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ABSTRACT 

The s a t i s f a c t i o n  of a we l l  known s u f f i c i e n t  
condi t ion f o r  s e n s i t i v i t y  reduct ion by use 
of feedback, is  shown t o  imply severe r e -  
s t r i c t i o n s  on the feedback c o n t r o l  law, and 
a l s o  on the  weighting matr ix  i n  the  integral- 
square c r i t e r i o n  f o r  closed-loop sensitivity 
reduct ion.  

1. INTRODUCTION 

Let the  vec to r  6 x ( t )  be a f i r s t - o r d e r  
v a r i a t i o n  of x ( t ) ,  t he  s t a t e  t r a j e c t o r y  
of a system, due t o  f i r s t - o r d e r  v a r i a t i o n s  
6y ( t )  of a vector  of parameters y ( t )  . 
Let 6x, and 6% denote the  respec t ive  
v a r i a t i o n s  of a p a i r  of nominally equiva- 
l e n t  open-loop and closed-loop systems. A 
c r i t e r i o n  of s e n s i t i v i t y  reduct ion i n  the  
closed-loop system i s  the  inequa l i ty  

J 

0 

a l l  t ' > t O  , 

where Z is  a nonnegative weighting matrix. 
This c r i t e r i o n  drew considerable a t t e n t i o n  
s ince  i t s  in t roduc t ion  by Cruz and Perkins 
i n  1964, because i t  is  most s u i t a b l e  f o r  
smal l  v a r i a t i o n s  a n a l y s i s ,  and because of 
i t s  r evea l ing  r e l a t i o n s h i  t o  the Bode sen- 
s i t i v i t y  funct ion ( see  ( l y  f o r  d e t a i l s  and 
references)  .t 

We consider systems described by a vector  
d i f f e r e n t i a l  equation 
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where t i s  time, x the  n-dimensional 
s t a t e ,  u i s  the m-dimensional c o n t r o l ,  
and p i s  a  vector  of continuous time- 
varying parameters. I n  an open-loop system 
the  c o n t r o l  vector  u i s  a predetermined 
funct ion of time assumed t o  be independent 
of w ,  and i n  a closed-loop system u i s  
a feedback c o n t r o l  law 

which now depends on p v i a  (1 .2) .  Assum- 
ing f  and k a r e  continuously d i f f e r e n -  
t i a b l e  i n  a l l  arguments, the  f i r s t - o r d e r  
v a r i a t i o n  6x is  given by the v a r i a t i o n a l  
equation 

where f  i s  the nxn matr ix  (af i /axj )  eva l -  
uated aBong the nominal x ( t ) ,  u ( t ) ,  and 
~ ( t ) ;  f u  and fy  a r e  s i m i l a r l y  def ined.  

I n  a p a i r  of nominally equivalent  open- 
loop and closed-loop systems, the c o n t r o l  
of the  open-loop system i s  given by 

where x ( t )  i s  the  s o l u t i o n  of (1.2,  1 . 3 ) .  
Let  the subsc r ip t s  o ( t o  be d i s t ingu i shed  
from the  subsc r ip t  zero) and c denote 
q u a n t i t i e s  of a p a i r  of nominally equiva- 
l e n t  open-loop and closed-loop systems, 

- 
t ~ u p e r i o r  numerals r e f e r  t o  similarly-numbered references  a t  the end of the paper. 



respec t ive ly .  Then from (1.4) and (1 .3) ,  
and s ince  6uo( t )  = 0, 

6k0 = fx6x0 + f 6p. 
CL 

6xo(to) = 4 

systems, 

t h e  condi t ion (1.11) can (by completing the  
square and s a n g  Parseval ' s  theorem) be put  Y i n  t h e  form 

) Z , a l l  r e a l  cu , 
The q u a n t i t y  v ( t )  

f i r s t  derived by Cruz and Perkins.  (2) 

It f i r s t  appeared t h a t  s u f f i c i e n t  condi- 
t i o n s  l i k e  (1.11) and (1.15) could be used 
t o  design feedback systems f o r  s e n s i t i v i t y  
reduct ion according t o  (1.1) with some pre- 
scr ibed wei h t ing  matr ix  Z .  However, we 5 have shown( ) t h a t  under t h e  assumption 
t h a t  on every i n t e r v a l  [ t o , t f ]  the  p a i r  
of matr ices  [ f  ,£+I i s  completely con- 
t r o l l a b l e  and t t e  rows of k, a r e  l i n e a r l y  
independent, Z must be of the  form 

i s  r e a d i l y  found t o  s a t i s f y  

It then follows t h a t  (1.1) holds i f  and 
only i f  the  i n e q u a l i t y  

f o r  sane nonnegative d e f i n i t e  matr ix  M. 
This simply means t h a t  the  s e n s i t i v i t y  r e -  
duction should, i n  genera l ,  be measured i n  
terms of the  q u a n t i t y  q, 

a l l  t '  > to , 

i s  s a t i s f i e d .  It i s  customary t o  r ep lace  
the continuously d i f f e r e n t i a b l e  6xc, 
which i s  given by (1 .7)  and depends on 
6p. ( t )  , by an a r b i t r a r y  continuously d i f -  
f e r e n t i a b l e  m-vector z ( t )  . Then (1.10) 
and (1.9) become 

t h a t  i s  being fed back, r a t h e r  then by 6x. 

By use of (1.16) and (1.17) i n  (1 .1) ,  (1.11) 
and (1.12),  we f ind  t h a t  f o r  closed-loop 
s e n s i t i v i t y  reduct ion according t o  

a l l  t '  > to , 

where v replaces  v and s a t i s f i e s  a l l  t i > t O  , 

t h e  following condi t ion i s  su f f i c i en t :  the  
Condition (1.11),  c a l l e d  a s e n s i t i v i t y  in -  i n e q u a l i t y  
e q u a l i t y ,  is  s u f f i c i e n t ,  but  i s  genera l ly  
no longer necessary f o r  (1.1) t o  hold;  how- 
ever ,  (1.11) i s  independent of 6xc and i s  
thus more amenable t o  t h e o r e t i c a l  a n a l y s i s .  
In  p a r t i c u l a r ,  f o r  l i n e a r  t ime-invariant  



a l l  t '  > to , 

must hold f o r  every s o l u t i o n  v ( t )  of 

where now u rep laces  kxz, and i s  an 
a r b i t r a r y  continuously d i f f e r e n t i a b l e  func- 
t i o n  of t of dimension m. 

By completing the  square,  (1.19) can be 
w r i t t e n  i n  the  symmetric form 

(u + k x v ) T ~ ( u +  kXv)dt 2 u ~ u d t  I = 

a l l  t '  > to . 

For l i n e a r  t ime- invar iant  systems, (1.21) 
becomes ( I )  

) M , a l l  r e a l  w , 

We observe t h a t  (1.22) i s  i n  terms of an 
mxm Hermitian matr ix ,  while (1.15) i s  i n  
terms of an nxn matr ix ;  the  matr ix  
I + K(jw1 - A ) ' ~ B  i s  seen a s  a genera l ized 
r e t u r n  d i f fe rence  f o r  the  loop opened a t  
t h e  c o n t r o l  i n p u t ,  while I+ ( j o I  - A ) ' ~ B K  
i s  the  r e t u r n  d i f fe rence  f o r  the  loop 
opened a t  the  s t a t e  ou tpu t .  

I n  t h i s  paper we show, i n  the next Section 
2 ,  t h a t  the  s e n s i t i v i t y  i n e q u a l i t i e s  (1.21) 
o r  (1.22) can be s a t i s f i e d  only f o r  M of 
a p a r t i c u l a r  s t r u c t u r e ,  and t h a t  kx must 
have c e r t a i n  p r o p e r t i e s .  The impl ica t ions  
of these  r e s t r i c t i o n s  a r e  discussed i n  
Sect ion 3 .  

2.  RESULTS 

THEOREM 2 .1 .  For the  s e n s i t i v i t y  inequa l i -  
t~ (1.19) t o  hold,  the  mxm matr ix  Mkxfu 
must f o r  a l l  t > t o  be symmetric and non- 
negat ive  d e f i n i t e .  

Proof.  The symmetry of Mkxfu i s  proved - 
i n  the  Appendix. The symmetry of MKB i n  
the  l i n e a r  t ime- invar iant  case  follows a s  a 
c o r o l l a r y ;  however, i t  i s  of i n t e r e s t  t o  
p resen t  an independent proof i n  a manner 
e s s e n t i a l l y  pointed out  t o  us  by B.  D .  0 .  
Anderson. An expansion of (1.22) i n  powers 
of l / j w  y i e l d s  

For l a r g e  lwl t h i s  term dominates and i t  
must the re fo re  be a nonnegative d e f i n i t e  
Hermitian matr ix  f o r  both p o s i t i v e  and 
negat ive  co; t h i s  implies i t  must be zero ,  
i . e . ,  

MKB = (MKBIT . 
To prove t h a t  Mkxfu ) 0 ,  l e t  

where g ( t - t o ;  p) i s  a continuously d i f f e r -  
e n t i a b l e  s c a l a r  funct ion t h a t  a s  p --, 0 
approaches an impulse a t  t = t o ,  and i s  
zero  ou t s ide  the  i n t e r v a l  [ to -  E ,  tQt E] ; 
y i s  a m-vector. L e t t i n g  t '  = to + E ,  

(1.19) y i e l d s  

where h ( p , ~ ) - - , O  a s  p + 0 ,  E + O .  Thus 
Mkxfu must be nonnegative d e f i n i t e .  Q.E.D. 

I n  most cases ,  the  weighting matr ix  M i n  
(1.18) i s  taken t o  be p o s i t i v e  d e f i n i t e .  
For M > 0, Theorem 2 . 1  implies 

THEOREM 2.2. For the  s e n s i t i v i t y  i n e q u a l i t y  
(1.19) t o  hold with M > 0 ,  J& mxm 
matr ix  ' m r  equ iva len t ly  k f u ,  
must f o r  a l l  t ) to have m l i n e a r l y  in -  
dependent r e a l  e igenvectors  , and nonnepative 
r e a l  e igenvalues .  Furthermore, M must be 
of the  form 

where the  columns of V a r e  eigenvectors of 
(k,f ,) r e a l ,  symmetric, p o s h  
t i v e  d e f i n i t e  matr ix  t h a t  canmutes with the  
diagonal matr ix  A of eigenvalues of 

(&fUlT or kxfu. 

Proof.  Let L ~ L  = M > 0 be such t h a t  - 
Mkxfu i s  symmetric and nonnegative d e f i -  
n i t e .  Then 



i n e q u a l i t y  (1.21), now reduced t o  

i s  symmetric and nonnegative d e f i n i t e ,  and 
i t  i s  s imi la r  t o  kxfu. Thus, the  eigen- 
vectors  and eigenvalues of G f u  have the 
same p roper t i e s  a s  a symmetric nonnegative 
d e f i n i t e  matrix,  namely, those claimed. 
The same holds f o r  ( l ~ ~ f , ) ~ ,  a s  can be 
seen by applying the  preceeding argument t o  
the  symmetric matr ix  ( k x f u ) T ~ .  To prove 
(2 .4 ) ,  we note  t h a t  s ince  (kxfu)T has 
l i n e a r l y  independent e igenvectors ,  the r e -  
l a t i o n  ( k x f U ) T ~  = VA y i e l d s  

which we s u b s t i t u t e  i n t o  the symmetry 
condi t ion 

t o  obta in  

Multiplying on the r i g h t  by ( v T ) - ~  and on 
the  l e f t  by v - ~ ,  (2.7) becomes 

L e t t i n g  

we have t h a t  

and M is  given by (2 .4 ) .  Q.E.D. 

Note t h a t  the  proof of (2.4) used only the 
nonsingular i ty  of V ;  thus i f  V i s  non- 
s i n g u l a r ,  M ) 0 must be of the form (2.4). 
By a lengthy proof ( t o  be published i n  a 
d i f f e r e n t  context)  it can be shown t h a t  
Theorem 2.2 i s  v a l i d  f o r  M ) 0,  except 
t h a t  the  eigenvectors of (kxfu)T may be 
l i n e a r l y  dependent, need only be non- 
negat ive  d e f i n i t e ,  and only those eigen- 
values which correspond t o  the  eigenvectors 
t h a t  comprise the columns of V i n  (2.4) 
must be r e a l  and nonnegative. 

For s ingle- input  systems, where the  feed- 
back c o n t r o l  law k ( t , x )  i s  a s c a l a r  and 
kx an n-vector,  the requirements of 
Theorem 2.2 reduce t o  a simple s c a l a r  in -  
e q u a l i t y ,  i . e . ,  f o r  the s e n s i t i v i t y  

t o  hold,  k ( t , x )  must be such t h a t  

k'f > 0 , f o r  a l l  t 2 to. (2.12) 
X U  - 

The p roper t i e s  of the matr ix  kxfu apply,  
of course ,  t o  KB i n  the  l i n e a r  case .  

3 .  DISCUSSION 

The r e s t r i c t i o n s  the form (2.4) imposes on 
the  weighting matr ix  M a r e  q u i t e  severe.  
I f  the  eigenvalues of kxfu [KB i n  the  
l i n e a r  case ]  a r e  d i s t i n c t ,  then I? must 
be diagonal ,  amounting t o  no more than a 
sca l ing  of the  eigenvectors of (kXf,lT 
(of course,  f o r  a given V ,  the s e n s i t i v i t y  
inequa l i ty  might be s a t i s f i e d  only f o r  some 
such ) Thus, the  freedom of choosing an 
M i s  very l imi ted .  For M > 0 ,  the  neces- 
s a r y  condi t ions  on k, given i n  Theorem 2.2 
a r e  a l s o  r e s t r i c t i v e ,  i n  p a r t i c u l a r  t h a t  
a l l  eigenvalues of &fu must be r e a l  and 
nonnegative; f o r  M 2 0 ,  kxfu must have 
a t  l e a s t  one such eigenvalue.  

There i s  nonetheless a l a rge  c l a s s  of feed- 
back systems (1.2,  1.3) t h a t  s a t i s f i e s  the 
s e n s i t i v i t y  inequa l i ty ,  a  c e r t a i n  c l a s s  of 
optimal systems. ( I )  In  f a c t ,  the  most e f -  
f e c t i v e  way t o  insure  closed-loop sensi -  
t i v i t y  reduct ion according t o  (1.1) appears 
t o  be the  syn thes i s  of an optimal system. 

The r e s t r i c t i o n s  on the weighting matrices 
Z and M do no t  necessa r i ly  apply t o  (1.1) 
and (1.18),  because the  s e n s i t i v i t y  inequal-  
i t i e s  (1.11) and (1.19) a r e  only s u f f i c i e n t  
condi t ions  f o r  (1.1) and (1.18),  respec- 
t i v e l y .  It i s  only i n  systems where i, i s  
of f u l l  rank,  and where the re fo re  every con- 
t inuously  d i f f e r e n t i a b l e  6 + ( t )  can be 
produced by sane 6p.(t), t h a t  the  sens '  
t i v i t y  i n e q u a l i t i e s  a r e  a l s o  necessary.  t5) 
We have the re fo re  an i n t e r e s t i n g  r e c i p r o c a l  
r e l a t i o n s h i p :  the  more r e s t r i c t e d  the  c l a s s  
of 6 + ( t ) ,  the  l e s s  r e s t r i c t e d  i s  the 
c l a s s  of poss ible  weighting matrices Z i n  
( 1 . 1 ) .  For example, f o r  l i n e a r  optimal 



systems where the  p l a n t  i s  i n  phase v a r i -  
a b l e  form and remains so  under parameter 
v a r i a t i o n s ,  Z i n  (1.1) can be an alm 
a r b i t r a r y  nonnegative d e f i n i t e  matr ix .  St 3) 

The second term i s ,  approximately, of mag- 
n i tude  l / w  smaller  then the l a s t  term, 
and thus we must have 

APPENDIX: PROOF OF SYMMETRY OF *fU 

For convenience, we r e p e a t  equations (1.19) 
and (1.20) 

We want t o  shuw t h a t  Mkxfu i s  symmetric 
a t  an a r b i t r a r y  time t o  ) t o  where 
~ ( t ~ ) ~ ( t ~ ) f ~ ( t ~ )  A (MkxfU)O # 0.  Le t t ing  
u ( t )  = 0 on [ t 0 , t o  - E ] ,  and s e t t i n g  
t '  = t o +  E ,  (A.7) becomes 

a l l  t '  > to 

I f  u ( t )  i s  a harmonic funct ion of s u f f i -  
c i e n t l y  high frequency w ,  then the magni- 
tude of ~ ( t )  i s ,  approximately, of order 
1 smal ler  then t h a t  of u ( t )  ; thus ,  f o r  
l a rge  w , the  f i r s t  term i n  (A. 1)  dom- 
i n a t e s  the  second, and we must have 

uTMkxvdt 2 0 . 

where g ( ~ )  r epresen t s  the  con t r ibu t ion  
from the  time-varying p a r t  of -fu on 
[ t o - E , ~ ' + E ] .  Since t h e  g ( ~ )  goes t o  zero  
w i t h  E f a s t e r  than the  middle term, i t  
can be neglected.  Recal l ing t h a t  v ( t o - E ) =  
0 ,  and choosing E such t h a t  u(t0+e) = 0, 
we have 

Let u ( t )  s a t i s f y  

.. 2 u + c u u = o  . 

Subs t i tu t ing  u = -l/cu2u i n  (A.3), we have 

Let 

jwt - - j u t  u ( t ) = c e  + c e  Y (A. 10) 
- 

where c i s  a complex vector  and c i t s  
complex conjugate.  Then (A.9) becomes 

and by in tegra t ion  by p a r t s  

(A. 11) 



For s u f f i c i e n t l y  l a rge  I w l  the  f i r s t  term 
dominates, and s ince  by a choice of c i t s  
s ign  can be reversed,  we must have 

(A. 12) 

f o r  a l l  to ) to f o r  which Mkxfu 0,  
proving the  symmetry of f ix£,  f o r  a l l  
t 2 t o .  
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