (LU) factorization of the
implicit scheme (35-37). On the other hand the Jacobi method with a xed number of iterations per time step
reducesto a multistage explicit scheme, belonging to the generalclassof Runge-Kutta schemes(38). Schemes
of this type have proved very e ectiv e for wide variety of problems, and they have the advantage that there can
be applied equally easily on both structured and unstructured meshes(39-42).

Let w" be the result after n steps. The generalform of an m stage schemeis

w©@ = wn
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wim D = W@ R 2 (24)
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W(n+1) = W(m)

In caseswhere only the steady state solution is needed,it is helpful to separatethe residual R(w) into its
convective and dissipative parts Q(w) and D(w) . Then the residual in the (g+1)st stageis evaluated as

4 n o}
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Blended multistage schemesof this type, which have beenanalyzed elsewhere(42), can be tailored to give
large stability intervals along both the imaginary and negative real axes.

Radical further improvemerts in the rate of corvergenceto a steady state can be realized by the multigrid
time-stepping technique. The conceptof accelerationby the introduction of multiple grids was rst proposedby
Federenlo (43). There is by now a fairly well-developed theory of multigrid methods for elliptic equations (44,
45), basedon the conceptof the updating schemeacting asa smoothing operator on eac grid. This theory does
not hold for hyperbolic systems. Nevertheless,it seemsthat it ought to be possibleto acceleratethe evolution
of a hyperbolic systemto a steady state by using large time stepson coarsegrids so that disturbanceswill be
more rapidly expelled through the outer boundary. Seeral multigrid time-stepping schemesdesignedto take
advantage of this e ect have beenproposed(46-50).

One can devisea multigrid schemeusing a sequenceof independertly generatedcoarsermeshesthat are not
assciated with ead other in any way. In the caseof a structured meshit is corveniernt, however, to generate
the coarser meshesby eliminating alternate points in ead coordinate direction. In order to give a precise
description of the multigrid scheme subscripts may be usedto indicate the grid. Seeral transfer operations
needto be de ned. First the solution vector on grid k must be initialized as

0
W|(<) = Tek Wk 1 (26)
wherewy 1 is the current valueon grid k 1, and Ty 1 is atransfer operator. Next it is necessaryto transfer

a residual forcing function suc that the solution on grid k is driven by the residuals calculated on grid k 1.
This can be accomplishedby setting

Pk = Qkk 1Rk 1(wk 1) Rk(Wlio)) (27)
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whre Qyk 1 is another transfer operator. Then Ry (wy) is replacedby Ry (wy) + Py in the time stepping scheme.
Thus, the multistage schemeis reformulated as

w? = w1 wRY + P
o (28)
W|((q+l) = W|((o) g+l tk[Rl((q) + Pyl

The result wi™ then providesthe initial data for the grid k+1. Finally, the accurrulated correction on grid k has

to be transferred badk to detailed analysis of multigrid time-stepping schemesis provided elsewherg(50). With
properly optimized coe cien ts multistage time-stepping schemescan be very e cien t drivers of the multigrid
process.A W cycle of the typeillustrated in Fig. 4 provesto be a particularly e ectiv e strategy managing the
work split betweenthe meshes.In a three-dimensional casethe number of cells is reducedby a factor of eight
on ead coarsergrid. On examination of the gure, it can therefore be seenthat the work measuredin units
corresponding to a step on the ne grid is of the order of

1+ 2=8+ 4=64+ :;:< 4=3 (29)

Examples of Flow Simulations

Someexamplesare preseried hereto illustrate the kind of results that are attainable with these methods. The
calculations can be performed on readily accessibleequipmert, including the mini-supercomputersthat are now
becomingwidely available.

The rst example, displayed in Fig. 5, shows the result of a transonic ow calculation for a swept wing.
In this casemy program FLO67 was usedto solve the Euler equationson a structured meshwith 192 intervals
wrapped around the wing, 32 intervals normal to the wing, and 48 intervals in the sparwisedirection, for a total
of 294,912cells. The gure shows the pressuredistribution on the upper and lower surfacesmeasuredby the
pressurecoe cient Cp = (p  p1 )=(q% =2), with negative C,, toward the top, following the usual corvertion
in aeronautical science.The triangular shock pattern is clearly visible. This calculation, requiring the solution
of coupled nonlinear equations for 1,474,560unknowns, reached an essetially steady state in 15 multigrid
cycles,with the lift corvergedwithin 1 part in 1,000. Becausethe algorithm is explicit it permits concurrert
calculations at separatemeshpoints, soit is fully amenableboth to vector processingand to massiwely parallel
computation. The cover shows the vortical ow generatedby a delta wing at a high angle of attack. The
ow separateso the sharp side edgesand rolls up to form vortices which passover the top of the wing. The
assaiated low pressureis an important medanism for enhancingthe lift of a high-speedaircraft. In the gure
the vortices are illustrated by tracking particle paths. (This o w calculation was also performed with FL067,
while the meshgenerationand the graphic visualization wasthe work of G. Volpe and M. Siclari, using facilities
at the Grumman Corporate Researt Center.)

Figure 6 givesan indication of the presert state of the art for viscous o w simulation. It shons a comparison
betweenthe predicted pressuredistribution overthe RAE2822 and experimental data obtained in a wind tunnel.
Theseresults were obtained by Martinelli, using a new turbulence model basedon renormalization group theory
(51). Figure 7 shows a comparisonbetweeninviscid and viscous o w simulations for the planned Hermesspace
shuttle in hypersonic o w at Mach 8, and an angle of attack of 30 degrees.While the calculation demonstrates
the capability of the LU implicit algorithm (37), the temperatures reached in the ow are high enough that
a more complex model ought to be introduced to allow for real gase ects, such as disscciation and chemical
reactions.

If computational methods are to be really useful to airplane designers,they must be able to treat extremely
complex con gurations. A major pacing item of the e ort to attain this goal has beenthe problem of mesh
generation. For simple wing body combinations it is possibleto generaterectilinear mesheswithout too much
dicult y (52): for more complicated con gurations containing, for example, pylon-mounted engines,it becomes
increasingly di cult to produce a structured mesh, which is aligned with all solid surfaces. A popular mesh
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Figure 5: Flow over a designfot the HermesSpaceShuttle at M=8 and 30 degreesangle of attack. Comparison
of Mach number distributions for (A) inviscid and (B) viscous ow. (Bottom) The color contours represern the
local Mach number, with balck showing the free stream (M=8), yellow-red the range M=3 to 0. (Supplied by
H. Rieger, Dornier, GmbH.)
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generation procedure,pioneeredby Thompson (53), is to generategrid surfacesas solutions of elliptic equations.
Hyperbolic marching methods have alsoproved successfuln someapplications (54). Thesemethods are typically
combined with domain decomposition to produce multiblo ck meshesin which the mesh inside eat block is
separately generated. The simulation by Savada and Takanashaof the ow over a four-engined shorttake o
aircraft provides a striking example of what can be achieved by these methods (55).

An alternativ e procedureis to usetetrahedral cellsin an unstructured meshwhich canbe adaptedto conform
to the complex surface of an aircraft. Suc an approach was successfullyimplemerted for the potential ow
equation by Bristeau et al. (13) whose simulation of transonic ow past a complete aircraft was a major
advance. Becausean arbitrary set of points admits a triangulation, the problem can be simplied by separating
the procedurefor generating meshpoints from the procedurefor triangulating them. A cluster of meshpoints
surrounding the aircraft can be createdin any corveniert manner. One may take, for example, the union of the
points belonging to separately generated meshesaround ead componert. The swarm of mesh points is then
connectedtogether to form tetrahedral cells, which provide the basisfor a single niteelement approximation
for the entire domain. The triangulation of a set of points to form disjoint tetrahedra is, in general,non-unique:
one procedureis to generatethe Delaunay triangulation (56, 57). This is dual to the Voronoi diagram that
results from a division of the domain into polyhedral neighborhoods, eat consisting of the subdomain of points
nearerto a given meshpoint than any other meshpoint.

Combined with a nite-element method basedon the conceptsoutlined in this article, this approac to mesh
generationyields an e ectiv e method to perform o w calculations for completeaircraft (58, 59). Figure 8 shows
aresult for the Boeing 747. The color contours denotethe surfacepressuredistribution. The calculation includes
internal o w through the engineducts, but asyet no e ort hasbeenmadeto simulate propulsive e ects. Using
our Convex C2 mini-supercomputer at Princeton University, we nd that calculations with, say, 125,000to
150,000no0desand 750,000to 900,000tetrahedrons require 15to 18 hours. We have also beenfortunate enough
to have beengiven accesgo a Cray 2 by Cray Researt, which allows us to perform the samecalculationsin 3
to 4 hours. They alsorequire a lot of memory, typically about 60 million words. Other e orts to develop nite
elemen methods to treat supersonicand hypersonic o ws over complex con gurations are under way (60, 61).

The Design Problem

In considering the objectives of computational aerodynamics, three levels of desirable performance can be
identi ed: (i) capability to predict the ow past an airplane or its important componerts in dierent ight
regimessuch astake-o or cruise,and o designconditions such as utter; (ii) interactive calculations to allow
rapid improvemen of the design; and (iii) integration of the predictive capability into an automatic design
method that incorporates computer optimization.

Ithough the results preseried in this article demonstrate that substartial progresshas been made toward
the rst objective, various problems of viscousseparated o ws still remain beyond our reach. Also in relatively
simple cases,such as an airfoil or wing in inviscid ow, calculations can be performed fast enoughthat the
secondobijective is attainable. The third objective must evertually prevail. What the designerreally needsis a
method of determining shapesthat will have the desiredaerodynamic properties. The ability to predict the ow
over a given shape is not good enoughfor this purpose,asit doesnot provide any guidanceon how to change
the shape if it is unsatisfactory. It has beenrecognizedthat an experienceddesignergenerally has an idea of
the kind of pressuredistribution that will lead to favorable characteristics. For example, he can avoid adverse
pressuregradients that will induce premature separation of the boundary layer. Thus, in addition to the direct
problem of calculating the pressuredistribution over a given shape, the inverseproblem of nding the shape
that will yield a speci ed pressuredistribution canalsoplay animportant role. The problem of designinga two-
dimensionalpro le to attain a desiredpressuredistribution wassolved by Lighthill for the caseof incompressible
o w by meansof conformal mapping (62). Subsequetly there hasbeencontinuing interest in the problem, and
a variety of methods have been proposedfor the solution of the inverseproblem in compressible o w (63-66).
One sourceof di cult y is that the desired pressuredistribution is not necessarilyattainable, unlessit satis es
certain constraints, with the result that the problem needsto be very carefully formulated.
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Figure 6: Flow bast a Boeing 747-200at Mach number 0.84 and 2.73 degreesangle of attack. (Top) The color
corntours represert the surface pressure, with red indicating low pressurein the supersonic zone. (Bottom)
Another view shawing streamlinesaround aircraft. (Calculated by A. Jamesonand T. J. Baker.)

14



The hodograph transformation o ers an alternativ e approach to the designof airfoils to produce shock-free
transonic o ws. Garabedian and Korn achieved a striking succesdy usingthe method of complexcharacteristics
to solve the equations in the hodograph plane (67). There have been sewral studies that have explored the
possibility of meeting desired design objectives by using constrained optimization (68, 69). The con guration
is specied by a set of parameters, and any suitable computer program for ow analysis is usedto ewaluate
the aerodynamic characteristics. In principle this method allows the designerto specify any reasonabledesign
objectives. The method becomesextremely expensive, however, asthe number of parametersis increased.In a
recernt paper | suggestedthat there are bene ts in regarding the designproblem as a cortrol problem in which
the cortrol is the shape of the boundary (70). A variety of alternativ e formulations of the designproblem can
then be treated systematically by using the mathematical theory for cortrol of systemsgoverned by partial
di erential equations(71).

| have usedthis approach to accomplishthe automatic redesignof airfoils to improve their performancefor
the caseof transonic potential ow. The method proceedsas follows: A two-dimensionalpro le in the z plane
is generatedby conformal mapping from a unit circle in the plane. Sincethe transformation is de ned by an
analytic function, it is fully determined by the value of its modulus h = jdz=d j on the boundary. Thus we can
take f = log h asthe control. Supposenow that we de ne a cost function, such as

1 z 1
=51 (@ pa)?d + LCD + 5 s(CL CLg)? (30)
C

where the integral is taken over the boundary C, is the anglein the circle plane, p is the surface pressure,
pq is the desired surface pressure,CD is the drag coe cien t, CL is the lift coecient, CLy is the desiredlift
coecient, and 1, » and 3 areparametersto be chosenby the user. Note that in inviscid o w, minimization
of the drag without additional constraints would yield a at plate at zero angle of attack. Supposethat a
perturbation analysisyields an estimate of the variation Bl induced by a chargein the mapping function f of
the form Z

l= gfd (31)
C

where g is independert of f. Then g canbeidentied asthe gradient or derivative of | with respect to f. If we
adjust f by a change
f= g (32)
where is any su cien tly small positive variable, then
Z

| = g 2d (33)
C
and the cost must decreaseunlessthe gradient g is already zero, indicating that a stationary point has been
attained. At rst sight it might appear that one must calculate the changein the solution for ead possible
change f. Actually this is not the case. The change in the potential that results from a change f in the
mapping function satis es an equation of the form

L =1J (34)

where L is the perturbation operator, which is self-adjoint, and J dependson f. This is a constraint, and
we can augmert the variation 1 by the integral over the domain of this equation multiplied by a Lagrange
multiplier , Z 7
(L J)ds (35)
D
Let now be chosento satisfy the adjoint equation

L =0 (36)
with appropriately chosenboundary conditions. Then, an integration by parts, all terms explicitly depending

on can be eliminated. In this way it is possibleto seard for the mapping function f that minimizes | by
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Figure 7: Redesignof the RAE 2822 airfoil by meansof cortrol theory to reduceits shock-induced pressure
drag. (A) Initial prole. Drag coe cient is 0.0175. (B)Redesignedpro le after v e cycles. Drag coe cien t is
0.0018

an iterativ e process,in which the ow equation and an adjoint equation of roughly equal complexity must be
solved at ead iteration.

Figure 9 illustrates a result (previously unpublished) obtained by this method. It shows the automatic
redesign of a rather well-known airfoil, the RAE 2822, to reduce its shock-induced pressuredrag at a Mach
number of 0.730, while the lift is held roughly constart. The gure shows the initial airfoil, and the modi ed
airfoil after v e design cycles. The corresponding distribution of the pressurecoe cien t is also shovn. The
di erence betweenthe upper and lower surface pressuresindicates the distribution of lift. It can be seenthat
during the v ecyclesthe drag coe cien t is reducedfrom aninitial value of 0.0175,which would be unacceptably
large,to a nal value of 0.0018,a reduction by a factor of 10. Each designcycle takesabout 9 s on the Convex
C2, and the complete calculation requireslessthan 2 min. It appearsertirely feasibleto extend this method to
the optimization of wings in three-dimensional o w.

Future Possibilities and Challenges

We are now at a point where a variety of e cien t algorithms for the solution of the Euler and Navier-Stokes
equations have been deweloped, and the principles underlying their construction are quite well understood.
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Progressin viscous o w simulations (72-75) is pacedby availabilit y of su cien t computing power, and the need
for more reliable turbulence models. E orts are under way to treat more complex ows. In particular the
simulation of internal o ws haslaggedbehind that of external ows. Devicessuc as compressorsand turbines
require the treatment of unsteady o ws with strong viscouse ects. The unsteady o w induced by a helicopter
in forward igh t is another example of a very complex o w which extends present methods of simulation to the
limit of their capabilities. The accurate prediction of hypersonic o w requires the introduction of much more
complex models to allow for disscciation and chemical reactions at high temperatures.

There remain many opportunities for improvemert. Proceduresfor automatic re nement of the meshin
regions requiring better resolution are likely to be widely adopted. Such methods have been deweloped for
both rectangular and triangular meshes(60, 61, 7680). The data structures of nite elemen methods that use
unstructured meshesprovide a particularly natural framework for adaptive mesh generation adoption as the
calculation proceeds.The ideal method would alsobe capableof providing both a solution and an accomparying
estimate of bounds on the error introduced by discretization. The advent of massiwely parallel computers will
forceareappraisalof the trade-o s in the designof algorithms in favor of schemesallowing concurrert calculation.
As the simulations increasein complexity the needfor sophisticatedpre- and post-processingporoceduresbecomes
more pressing,and it is becomingincreasingly necessanto integrate computer graphics software with numerical
simulation methods. Further developmert of optimization methods should nally allow ow simulations to be
exploited to their full potential for improving aerodynamic design.
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