
n a region of a corre-
distribution function

:n a basis of a leading
~renz system shows a
lulsation spectrums with

.on to turbulence in
) flow", J. Fluid Mech.,

0' "Nonstationary se
Uld the stability of
LIlite disturbances",
~O, 1982.
Ln turbulent flow",
13, pp.457-515, 1981.
Ln modelling tt~bulence

• Notes in Phys., 136,

~ochaBtic oscillations
2D, pp.8-24, 1981.
~e in dissipative dy
3., 54, 4, pp.643-654,

ethod of functional
lence", Soviet Doklady,

in turbulence", Tran
erodc Press, pp.215-242,

the structural turbu
7, 6, pp.1319-1322,

Goldshtik, Novosibirsk,
., 1982.
riodic flow", J.Atmos.

lnikov L.P•• "On attrac
oz-enz attractor type",
150-212. 1982.
s of a chaos in simple
print, Institute of
, 1983.

99

DEVELOPMENT OF A NAVIER-STOKES METHOD BASED ON A FINITE
VOLUME TECHNIQUE FOR THE UNSTEADY EULER EQUATIONS

W. HAASE, B. WAGNER

Dornier GmbH, Theoretical Aerodynamics
Postfach 1420, 0-7990 Friedrichshafen 1, FRG

A. JAMESON
Princeton University
Princeton, N.J., USA

SUMMARY

Based on the formerly published Runge Kutta Stepping Schemes for sol
ving the unsteady Euler equations in conservation form, a new approach has
been developed for solving the unsteady Navier-Stokes equations. The proce
dure which integrates the governing equations for two-dimensional, compres
sible, turbulent flow, is based on a finite volume technique and handles
arbitrary computational domains associated with body-fitted meshes.

INTRODUCTION

In recent years, finite volume techniques have been developed in o~r

to simulate complex flow phenomena about arbitrary geometries. Associated
with Runge-Kutta time stepping schemes, efficient schemes became available
integrating the governing equations for inviscid, compressible, unsteady,
rotational flows, see e.g. [1,2,3]. Based on the 4-stage scheme a newawroach
is presented solving the Navier-Stokes equations for two-dimensional turbu
lent, compressible, time-dependent flow.

This new method is applied to a supersonic, laminar, adiabatic flow
about a flat plate with an impinging shock [4], serving as a testcase for
numerical simulation of compressible flow [5,6,7]. To evaluate the efficien
cy of the present method comparisons wi th the expl i ci t-imp 1icit MacCormack
scheme are performed. Furthermore, turbulent, adiabatic flow about the RAE
2822 airfoil is investigated. For transonic flow conditions [8, case 9]
the results are compared with those derived from a method [9], based on
the hybrid MacCormack scheme [6].

NUMERICAL METHOD

Governing Eiuations
The physica laws describing conservation of mass momentum and energy are
written in integral form for unsteady, compressible, viscous flow· in two
dimensions

JJ ~ dV + I p y. n dS = 0 , (1)
V at S

II a(PY) dV + JV(PY'n)dS + Jpnds - IT'ndS = 0 ,
V at S S S

JJ 1ft dV + f (E+p)Y·ndS - IY.(T.n)dS + I Q.ndS = 0 .
vaS S S

In two dimensions V denotes the area of 'an arbitrary flow domain having the
boundary S and the local outer normal ~. S is presumed to be fixed in space



where the specific internal energy per unit mass, e, is related to the pres
sure through the ideal gas equation of state

for the present purposes. p denotes the density, p the pressure, v the ve
locity vector, and t the time. The total energy per unit volume, E, reads

E = e p + 0.5 o v.v (2)

cial dissipation terms he
As already mentione(

to model the Reynolds str
layer model using the vor
of the boundary layer di~

to obtain directly from t

p = (y- 1) p e (3)

with the Prandtl number Pr = 0.72 and the turbulent Prandtl number Prt=O.9.

with the specific heat ratio y. The stress tensor f consists of the vis
cous normal stresses

To prevent the appearance of oscillations it proves necessary - at
least for high Reynolds number flows - to add artificial dissipation to
the existing scheme. Following [1] blended second and fourth order artifi-
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Q= - Y (lJ/Pr + £/Prt) grad e

where n denotes the previous time-level and P represents a central spatial
difference operator. This scheme is of fourth order accuracy if a 1 = 1/4,
a = 1/3, a = 1/2 and a = 1. It is stable up to a CFL-number of 212 and
aflows latitude in the i~troduction of dissipation terms. The difference
equations (5) are solved by local time-stepping based on the maximum
allowable time step for each cell.

au av
T = T = (11 + c) (- + -)xy yx ay ax

where u, v are the components of the velocity vector and )J is the molecular
viscosity which is derived from the Sutherland formula. The bulk viscosity
A is - related to the Stokes hypothesis - given by I- = - 2/3 11. The turbu
lent viscosity, used for expressing the Reynolds stress terms is derived
from an algebraic turbulence model [9] which uses the vorticity distribu
tion instead of boundary layer displacement thicknesses as a scaling parame
ter. Finally, the heat flux vector Q is

Solution algorithm
Subdividing the computational domain into quadrilateral cells and applying
the conservation laws (1) to each cell separately where all physical proper
ties are defined to be constant one obtains a system of ordinary differen
tial equations in time which can be solved by Runge-Kutta time-stepping
methods. A class of 4-stage schemes can be written as

uti) u(n) - a
i

pu(n) ~t,

u(2) u(n) - a Pu(I) 6t,

u(3) u(n) - a~ Pu(2) 6t,
un+I u(n) _ a Pu(3) 6t,

4
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cial dissipation terms have been used.
As already mentioned, an algebraic turbulence model is used in order

to model the Reynolds stresses. The BALDWIN/LOMAX model [101 is a two
layer model using the vorticity distribution as a scaling parameter instead
of the boundary layer displ~cement thickness which is extremely difficult
to obtain directly from Navier-Stokes calculations.

DISCUSSION OF RESULTS

Interaction of an Oblique Shock Wave with a Laminar Boundary-Layer on a
Flat Plate in Supersonic Flow.
From well known measurements [4] a case exhibiting a separation bubble is
used for computation which was already a sample case in several publicati
ons [5], [6], [7] for demonstrating the computational efficiency of the
different MacCormack schemes. The Reynolds number is Re = 2.96 . 105 based
on the distance from the leading edge to the geometric shock impingement
point as shown by the insert in Fig. 1. The Mach number of the undisturbed
approaching flow is Moo = 1 and the shock impinges onto the plate with an
angle of s = 32.5850 corresponding to a final static pressure rise behind
the reflected shock up to 1.4 poo.The computational mesh consisted of 32x32
cells and started with 4 cell columns ahead of the leading edge. The mesh
is equidistantly spaced in x-direction while the boundary layer is resolved
by 16 cell rows of exponentially increasing thickness.

In F'iq , 1 the results for the ratio of the wall pressure Pw to the un
disturbed pressure poo versus local Reynolds number are compared to the ex
perimental values [4] and to results achieved using the explicit-implicit
MacCormack scheme. Small differences can be observed between both numeri
cal results but these differences are generally less than the deviations
of both results from the experimental values. The situation is very similar
for the skin friction coefficient cf (related to undisturbed quantities) as
shown in Fig. 2, The predicted length of the separation bubble is almost
identical.

Convergence for skin friction and velocity profiles was achieved by
use of the explicit-implicit MacCormack scheme after 300 time steps. It
should be mentioned that the size of the time steps had to be continuously
reduced during the last 30 cycles in order to avoid some wiggles which are
in fact steady but strongly dependent on the step size. The Runge-Kutta
time stepping scheme converged to the same level of accuracy in about 750
time steps without changing the time step size. An implicit residual avera
ging procedure [2] was used to increase the stability up to a CFL number
of 8. The CPU time for the 750 Runge-Kutta steps balances almost exactly
the CPU time needed for 300 steps of the explicit-implicit MacCormack screme.
Hence, the computational efficiency is equal for both schemes with re-
spect to this test case.

Transonic Flow about the RAE 2822 airfoi 1
The flow ~tfueRAE 2822 serves as a testcase with transonic flow condi
tions. Comprehensive measurements by [8, case 9] are used as a comparison
with the calculated data. The calculatioffiare performed on a C-type mesh
with 128 x 32 mesh points. The first mesh line near the surface is located
at a distance of 6y = 0.083/lRe. Fig. 3 shows the velocity vector field
based on a Mach number of 0.734 (corrected value), a Reynolds number of
6.5 million and an angle of attack of 3.19 degrees. The vectors are scaled
according to the magnitude of local velocities. Although boundary layer
profiles can be taken from this figure, it is not easy to achieve the
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boundary layer thickness itself. Therefore, and remembering the features of
the eddy viscosity model, i.e. expressing the eddy viscosity in terms of
the vorticity, it is more adequate to use the vorticity distribution instead.
Fig. 4 gives a contour plot of such lines of vorticity contours. The outer
most lines represent a vorticity amount of only 0.01 %of its maximum value
and, therefore, can be defi ned as a boundary between vi scid and "i nvi s-
eid" flow domains. Furthermore, in Fig. 3 and 4 the increase of boundary
layer thickness as well as the decrease of vorticity (and skin friction)
behind the shock (located at about x/c = 0.6) can be recognized. In Fig. 5
lines of eddy-viscosity contours are plotted as calculated from the turbu
lence model. The outermost lines represent an eddy viscosity of 10-5 which
is less than three times smaller than the molecular viscosity based on free
stream conditions ~l = 3.65 . 10-5. The innermost closed line

5-
near the

trailing edge - denotes ~t ~ 8 . 10-4 . The origins of the 10- -lines loca
ted at the airfoil surface and each marked by a small bar are assumed to
define the location of transition. Additionally, in fig. 6 the pressure
coefficient distribution is given. The thick solid line encloses the re-
gion of supersonicf1ow conditions. The isobars are plotted based on an in
crement of 0.05 between two adjacent lines.

A better insight into the accuracy and efficiency of the present
scheme is gained from the following four figures. In Fig. 7 the calculated
wall pressure coefficient distribution is given as a solid line while the
symbols mark the measurements. The agreement is encouraging but could be
improved with respect to the suction peak on the upper airfoil surface and
the shock resolution, respectively. Without enlarging the total number of
grid points and computing time, respectively, an increase in accuracy is
expected by means of a solution adaptive grid procedure [11] which redis
tributes the mesh due to the pressure curvature distribution in order to
get smaller grid step sizes in regions of large curvature. Taking this into
account, the global accuracy of the skin friction distribution - Fig. 8 
is not too bad although the shock region is poorly resolved. A small se
parated region very close to the trailing edge is verified by the given
skin friction distribution. To investigate the iterative behaviour of the
present method, in Fig. 9 the transient behaviour of the lift coefficient
is given and compared to that of the formerly used hybrid MacCormack scheme
[9]. The advantage of the present method can easily be detected, although
one should recognize that a direct comparison - with respect to physical
time - is impossible due to the fact that the present scheme uses a varia
ble local time-step while the hybrid scheme bases on constant time-steps
in the coarse and the fine mesh, respectively. Additionally, in Fig. 10 the
maximal value of the root mean square residuals of dp/dt is given. Defining
2000 iteration cycles (AC1=0.0012%) to be a steady state solution for the
present scheme and 5000 cycles (llCFO.18%) for the hybrid scheme the amount
of the rms-residuals at this steady state is comparable. The steady state
is defined to be achieved for lift- and drag-coefficients tending to con
stant values. Both methods are applied to the same mesh structure using
128 x 32 mesh points. Therefore, the comparison of normalized CPU-times
(with respect to the hybrid MacCormack scheme [9] and based on a IBM 3083
with standard compiler) reads as follows taking into account the time for
one iteration as well as the time for reaching the steady state.

IBM 3083 HYBRID PRESENT
CFL=0.75 CFL=2.00

r--
CPU-time per iteration 1 0.68

CPU-time for reaching the steady state 1 0.25

Finally, an Euler solution
about a 33 % increase in C
corresponding Navier-Stoke
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Finally, an Euler solution based on the present scheme results in only
about a 33 % increase in CPU-time per iteration and mesh point for the
corresponding Navier-Stokes run.
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