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It is often of interest to solve the equation

AX + XB = C (1)

for X, where X and C are M × N real matrices, A is an M × M real matrix, and B is an
N × N real matrix. A familiar example occurs in the Lyapunov theory of stability [1], [2],
[3] with

B = AT .

Is also arises in the theory of structures [4].

Using the notation P ×Q to denote the Kronecker product (PijQ) (see [5]) in which each
element of P is multipled by Q, we find that the equation written out in full for the MN

unknowns x11, x21, . . . , x12, . . . in terms of c11, c21, . . . , c12, . . . becomes
[

(IN × A) +
(

BT × IM

)]

x = c, (2)

where IM and IN are the M ×M and N ×N identity matrices. If u is a characteristic vector
of A with characteristic value λ, and v is a characteristic vector of BT with characteristic
value µ, then

AuvT + uvTB = (λ + µ)uvT .

Thus λ + µ is a characteristic value of the system (2), which can therefore be solved if and
only if

λi + µj 6= 0 (3)

for all i, j.

When A and B can both be reduced to diagonal form by similarity transformations
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and

V −1BV =








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,

the solution of (1) is easily obtained as

X = UX̃V −1,

where

x̃ij =
c̃ij

λi + µj

and
C̃ = U−1CV.

In fact the matrix of the expanded system (2) is reduced to a diagonal form by the trans-
formation

[

(

V −1
)T

× U
]

[

(IN × A) +
(

BT × IM

)] [

V T × U−1
]

=























λ1 + µ1

λ2 + µ1

λ3 + µ1
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
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
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.

It is, however, possible to obtain the solution by the inversion of an M × M or N × N

matrix without recourse to diagnalization. From the expression

C0 = 0,

C1 = C = AX + XB,

C2 = AC1 − C1B + AC0B = A2X − XB2,

C3 = AC2 − C2B + AC1B = A3X + XB3,

· · ·

Ck = ACk−1 − Ck−1B + ACk−2B = AkX − (−1)k
XBk,

· · ·

Let the characteristic equations of A and B be

|λI − A| = λM + a1λ
M−1 + · · · + aM = (λ − λ1) (λ − λ2) · · · (λ − λM) = 0
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and

|λI − B| = µN + b1µ
N−1 + · · · + bN = (µ − µ1) (µ − µ2) · · · (µ − µN) = 0.

According to the Cayley-Hamilton theorem these are satisfied by A and B themselves. There-
fore

CN − b1CN−1 + · · · + (−1)N−1
bN−1C1

= ANX − b1A
N−1X + · · · + (−1)N−1

bN−1AX + (−1)N
bNX

and

CM − a1CM−1 + · · · + aM−1C1

= −aMX − (−1)M
[

XBM − a1XBM−1 + · · · + (−1)M−1
aM−1XB

]

.

Thus

X = G−1

[

CN − b1CN−1 + · · · + (−1)N−1
bN−1C1

]

= (−1)M−1 [CM + a1CM−1 + · · · + aM−1C1] H
−1,

where

G = AN − b1A
N−1 + · · · + (−1)N

bNI

= (A + µ1I) (A + µ2I) · · · (A + µNI)

and

H = BM − a1B
M−1 + · · · + (−1)M

aMI

= (B + λ1I) (B + λ2I) · · · (B + λMI) .

Since the determinant of a product of matrices is the product of their determinants, it is
evident that G is not invertible if for any i,−µi is a charecteristic value of A, and similarly
H is not invertible if for any i,−λi is a characteristic value of B; that is, G and H are not
invertible if condition (3) does not hold.

The coefficients a1, a2, · · · , aM and b1, b2, · · · , bN can be determined using Bocher’s
identities [6]:

a1 = −tr (A) ,

a2 = −
1

2

[

a1 tr (A) + tr
(

A2
)]

,

a3 = −
1

3

[

a2 tr (A) + a1 tr
(

A2
)

+ tr
(

A3
)]

,

· · ·

aM = −
1

M

[

aM−1 tr (A) + aM−2 tr
(

A2
)

+ · · · + tr
(

AM
)]

= (−1)M |A| .
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In the case of the Lyapunov equation

AX + XAT = C,

the coefficients ai and bi coincide and could be determined in the course of taking the powers
of A to form the G matrix. By adding or subtracting the characteristic equation for A, the
G matrix can also be expressed in the terms of even or odd powers of A only:

G = 2 (−1)N
[

aNI + aN−2A
2 + · · ·

]

= 2 (−1)N−1
[

aN−1A + aN−3A
3 + · · ·

]

.

An explicit solution can be obtained by successive elimination of powers of A between the
two expressions for G. For example, the solution of the Lyapunov equation for 2×2 matrices
can be written as

X =
1

2 tr (A)

[

C + |A|A−1C
(

A−1
)T

]

.

The solution for 3 × 3 matrices can be written as

X =
1

2 (a1a2 − a3)

[

A2C − ACAT + CAT 2

+
(

a2 − a2

1

)

C − a1a3A
−1C

(

A−1
)T

]

.
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