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It is often of interest to solve the equation
AX+XB=C (1)

for X, where X and C' are M x N real matrices, A is an M x M real matrix, and B is an
N x N real matrix. A familiar example occurs in the Lyapunov theory of stability [1], [2],
3] with

B=A".
Is also arises in the theory of structures [4].

Using the notation P x @ to denote the Kronecker product (P;;Q) (see [5]) in which each
element of P is multipled by (), we find that the equation written out in full for the M N
unknowns i1, T2, ... , %12, ... in terms of ¢11,¢1, ... ,¢12, ... becomes

[(In x A) + (B" x Iy)] z = ¢, (2)

where I, and Iy are the M x M and N x N identity matrices. If u is a characteristic vector
of A with characteristic value )\, and v is a characteristic vector of BT with characteristic
value p, then
Auv” +uv'B = (A + p) uwo”.

Thus A + u is a characteristic value of the system (2), which can therefore be solved if and
only if

Ai + i # 0 (3)
for all 7, j.

When A and B can both be reduced to diagonal form by similarity transformations

At

U-TAU = A

Am

*Received by the editors March 7, 1968.
fGrumman Aircraft Engineering Corporation, Bethpage, Long Island, New York 11714.

1020



and

K1
VBV = e ,
UN

the solution of (1) is easily obtained as

X =UXV"!,
where ~

Foo— G
and )

cC=u"'cv.

In fact the matrix of the expanded system (2) is reduced to a diagonal form by the trans-
formation

(V)" x| [Ty x A) + (BT x )] V7 x U]

[ A+
Ao+ fi
A3+ p

A1+ o

v+ pn

It is, however, possible to obtain the solution by the inversion of an M x M or N x N
matrix without recourse to diagnalization. From the expression

Co =0,

Cl = C - AX + XB,

Cy = AC, — C1B + ACyB = A’X — XB?,

Cy = ACy — CoB + AC, B = A3X + XB?,

Cy = ACy_y — Ch_1B + AC}_,B = AFX — (-1)" X B,

Let the characteristic equations of A and B be

M —A =X a4 s ray == A) A=) - (A=Xy) =0
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and

ML= Bl =p" + b+ oo by = (=) (= pp2) -+ (o= py) = 0.

According to the Cayley-Hamilton theorem these are satisfied by A and B themselves. There-
fore

Cy —bOy oy + - + (=) oy 1O
= AVX =0 AV TIX 4 (DY oy AX 4 (=) by X

and

OM — ach_l + -+ aM_101
— —anX — ()M [XBM —a XBM 4 4 ()M gy XB|.

Thus
X = ¢! [CN—blcN,1+ e (DN oy O
= ()M Ou+ariCry + - Fay Gl HTY
where
G = AV —p AV o ()N byT
= (A+ml) (A+pol) -+ (A+ pnI)
and

H = B —a,BM ' ... 4 (—=D)Mayl
(B+MI)(B+XI) -+ (B+Au).

Since the determinant of a product of matrices is the product of their determinants, it is
evident that G is not invertible if for any 4, —u; is a charecteristic value of A, and similarly
H is not invertible if for any ¢, —\; is a characteristic value of B; that is, G and H are not
invertible if condition (3) does not hold.

The coefficients ay,as, --- ,ap and by, by, --- ,by can be determined using Bocher’s
identities [6]:

a; = —ftr (A),
a = g fatr(4) +tr (47)],
az = —% [as tr (A) + aq tr (A7) + tr (A%)],
1 : y y
i [anr—1tr (A) + ap—otr (A%) + -+ +tr (AM)] = (1) |4].
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In the case of the Lyapunov equation
AX + XAT =C,

the coefficients a; and b; coincide and could be determined in the course of taking the powers
of A to form the GG matrix. By adding or subtracting the characteristic equation for A, the
(G matrix can also be expressed in the terms of even or odd powers of A only:

G = 2(-1)" [anT + ay2 A’ + -]
= 2(—1)N_1 [GN_1A+CLN_3A3+ ] .

An explicit solution can be obtained by successive elimination of powers of A between the
two expressions for G. For example, the solution of the Lyapunov equation for 2 x 2 matrices

can be written as .

X = AlATC (AT
2tr (A) Crlaae (A
The solution for 3 x 3 matrices can be written as
— 1 2 T T2 9 1 . T
X= s [A C — ACAT + CA™ + (a3 — a?) C — ayasA~"C (A7) }
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