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Abstract

This paper discusses the use of control theory for op-
timum design of aerodynamic configurations. Exam-
ples are presented of the application of this msethod
to the reduction of shock induced pressure drag on
airfoils in two-dimensional transonic flow.

1 Introduction

Prior to 1960, computational methods were hardly
used in aerodynamic analysis. The primary tool for
the development of aerodynamic configurations was
the wind tunnel. Shapes were tested and modifi-
cations selected in the light of pressure and force
measurements together with flow visualization tech-
niques. Computational methods are now quite widely
accepted in the aircraft industry. This has been
brought about by a combination of radical improve-
ments in numerical algorithms and continuing ad-
vances in both speed and memory of computers.

If a computational method is to be useful in the
design process, it must be based on a mathematical
model which provides an appropriate representation
of the significant features of the flow, such as shock
waves, vortices and boundary layers. The method
must also be robust, not liable to fail when param-
eters are varied, and it must be able to treat useful
configurations, ultimately the complete aircraft. Fi-
nally, reasonable accuracy should be attainable at
reasonable cost. Must progress has been made in
these direcionts [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. In many
applications where the flow is unseparated, including
designs for transonic flow with weak shock waves,
useful predictions can be made quite inexpensively
using the potential flow equation [1, 2, 3, 4]. Meth-
ods are also available for solving the Euler equations
for two- and three- dimensional configurations up to
a complete aircraft [5, 6, 7, 8, 9, 10]. Viscous simula-
tions are generally complicated by the need to allow
for turbulance: while the Reynolds averaged equa-
tions can be solved by current methods, the results

depend heavily on the choice of turbulence models.
Assuming that one has the ability to predict the per-
formance of a given design, the equation then arises
of how to modify it to attain significant improve-
ments in its performance.

Given the range of well proven methods now avail-
able, one can thus distinguish objectives for compu-
tational aerodynamics at several levels:

1. Capability to predict the flow past an airplane
or important components in different flight regimes
such as take-off or cruise, and off-design condi-
tions such as flutter.

2. Interactive design calculations to allow rapid
improvement of the design.

3. Automatic design optimization.

Substantial progress has been made toward the
first objective, and in relatively simple cases such
as an airfoil or wing in inviscid flow, calculations
can be performed fast enough that the second ob-
jective is within reach. The subtlety and complex-
ity of fluid flow is such that it is unlikely that in-
teractive trials can lead to a truly optimum design.
Eventually, therefore, one should aim to have auto-
matic optimization procedures built into the design
process. This is the third objective. Progress has
been inhibited by the extreme computing costs that
might be incurred, but useful design methods have
been devised for various simplified cases such as two-
dimensional airfoils and cascades, and wings in po-
tential flow.

In particular, it has been recognized that the de-
signer generally has an idea of the kind of pressure
distribution that will lead to the desired performance.
Thus, it is useful to consider the problem of calculat-
ing the shape that will lead to a given pressure distri-
bution in steady flow. Such a shape does not neces-
sarily exist, unless the pressure distribution satisfies
certain constraints, and the problem must therefore
be very carefully formulated: no shape exists, for
example, for which stagnation pressure is attained
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over the entire surface. The problem of designing a
two-dimensional profile to attain a desired pressure
distribution was first studied by Lighthill, who solved
it for the case of incompressible flow by conformally
mapping the profile to a unit circle [11]. The speed
over the profile is

q = φθ/h (1)

where φ is the potential for flow past a circle, and h is
the modulus of the mapping function. The solution
for φ is known for incompressible flow. Let qd be
the desired surface speed. The surface value of h can
be obtained by setting q = qd in Equation 1, and
since the mapping function is analytic, it is uniquely
determined by the value of h on the boundary. A
solution exists for a given speed q∞ at infinity only
if

1

2π

∮

qdθ = q∞ (2)

and there are additional contraints on q if the profile
is required to be closed.

Lighthill’s method was extended to compressible
flow by McFadden [12]. Starting with a given shape
and a corresponding mapping function h(0), the flow
equation can be solved for the potential φ(0), which
now depends on h(0), A new mapping function h(1),
is then determined by setting q = qd in Equation 1,
and the process is repeated. In the limiting case of
zero Mach number, the method reduces to Lighthill’s
method, and McFadden gives a proof that the itera-
tions will converge for small Mach numbers. He also
extends the method to treat transonic flow through
introduction of artificial viscosity to suppress the ap-
pearance of shock waves, which would cause the up-
dated mapping function to be discontinuous. This
difficulty can also be overcome by smoothing the
changes in the mapping function. Such an approach
is used in a computer program written by the au-
thor at Grumman Aerospace. It allows the recov-
ery of smooth profiles that generate flows containing
shock waves, and it has been used to design improved
blade sections for propeller [13]. A related method
for three-dimensional design was devised by Garabe-
dian and McFadden [14]. In their scheme the steady
potential flow solution is obtained by solving an ar-
tificial time dependent equation, and the surface is
treated as a free boundary. This is shifted according
to an auxiliary time dependent equation in such a
way that the flow evolves toward the specified pres-
sure distribution.

Another way to formulate the problem of design-
ing a profile for a given pressure distribution is to
integrate the corresponding surface speed to obtain
the surface potential. The potential flow equation is
then solved with a Dirichlet boundary condition, and

a shape correction is determined from the calculated
normal velocity through the surface. This approach
was first tried by Tranen [15]. Volpe and Melnik have
shown how to allow for the constraints that must be
satisfied by the pressure distribution if a solution is
to exist [16]. The same idea has been used by Henne
for three-dimensional design calculations [17].

The hodograph approach transformation offers an
alternative approach to the design of airfoils in tran-
sonic flows. Garabedian and Korn achieved a strik-
ing success in the design of airfoils to produce shock-
free transonic flows by using the method of complex
characteristics to solve the equation in the hodo-
graph plane [18]. Another design procedure has been
proposed by Giles, Drela, and Thompkins [19], who
write the two-dimensional Euler equations for invis-
cid flow in a streamline coordinate system, and use
a Newton iteration. An option is then provided to
treat the surface coordinates as unknowns while the
pressure is fixed.

Finally, there have been studies of the possibility
of meeting desired design objectives by using con-
trained optimization [20, 21]. The configuration is
specified by a set of parameters, and any suitable
computer program for flow analysis is used to evalu-
ate the aerodynamic characteristics. The optimiza-
tion method then selects values of these parameters
that maximize some criterion of merit, such as the
lift-to-drag ratio, subject to other constraints such
as required wing thickness and volume. In princi-
ple, this method allows the designer to specify any
reasonable design objectives. The method becomes
extremely expensive, however, as the number of pa-
rameters is increased, and its successful application
in practice depends heavily on the choice of a para-
metric representation of the configuration.

In a recent paper [22], the author suggested that
there are benefits in regarding the design problems as
a control problem in which the control is the shape of
the boundary. A variety of alternative formulations
of the design problem can then be treated system-
atically by using the mathematical theory for con-
trol of systems governed by partial differential equa-
tions [23]. Suppose that the boundary is defined by
a function f(x), where x is the positive vector. As
in the case of optimization theory applied to the de-
sign problem, the desired objective is specified by a
cost function I, which may for examplle, measure
the deviation from the desired surface pressure dis-
tribution, but could also represent other measured
of performance such as lift and drag. The introduc-
tion of a cost function has the advantage that if the
objective is unattainable, it is still possible to find a
minimum cost function. Now a variation in the con-
trol δf leads to a variable δI in the cost. It is shown
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in the following sections that δI can be expressed to
first order as an inner product of a gradient function
g with δf :

δI = (g, δf) (3)

Hence g is independent of the particular variation δf
in the control, and can be determined by solving an
adjoint equation. Now choose

δf = −λg (4)

where λ is a sufficient small positive number. Then,

δI = −λ (g, g) < 0 (5)

assuring a reduction in I. After making such a mod-
ification, the gradient can be recalculated and the
process repeated to follow a path of steepest descent
until a minimum is reached. In order to avoid violat-
ing constraints, such as a minimum acceptable wing
thickness, the steps can be taken along the projec-
tion of the gradient into the allowable subspace of the
control function. In this way one can devise design
procedures which must necessarily converge at least
to a local minimum, and which might be accelerated
by the use of more sophisticated descent methods.
While there is a possibility of more than one local
minimum, the cost function can be chosen to reduce
the likelihood of difficulties caused by such a contin-
gency, and in any case the method will lead to an
improvement over the inital design. The mathemat-
ical development resembles, in many respects, the
method of calculating transonic potential flow pro-
posed by Bristeau, Pironneau, Glowinski, Periaux,
Perrier and Poirier, who reformulated the solution of
the flow equations as a least squares problem in con-
trol theory [4]. Pironneau has also studied the use of
control theory for optimum shape design of systems
governed by elliptic equations [24].

This paper explores the application of control the-
ory for the design of transonic airfoils in two-dimensional
flow. The governing equation is taken to be the tran-
sonic potential flow equation, and the profile is gener-
ated by conformal mapping from a unit circle. Thus,
the control is taken to be the modulus of the map-
ping function on the boundary. The cost function
is taken to be a blend of a measure of the deviation
from a desired pressure distribution, and the pressure
drag induced by the appearance of shock waves. The
equations are developed in the next section. Sectino
3 outlines the numerical procedures used to solve the
corresponding discrete equations. Section 4 presents
some computational results which demonstrate the
capability of the method to reshape the profile to re-
duce the pressure drag in transonic flow by a factor
of ten. The success of the method for this model
problem encourages the belief that it offers a feasible

approach to more complex optimization problems,
such as the optimization of the complete wing, or
the inclusion of a viscous flow model for design to
reduce both pressure and friction drag.

2 Design for potential flow us-

ing conformal mapping

Consider the case of two-dimensional compressible
inviscid flow. In the absence of shock waves, an ini-
tially irrotational flow will remain irrotational, and
we can assume that the velocity vector q is the gra-
dient of a potential φ. In the presence of weak shock
waves this remains a fairly good approximation. Let
ζ, T and S denote vorticity, temperature and en-
tropy. Then, according to Crocco’s Theorem, vortic-
ity in steady inviscid iso-energetic flow is associated
with entropy production through the relation

q × ζ + T ▽ S = 0 (6)

Thus, the introduction of a potential is consistent
with the assumption of isentropic flow, and shock
waves are modelled by isentropic jumps. Let p, ρ, c
and M be the pressure, density, speed-of-sound and
Mach number q/c. Then the potential flow equation
is

▽ · ρ▽ φ = 0 (7)

where the density is given by

ρ =

{

1 +
γ − 1

2
M2

∞

(

1 − q2
)

}1/(γ−1)

(8)

while

p =
ργ

γM2
∞

, c2 =
γp

ρ
(9)

Here M∞ is the Mach number in the free stream,
and the units have been chosen so that p and q have
the value unity in the far field. Equation 8 is a con-
sequence of the energy equation in the form

c2

γ − 1
+
q2

2
= constant (10)

Suppose that the domain D exterior to the pro-
file C in the z-plane is conformally mapped on to
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the domain exterior to a unit circle in the σ-plane as
sketched in Figure 1. Let R and θ be polar coordi-
nates in the σ-plane, and let r be the inverted radial
coordinate 1/R. Also let h be the modulus of the
derivative of the mapping function

h =

∣

∣

∣

∣

dz

dσ

∣

∣

∣

∣

(11)

Now the potential flow equation becomes

∂

∂θ
(ρφθ) + r

∂

∂r
(rρφr) = 0 in D (12)

where the density is given by Equation 8, and the
circumferential and radial velocity components are

u =
rφθ

h
, v =

r2φr

h
(13)

while
q2 = u2 + v2 (14)

The condition of flow tangency leads to the Neumann
boundary condition

v =
1

h

∂φ

∂r
= 0 on C (15)

In the far field, the potential is given by an asymp-
totic estimate, leading to a Dirichlet boundary con-
dition at r = 0 [2].

Suppose that it is desired to achieve a specified
velocity distribution qd on C. Introduce the cost
function

I =
1

2

∫

C

(q − qd)
2
dθ, (16)

The design problem is now treated as a control prob-
lem where the control function is the mapping mod-
ulus h, which is to be chosen to minimize I subject
to constrains defined by the flow equations 7-15.

A modification δh to the mapping modulus will
result in variations δφ, δu, δv, and δρ to the poten-
tial, velocity components and density. The resulting
variation in the cost will be

δI =

∫

C

(q − qd) δq dθ, (17)

where on C, q = u. Also,

δu = r
δφθ

h
− u

δh

h
, δv = r2

δφr

h
− v

δh

h

while according to equations 8 and 14

∂ρ

∂u
= −

ρu

c2
,

∂ρ

∂v
= −

ρv

c2

Hence,

δρ = −
ρ

c2
(uδu+ vδv)

= ρ
q2

c2
δh

h
−
ρ

c2
r

h
(uδφθ + vrδφr) (18)

It follows that δφ satisfies

Lδφ = −
∂

∂θ

(

ρM2φθ
δh

h

)

− r
∂

∂r

(

ρM2rφr
δh

h

)

where

L ≡
∂

∂θ

{

ρ

(

1 −
u2

c

)

∂

∂θ
−
ρuv

c2
r
∂

∂r

}

+ r
∂

∂r

{

ρ

(

1 −
v2

c

)

r
∂

∂r
−
ρuv

c2
∂

∂θ

}

(19)

Then if ψ is any periodic differentiable function which
vanishes in the far field,

∫

D

ψ

r2
Lδφ dS =

∫

D

ρM2
▽ φ · ▽ψ

δh

h
dS (20)

where dS is the area element rdrdθ, and the right
hand side has been integrated by parts.

Now we can augment Equation 17 by subtracting
the contraint 20. The auxiliary function ψ then plays
the role of a Lagrange multiplier. Substituting for δq
and integrating the term

∫

C

(q − qd) r
δφ

h
θ dθ

by parts, we obtain

δI =

∫

C

(q − qd) q
δh

h
dθ −

∫

C

δθ
∂

∂θ

(

q − qd
h

)

dθ

−

∫

D

ψ

r2
Lδφ dS +

∫

D

ρM2
▽ φ · ▽ψ

δh

h
dS

Now suppose that ψ satisfies the adjoint equation

Lψ = 0 in D (21)

with the boundary condition

∂ψ

∂r
=

1

ρ

∂

∂θ

(

q − qd
h

)

on C (22)

Then, integrating by parts,

∫

D

ψ

r2
LδSφ dS = −

∫

C

ρψrδφ dθ

and

δI = −

∫

C

(q − qd) q
δh

h
dθ

+

∫

D

ρM2
▽ φ · ▽ψ

δh

h
dS (23)

Here the first term represents the direct effect of the
change in the metric, while the area integral repre-
sents a correction for the effect of compressibility.
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Equation 23 can be further simplified to represent
δI purely as a boundary integral because the map-
ping function is fully determined by the value of its
modulus on the boundary. Set

log
dz

dσ
= f + iβ

where

f = log

∣

∣

∣

∣

dz

dσ

∣

∣

∣

∣

= log h

and

δf =
δh

h

Then f satisfies Laplace’s equation

∆f = 0 in D

and if there is no stretching in the far field, f → 0.
Thus,

∆δf = 0 in D

and δf → 0 in the far field.

Introduce another auxiliary function P which sat-
isfies

∆P = ρM2
▽ φ · ▽ψ in D (24)

and
P = 0 on C (25)

Then, the area integral in Equation 23 is

∫

D

∆P δf dS =

∫

C

δf
∂P

∂r
dθ −

∫

D

∆P δf dS

and finally

δI =

∫

C

gδf dθ (26)

where

g =
∂P

∂r
− (q − qd) q (27)

This suggests setting

δf = −λg

so that if λ is a sufficient small positive number

δI = −λ

∫

C

g2dθ < 0

Arbitrary variations in δf cannot, however, be ad-
mitted. The condition that f → 0 in the far field,
and also the requirement that the profile should be
closed, imply constraints which must be satisfied by
f on the boundary C. Suppose that log

(

dz
dσ

)

is ex-
panded as a power series

log

(

dz

dσ

)

=

∞
∑

n=0

cn
σn

(28)

where only negative powers are retained because oth-
erwise dz

dσ would become unbounded for large σ. The
condition that f → 0 as σ → ∞ implies

c0 = 0

Also, the change in z on integration around circuit a
is

∆z =

∫

dz

dσ
dσ = 2πic1

so the profile will be closed only if

c1 = 0

On C, Equation 28 reduced to

fC + iβC =

∞
∑

n=0

(ancos nθ − bnsin nθ)

+i

∞
∑

n=0

(bncos nθ − ansin nθ)

Thus an and bn are the Fourier coefficients of fC ,
and these contraints reduce to

a0 = 0, a1 = 0, b1 = 0

In order to satisfy these contraints, we can project
g onto the admissible subspace for fC by setting

g̃ = g −A0 −A1cos θ −B1sin θ (29)

where

A0 =
1

2π

∫

C

g dθ,

A1 =
1

π

∫

C

g cos θ dθ, (30)

B1 =
1

π

∫

C

g sin θ dθ,

Then,
∫

C

(g − g̃) g̃ dθ = 0

and if we take
δf = λg̃

it follows that to first order

δI = −λ

∫

C

gg̃ dθ = −λ

∫

C

(g̃ + g − g̃) g dθ

= −λ

∫

C

g̃2 dθ < 0

If the flow is subsonic, this procedure should converge
toward the desired speed distribution since the solu-
tion will remain smooth, and no unbounded deriva-
tives will appear. If, however, the flow is transonic,
one must allow for the appearance of shock waves
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in the trial solutions, even if qd is smooth. Then
q − qd is not differentiable. This difficulty can be
circumvented by a more sophisticated choice of the
cost function. Consider the choice

I =
1

2

∫

C

(

λ1S
2 + λ2

(

dS

dθ

)2
)

dθ (31)

where λ1 and λ2 are parameters, and the periodic
function S(θ) satisfies the equation

λ1S − λ2
d2S

dθ2
= q − qd (32)

Then,

δI =

∫

C

(

λ1SδS + λ2
dS

dθ

d

dθ
δS

)

dθ

=

∫

C

S

(

λ1δS + λ2
d2

dθ2
δS

)

dθ

=

∫

C

Sδq dθ

Thus, S replaces q−qd in the previous formulas, and
if one modifies the boundary condition 22 to

∂ψ

∂r
=

1

ρ

∂

∂θ

(

S

h

)

on C (33)

the formula for the gradient becomes

g =
∂P

∂r
− Sq (34)

instead of Equation 27. Then, one modifies f by a
step −λg̃ in the direction of the projected gradient
as before.

The final design procedure is thus as follows. Choose
an initial profile and corresponding mapping function
f . Then:

1. Solve the flow equations (7-15) for φ, u, v, q, ρ.

2. Solve the ordinary differential equation 32 for
S.

3. Solve the adjoint equation (21) for ψ subject
to the boundary condition (33).

4. Solve the auxiliary Poisson equation (24) for
P .

5. Evaluate

g =
∂P

∂r
− Sq

on C, and find its projection g̃ onto the admis-
sible subspace of variations according to Equa-
tions 29 and 31.

6. Correct the boundary condition mapping func-
tion fC by

δf = λg̃

and return to step 1.

3 Numerical Procedures

The practical realization of the design procedure de-
pends on the availability of sufficiently fast and accu-
rate numerical procedures for the implementation of
the essential steps, in particular the solution of both
the flow and the adjoint equations. If the numerical
procedures are not accurate enough, the resulting er-
rors in the gradient may impair or prevent the con-
vergence of the descent procedure. If the procedures
are too slow, the cumulative computing time may be-
come excessive. In this case, it was possible to build
the design procedure around the author’s computer
program FLO36, which solves the transonic poten-
tial flow equation in conservation form in a domain
mapped to the unit disk. The solution is obtained by
a very rapid multigrid alternating direction method.
The original scheme is described in Reference [25].
The program has been much improved since it was
originally developed, and well converged solutions of
transonic flows on a mesh with 128 cells in the cir-
cumferential direction and 32 cells in the radial direc-
tion are typically obtained in 5-20 multigrid cycles.
The scheme uses artificial dissipative terms to in-
troduce upwind biasing which simulates the rotated
difference scheme [2], while preserving the conser-
vation form. The alternating direction method is a
generalization of conventional alternating direction
methods, in which the scalar parameters are replaced
by upwind difference operators to produce a scheme
which remains stable when the type changes from
slliptic to hyperbolic as the flow becomes locally su-
personic [25]. The conformal mapping is generated
by a power series of the form of Equation 28 with an
additional term

(

1 −
ǫ

π

)

log

(

1 −
1

σ

)

to allow for a wedge angle ǫ at the trailing edge. The
coefficients are determined by an iterative process
with the aid of fast Fourier transforms [2].

The adjoint equation has a form very similar to
the flow equation. While it is linear in its dependent
variable, it also changes type from elliptic in subsonic
zones of the flow to hyperbolic in supersonic zones of
the flow. Thus, it was possible to adapt exactly the
same algorithm to solve both the adjoint and the flow
equations, but with reverse biasing of the difference
operators in the downwind direction in the adjoint
equation, corresponding to the reversed direction of
the zone-of-dependence. The Poisson equation (24)
is solved by the Buneman algorithm.

An alternative procedure would be to calculate the
exact derivative of the cost function with respect to
the control directly from the discrete equations used
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to approximate the transonic potential flow equa-
tion. This would eliminate discretization errors in
the estimate of the gradient at the expense of more
complicated formulas with correspondingly increased
computing costs, and it was therefore rejected.

4 Results

The capatability of the scheme in practice has been
verified by a variety of numerical experiments. First,
in order to illustrate the use of the scheme to solve
the inverse problem of designing profiles for a givem
pressure distribution, Figures 2 and 3 show the re-
sults of design calculations in which the targer pres-
sure distributions correspond to the Korn and NACA
64A410 airfoils. For the Korn design, the initial pro-
file was the NACA 64A410, and a shock free de-
sign essentially indistinguishable from the Korn air-
foil was obtained in 25 iterations. Figure 3 illustrates
the reverse process. Starting from the Korn airfoil,
a profile indistinguishable from the NACA 64A410
was recovered in 15 iterations.

It is interesting to speculate on the possibility of
designing profiles to realize the smooth Korn pres-
sure distribution at Mach numbers higher than the
Korn design point of Mach 0.75. Figures 4 and 5
show the results of attempts to realize such designs at
Mach numbers of 0.8 and 0.82. Although the results
show a smooth pressure distribution on the surface,
these flows in fact contain embedded shocks detached
from the surface, and these is a corresponding pres-
sure drag. At Mach 0.82, a very strong shock wave
is located above the reversed camber region towards
the rear of the top surface. These flows are extremely
sensitive to small variations in the geometry, and re-
quired 200 to 400 iterations to converge.

These examples show that the attainment of a
smooth surface pressure distribution is not sufficient
to guarantee low pressure drag, because of the possi-
bility that detached shock waves may still appear in
the flow field. To prevent this, one may include the
drag coefficient in the cost function so that Equation
31 is replaced by the form

I =
1

2

∫

C

(

λ1S
2 + λ2

(

dS

dθ

)2
)

dθ + βCD

where S is the smoothed deviation from the target
speed given by Equation 32, and β is a parameter
which may be varied to alter the trade-off between
drag reduction and derivation from the desired pres-
sure distribution. Representing the drag as

D =

∫

C

(p− p∞) dy

the procedure of Section 2 may be used to determine
the gradient of the augmented cost function by solv-
ing the adjoint equation with a correspondingly mod-
ified boundary condition. Figure 6 shows the result
of including a drag penalty for the case of the Korn
target pressure distribution at Mach 0.82. In com-
parison with Figure 4, it can be seen that the drag
coefficient is reduced from 0.0089 to 0.0010, while the
lift coefficient is very slightly reduced from 0.645 to
0.630.

The remaining examples illustrates the use of the
method in a pure drag reduction mode. In this case,
the target pressure distribution is taken to be the
actual pressure distribution of the initial profile pre-
dicted by the numerical solution of the flow equa-
tion. The addition of a drag penalty now causes
the method to reshape the profile to reduce its drag.
The inclusion of the initial pressure distribution as
a targer forces the method to generate a profile as a
life coefficient close to that of the initial profile, and
avoids the pitfall of using the optimization procedure
to discover that a flat plate at zero-angle of attach
has zero drag. The program also has an option to
generate solutions at a fixed lift coefficient while al-
lowing the angle-of-attack to float. Figure 7 shows a
redesign of the RAE 2822 at Mach 0.730 with an ini-
tial lift coefficient of 1.05. In this case the design was
essentially frozen after 6 cycles, and the strength of
the shock wave was reduced at each cycle, with the
final restul that the drag coefficient was reduced from
0.0170 to 0.016.

The question arises whether whether optimization
at one design point might not lead to an improvement
in a very narrow band of conditions at the expense of
impaired off-design performance. The optimization
procedure is not, however, limited to a single design
point. If one takes the sum of cost functions for
several design points, the formulas for the gradient
are additive, and the method may be used to seek a
compromise design. Figure 8 illustrates the result of
such an experiment. The RAE 2822 was again used
as the initial profile, with three design targets, CL
1.05 at Mach 0.730, CL 0.95 at Mach 0.740, and CL
0.85 at Mach 0.750. These three conditions all pro-
duce severe shock waves of roughly equal strength,
with initial drag coefficients of 0.0173, 0.0156, and
0.0149. The objective is now to reduce the sum of
the three drag coefficients. After 9 cycles, the coef-
ficients are 0.0055, 0.0023, and 0.0006. The sum of
the drag coefficients is thus reduced from 0.0478 to
0.0084. It can also be seen that an almost shock free
results is obtained at Mach 0.750. The convergence
of the method tends to be more erratic when seeking
a compromise design with additive cost functions of
this kind. If a very low value of drag is attained at
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one of the design points, this makes a small contri-
bution to the gradient, so in the following cycle the
modification to reduce the drag at the other design
points may cause the drag at the first design point
to bounce back up again.

5 Conclusion

If optimization is to have a real impact on design,
it will be necessary to treat more complete models
of the flow, at least including viscous effects in the
boundary layer, and to treat three-dimension config-
urations. The present study of two-dimensional in-
viscid flow provides a useful model, however, to test
the feasibility of using control theory as a design tool.
The experience gained with it reinforces the belilef
that control theory offers an effective approach to de-
sign. In comparision with more straight forward op-
timization methods, the use of the adjoint equation
to estimate the gradient greatly reduces computing
costs. A similar formulation can be used for the op-
timization of complete three-dimensional wings, us-
ing coordinate tranformations to generate the shape,
and one may also modify the adjoint equations to al-
low for a boundary layer. Intelligent optimization
methods ought, in due course, to play an increas-
ingly important role in the design process, with real
pay-offs both in reduced design costs and in increased
efficiency of the final project.
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