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This pap er describ es the form ulation of optimization tec hniques based on con trol theory
for wing section and planform design in viscous compressible 
o w mo deled by the Reynolds
Av eraged Na vier-Stok es equations. Because the t wo disciplines that are relev ant to this
problem are aero dynamics and structures, an extension of a single to a multiple ob jectiv e
cost function is considered. A realistic mo del for the structural weigh t, whic h is sensitiv e
to both planform variations and wing loading, is implemen ted. Results of optimizing a
wing-fuselage of a commercial transp ort aircraft show a successful trade-o� bet ween the
aero dynamic and structural cost functions, leading to meaningful wing planform designs.
Results also indicate that large impro vemen ts in lift-to-drag ratio can be achiev ed without
any penalt y on the structural weigh t by stretc hing the span along with decreasing the sweep
angle, thic kening the wing-sections, and mo difying the airfoil sections. Furthermore, by
varying the weigh ting constan ts in the cost function, the \P areto fron t" can be captured,
broadening the design range of optimal shap es.

I. In tro duction

T raditionall y the processof wing designhasbeencarried out by trial and error, relying on the intuition
and experienceof the designer. With currently available equipment and e�cien t numerical algorithm

the turn-around for numerical simulations is becomingso rapid that it is feasibleto usecomputational 
uid
dynamics (CFD) to examinean extremely large number of variations. However, it is not likely that repeated
trials in an interactive designand analysis procedurecan lead to a truly optimum design. In order to take
full advantage of examining a very large designspacethe numerical simulations need to be combined with
automatic search and optimization procedures.This can lead to automatic designmethods which will fully
realize the potential improvements in multidisciplinary optimization.

Gradient information can be computed using a variety of approachessuch as the �nite-di�erence method,
the complex step method,1 and automatic di�eren tiation. 2 Unfortunately , their computational cost is still
proportional to the number of designvariables in the problem. An alternativ e is to treat the designproblem
as a control problem. This approach has dramatic computational cost advantagesover the other methods.
The foundations of control theory for systemsgoverned by partial di�eren tial equations were laid by J.L.
Lions.3

The control-theory approach is often called the adjoint method, sincethe necessarygradients areobtained
via the solution of the adjoint equationsof the governing equations. The adjoint method is extremely e�cien t
sincethe computational expenseincurred in the calculation of the completegradient is e�ectiv ely independent
of the number of design variables. The only cost involved is the calculation of one 
o w solution and one
adjoint solution whose complexity is similar to that of the 
o w solution. Control theory was applied to
shape design for elliptic equations by Pironneau4 and it was �rst used in transonic 
o w by Jameson.5, 6, 7

Sincethen this method hasbecomea popular choicefor designproblemsinvolving 
uid 
o w.8, 9, 10, 11 During
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the last decade,the methods have been intensively developed and have beenproved to be very e�ectiv e for
improving wing section shapesfor �xed wing-planforms.12, 13

In general the section shape changesneededfor the transonic wing designare quite small. However, in
order to obtain a true optimum designlarger scalechangessuch aschangesin the wing planform (sweepback,
span, chord, section thickness,and taper) should be considered. Becausethese changesdirectly a�ect the
structural weight, a meaningful result can only be obtained by consideringa cost function that accounts for
both the aerodynamic and structural characteristics.

Our previous works14, 15 validated a design methodology for wing section and planform optimization
with simple estimation of wing weight, in both inviscid and viscous 
o w. We also extended our study16

to validate a design methodology in inviscid 
o w with a more realistic structural-w eight-model that was
sensitive to changesof both geometry and aerodynamic load. In addition we also developed a large-scale
adjoint method to calculate the planform gradients.

We found that if the cost function contained both aerodynamic and structural weight dependencies,the
trade-o� betweenthesetwo dependencieswould lead to a useful design. However, this raised the question of
how to properly integrate these dependenciestogether. One practical way to solve the relative importance
of aerodynamic and structural dependencieswas to consider the overall performance,such as the maximum
range of the aircraft.

We also found that while inviscid calculations wereproven useful for the designof transonic wings at the
cruisecondition, the required changesin the sectionshapewerecomparablein magnitude to the displacement
thicknessof the boundary layer. Thus viscousdesign was more realistic, and alleviated shocks that would
otherwise form in the viscoussolution over the �nal inviscid design. Accurate resolution of viscouse�ects
such as separation and shock/b oundary layer interaction was also essential for optimal designencompassing
o�-design conditions.

In this work, we report improvements in a designfor wing planform optimization basedon compressible
viscous 
o w calculation and a realistic structural weight model. We also consider an alternativ e approach
to combine the aerodynamic and structural cost functions to cover a broader design range, based on the
conceptof the \P areto front". Optimized results of a transonic long-rangetransport aircraft show that large
improvements in lift-to-drag ratio can be achieved while meeting criteria of other disciplines by stretching
span to reducevortex drag, decreasingsweepand thickening wing section to reducestructural weight, and
modifying airfoil sectionsto minimize the shock drag. This trend has been further investigated for general
long-rangetransport aircraft and results are presented in reference.17

I I. Mathematical form ulation

A. Design using the Na vier-Stok es equations

The application of control theory to aerodynamic designproblems is illustrated in this section for the caseof
three-dimensional wing design using the compressibleNavier-Stokesequations as the mathematical model.
It provesconvenient to denote the Cartesian coordinates and velocity components by x1, x2, x3 and u1, u2,
u3, and to use the convention that summation over i = 1 to 3 is implied by a repeated index i . Then, the
three-dimensionalNavier-Stokesequationsmay be written as

@w
@t

+
@f i

@x i
=

@f vi

@x i
in D; (1)

where the state vector w, inviscid 
ux vector f and viscous
ux vector f v are described respectively by

w =

8
>>>>><

>>>>>:

�
�u 1

�u 2

�u 3

�E

9
>>>>>=

>>>>>;

; f i =

8
>>>>><

>>>>>:

�u i

�u i u1 + p� i 1

�u i u2 + p� i 2

�u i u3 + p� i 3

�u i H

9
>>>>>=

>>>>>;

;
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f v i =

8
>>>>><

>>>>>:

0
� ij � j 1

� ij � j 2

� ij � j 3

uj � ij + k @T
@x i

9
>>>>>=

>>>>>;

; (2)

and � ij is the Kronecker delta function. Also,

p = (
 � 1) �
�

E �
1
2

ui ui

�
; (3)

and
�H = �E + p (4)

where 
 is the ratio of the speci�c heats. The viscousstressesmay be written as

� ij = �
�

@ui

@x j
+

@uj

@x i

�
+ �� ij

@uk

@xk
; (5)

where � and � are the �rst and secondcoe�cien ts of viscosity. The coe�cien t of thermal conductivit y and
the temperature are computed as

k =
cp�
Pr

; T =
p

R�
; (6)

where Pr is the Prandtl number, cp is the speci�c heat at constant pressure,and R is the gasconstant.
Using a transformation to a �xed computational domain, the Navier-Stokesequations can be written in

the transformed coordinates as
@(J w)

@t
+

@(Fi � Fvi )
@� i

= 0 in D; (7)

where the inviscid terms have the form
@Fi

@� i
=

@
@� i

(Sij f j ) ;

the viscousterms have the form
@Fv i

@� i
=

@
@� i

�
Sij f v j

�
;

and Sij = J K � 1
ij represent the projection of the � i cell face along the x j axis.

The geometry changesare represented by changes� Sij in the metric coe�cien ts. Supposewe chooseto
minimize the cost function of a boundary integral

I =
Z

B

M (w; S) dB� +
Z

B

N (w; S) dB�

where M (w; S) could be an aerodynamic cost function, e.g. drag coe�cien t, and N (w; S) could be a
structural cost function, e.g. structure weight. A shape changeproducesa variation in the 
o w solution � w
and the metrics � S which in turn produce a variation in the cost function

� I =
Z

B
� M (w; S) dB� +

Z

B
� N (w; S) dB� ;

with

� M = [M w ]I � w + � M I I ;

� N = [Nw ]I � w + � N I I ;

where we continue to use the subscripts I and II to distinguish between the contributions associated with
the variation of the 
o w solution � w and those associated with the metric variations � S. Thus [M w ]I and
[Nw ]I represent @M

@w and @N
@w with the metrics �xed, while � M I I and � N I I represent the contribution of the

metric variations � S to � M and � N .

3 of 21

American Institute of Aeronautics and Astronautics Paper 2004-4479



In the steady state, the constraint equation (7) speci�es the variation of the state vector � w by

@
@� i

� (Fi � Fvi ) = 0:

Here � Fi and � Fvi can also be split into contributions associated with � w and � S using the notation

� Fi = [Fi w ]I � w + � Fi I I

� Fvi = [Fvi w ]I � w + � Fvi I I :

Multiplying by a costate vector  , which will play an analogousrole to the Lagrange multiplier, and inte-
grating over the domain produces Z

D
 T @

@� i
� (Fi � Fvi ) dD� = 0:

If  is di�eren tiable this may be integrated by parts to give
Z

B
ni  T � (Fi � Fvi ) dB� �

Z

D

@ T

@� i
� (Fi � Fvi ) dD� = 0: (8)

Since the left hand expressionequalszero, it may be subtracted from the variation in the cost function to
give

� I =
Z

B

�
� M + � N � n i  T � (Fi � Fvi )

�
dB�

+
Z

D

�
@ T

@� i
� (Fi � Fvi )

�
dD� : (9)

Now, since  is an arbitrary di�eren tiable function, it may be chosen in such a way that � I no longer
depends explicitly on the variation of the state vector � w. The gradient of the cost function can then be
evaluated directly from the metric variations without having to recompute the variation � w resulting from
the perturbation of each designvariable.

The variation � w may be eliminated from (9) by equating all �eld terms with subscript \ I " to produce
a di�eren tial adjoint system governing  

@ T

@� i
[Fi w � Fvi w ]I = 0 in D: (10)

The corresponding adjoint boundary condition is produced by equating the subscript \ I " boundary terms
in equation (9) to produce

ni  T [Fi w � Fvi w ]I = [M w ]I + [Nw ]I on B: (11)

The remaining terms from equation (9) then yield a simpli�ed expressionfor the variation of the cost function
which de�nes the gradient

� I =
Z

B

�
� M I I + � N I I � n i  T [� Fi � � Fvi ] I I

	
dB�

+
Z

D

�
@ T

@� i
[� Fi � � Fvi ] I I

�
dD� ; (12)

Choosing  to satisfy the adjoint equation with appropriate boundary conditions depending on the cost
function, the explicit dependenceon � w is eliminated allowing the cost variations to be expressedin terms
of � S and the adjoint solution, and hence�nally in terms of the change� S in a function S(� ) de�ning the
shape.

Thus one obtains

� I =
Z

G� S d� = hG; � Si

where G is the in�nite dimensional gradient (Frechet derivative) at the cost of one 
o w and one adjoint
solution. Then one can make an improvement by setting

4 of 21

American Institute of Aeronautics and Astronautics Paper 2004-4479



� S = � � G

In fact the gradient G is generally of a lower smoothnessclassthan the shape S. Henceit is important
to restore the smoothness. This may be a�ected by passingto a Sobolev inner product of the form

hu; vi =
Z

(uv + �
@u
@�

@v
@�

) d�

This is equivalent to replacing G by �G, where in one dimension

�G�
@
@�

�
@�G
@�

= G; �G = zero at end points

and making a shape change� S = � � �G.

B. Adjoin t equations and boundary condition

Due to the additional level of derivatives in the stress and heat 
ux terms, it is proctical to derive the
contributions form the inviscid and viscousterms separately.

In order to derive the adjoint equation in detail, equation (8) can be expandedas
Z

B
 T (� S2j f j + S2j � f j ) dB�

�
Z

D

@ T

@� i
(� Sij f j + Sij � f j ) dD�

�
Z

B
 T �

� S2j f v j + S2j � f v j

�
dB�

+
Z

D

@ T

@� i

�
� Sij f v j + Sij � f v j

�
dD� : (13)

It is convenient to assumethat the shape modi�cation is restricted to the coordinate surface� 2 = 0 so that
n1 = n3 = 0, and n2 = 1. Furthermore, it is assumedthat the boundary contributions at the far �eld may
either be neglectedor elseeliminated by a proper choiceof boundary conditions as previously shown for the
inviscid case.18, 19

1. Derivation of the Inviscid Adjoint Terms

In equation (13) the inviscid 
ux variation can be expandedby setting

Sij � f j = Sij
@f j

@w
� w:

Taking the transposeof equation (13), it can be seenthat in order to eliminate the explicit dependenceon
� w in the absenceof viscouse�ect,  should be chosento satisfy the inviscid adjoint equation

CT
i

@ 
@� i

= 0 in D; (14)

where the inviscid Jacobian matrices in the transformed spaceare given by

Ci = Sij
@f j

@w
:

In order to designa shape which will lead to a desiredpressuredistribution, natural choice is to set

I =
1
2

Z

B
(p � pd)2 dS
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where pd is the desired surfacepressure,and the integral is evaluated over the actual surfacearea. In the
computational domain this is transformed to

I =
1
2

Z Z

Bw

(p � pd)2 jS2j d� 1d� 3;

where the quantit y
jS2j =

p
S2j S2j

denotesthe face area corresponding to a unit element of face area in the computational domain. Now, to
cancel the dependenceof the boundary integral on � p, the adjoint boundary condition reducesto

 j nj = p � pd (15)

where n j are the components of the surfacenormal

nj =
S2j

jS2j
:

This amounts to a transpiration boundary condition on the co-state variables corresponding to the momen-
tum components. Note that it imposesno restriction on the tangential component of  at the boundary.

2. Derivation of the Viscous Adjoint Equations

The viscousterms are derived below under the assumptionthat the viscosity and heat conduction coe�cien ts
� and k areessentially independent of the 
o w, and that their variations may beneglected.This simpli�cation
has beensuccessfullyused for may aerodynamic problems of interest. However, if the 
o w variations could
result in signi�can t changesin the turbulent viscosity, it may be necessaryto account for its variation in the
calculation.

The derivation of the viscousadjoint terms can be simpli�ed by transforming to the primitiv e variables

~wT = (�; u1; u2; u3; p);

becausethe viscousstressesdepend on the velocity derivatives @u i
@x j

, while the heat 
ux can be expressedas

�
@

@x i

�
p
�

�
:

where � = k
R = 
 �

P r ( 
 � 1) . The relationship between the conservative and primitiv e variations is de�ned by
the expressions

� w = M � ~w; � ~w = M � 1� w

which make use of the transformation matrices M = @w
@~w and M � 1 = @~w

@w . These matrices are provided in
transposedform for future convenience

M T =

2

6
6
6
6
6
6
4

1 u1 u2 u3
u i u i

2

0 � 0 0 �u 1

0 0 � 0 �u 2

0 0 0 � �u 3

0 0 0 0 1

 � 1

3

7
7
7
7
7
7
5

M � 1T
=

2

6
6
6
6
6
6
4

1 � u1
� � u2

� � u3
�

( 
 � 1)u i u i

2

0 1
� 0 0 � (
 � 1)u1

0 0 1
� 0 � (
 � 1)u2

0 0 0 1
� � (
 � 1)u3

0 0 0 0 
 � 1

3

7
7
7
7
7
7
5

:
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The conservative and primitiv e adjoint operators L and ~L corresponding to the variations � w and � ~w are
then related by Z

D
� wT L dD� =

Z

D
� ~wT ~L dD� ;

with
~L = M T L;

so that after determining the primitiv e adjoint operator by direct evaluation of the viscousportion of equa-
tion (13), the conservativeoperator may beobtained by the transformation L = M � 1T ~L . Sincethe continuit y
equation contains no viscousterms, it makesno contribution to the viscousadjoint system. Therefore, the
derivation proceedsby �rst examining the adjoint operators arising from the momentum equationsand then
the energyequation. The details may be found in.20

In order to make useof the summation convention, it is convenient to set  j +1 = � j for j = 1; 2; 3 and
 5 = � . Collecting together the contributions from the momentum and energyequations, the viscousadjoint
operator in primitiv e variables can be �nally expressedas

( ~L )1 = � p
� 2

@
@� l

�
Slj � @�

@x j

�

( ~L ) i +1 = @
@� l

n
Slj

h
�

�
@� i
@x j

+ @� j

@x i

�
+ �� ij

@� k
@x k

io

+ @
@� l

n
Slj

h
�

�
ui

@�
@x j

+ uj
@�
@x i

�
�� ij uk

@�
@x k

io

� � ij Slj
@�
@� l

for i = 1; 2; 3

( ~L )5 = 1
�

@
@� l

�
Slj � @�

@x j

�
:

The conservative viscousadjoint operator may now be obtained by the transformation

L = M � 1T ~L:

Finally, the resulting adjoint equations for the Navier-Stokesequationsare as follows:

CT
i

@ 
@� i

� M � 1T ~L = 0 in D: (16)

The �rst and the secondterms comefrom the convective and di�usiv e terms of the Navier-Stokesequations
respectively. The adjoint equation, a linear set of equations, is solved by marching the costate variables in
time after a time-lik e derivative has beenadded.

3. Viscous Adjoint Boundary Conditions

The boundary term that arisesfrom the momentum equations including both the � w and � S components
equation (13) takesthe form Z

B
� k � (S2j (� k j p + � k j )) dB� :

Replacing the metric term with the corresponding local facearea S2 and unit normal n j de�ned by

jS2j =
p

S2j S2j ; nj =
S2j

jS2j

then leadsto Z

B
� k � (jS2j nj (� k j p + � k j )) dB� :

De�ning the components of the total surfacestressas

� k = n j (� k j p + � k j )

and the physical surfaceelement
dS = jS2j dB� ;
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the integral may then be split into two components
Z

B
� k � k j� S2 j dB� +

Z

B
� k � � k dS; (17)

where only the secondterm contains variations in the 
o w variables and must consequently cancel the � w
terms arising in the cost function. The �rst term will appear in the expressionfor the gradient.

A generalexpressionfor the cost function that allows cancellation with terms containing � � k hasthe form

I =
Z

B
I (� )dS; (18)

corresponding to a variation

� I =
Z

B

@I
@� k

� � k dS;

for which cancellation is achieved by the adjoint boundary condition

� k =
@I
@� k

:

Natural choicesfor I arise from force optimization and as measuresof the deviation of the surfacestresses
from desiredtarget values.

The force in a direction with cosinesqi has the form

Cq =
Z

B
qi � i dS:

If we take this as the cost function (18), this quantit y gives

I = qi � i :

Cancellation with the 
o w variation terms in equation (17) therefore mandatesthe adjoint boundary condi-
tion

� k = qk :

Note that this choice of boundary condition also eliminates the �rst term in equation (17) so that it need
not be included in the gradient calculation.

In the inversedesign case,where the cost function is intended to measurethe deviation of the surface
stressesfrom somedesiredtarget values,a suitable de�nition is

I (� ) =
1
2

alk (� l � � dl ) (� k � � dk ) ;

where � d is the desired surface stress, including the contribution of the pressure,and the coe�cien ts alk

de�ne a weighting matrix. For cancellation

� k � � k = alk (� l � � dl ) � � k :

This is satis�ed by the boundary condition

� k = alk (� l � � dl ) : (19)

Assuming arbitrary variations in � � k , this condition is also necessary.
In order to control the surfacepressureand normal stressone can measurethe di�erence

nj f � k j + � k j (p � pd)g;

where pd is the desiredpressure.The normal component is then

� n = nk nj � k j + p � pd;
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so that the measurebecomes

I (� ) =
1
2

� 2
n

=
1
2

nl nm nk nj f � lm + � lm (p � pd)g

� f � k j + � k j (p � pd)g:

This corresponds to setting
alk = n l nk

in equation (19). De�ning the viscousnormal stressas

� vn = nk nj � k j ;

the measurecan be expandedas

I (� ) =
1
2

nl nm nk nj � lm � k j

+
1
2

(nk nj � k j + n l nm � lm ) (p � pd)

+
1
2

(p � pd)2

=
1
2

� 2
vn + � vn (p � pd) +

1
2

(p � pd)2 :

For cancellation of the boundary terms

� k (n j � � k j + nk � p) =
�

nl nm � lm + n2
l (p � pd)

	
nk

� (n j � � k j + nk � p)

leading to the boundary condition
� k = nk (� vn + p � pd) :

In the caseof high Reynolds number, this is well approximated by the equations

� k = nk (p � pd) ; (20)

which should be comparedwith the single scalar equation derived for the inviscid boundary condition (15).
In the caseof an inviscid 
o w, choosing

I (� ) =
1
2

(p � pd)2

requires
� k nk � p = (p � pd) n2

k � p = (p � pd) � p

which is satis�ed by equation (20), but which represents an over-speci�cation of the boundary condition
sinceonly the single condition (15) needsbe speci�ed to ensurecancellation.

The form of the boundary terms arising from the energyequation dependson the choice of temperature
boundary condition at the wall. For the adiabatic case,the boundary contribution is

Z

B
k� T

@�
@n

dB� ;

while for the constant temperature casethe boundary term is
Z

B
k�

�
S2j

2

J
@

@� 2
� T + �

�
S2j

2

J

�
@T
@� 2

�
dB� :

one possibility is to intro duce a contribution into the cost function which depends on T or @T
@n so that the

appropriate cancellation would occur. Since there is little physical intuition to guide the choice of such a
cost function for aerodynamic design,a more natural solution is to set

� = 0
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in the constant temperature caseor
@�
@n

= 0

in the adiabatic case. Note that in the constant temperature case,this choice of � on the boundary would
also eliminate the boundary metric variation terms in

Z

B
� � (S2j Qj ) dB� :

I I I. Implemen tation

A. Planform design variables

In this work, we model the wing of interest using six planform variables: root chord (c1), mid-span chord
(c2), tip chord (c3), span(b), sweepback(�), and wing thicknessratio (t), asshown in �gure 1. This choiceof

t

b/2
C2

C3

C1

Figure 1. Mo deled wing governed by six planform variables; ro ot chord ( c1), mid-span chord ( c2), tip chord
( c3), span ( b), and sweepbac k( � ), wing thic kness ratio ( t).

designparameterswill lead to an optimum wing shape that will not require an extensive structural analysis
and can be manufactured e�ectiv ely.

B. Cost function for planform design

In order to designa high performancetransonic wing, which will lead to a desiredpressuredistribution, and
still maintain a realistic shape, the natural choice is to set

I = � 1CD + � 2
1
2

Z

B
(p � pd)2dS + � 3CW (21)

where CW � W
q1 Sr ef

is a dimensionlessmeasureof the wing weight, which can be estimated either from
statistical formulas, or from a simple analysis of a representativ e structure, allowing for failure modessuch
as panel buckling. The coe�cien t � 2 is intro duced to provide the designersomecontrol over the pressure
distribution, while the relative importance of drag and weight are represented by the coe�cien ts � 1 and � 3.
The choice of theseweighting constants is discussedin detainl in section F.

C. Structural weigh t mo del

To estimate Wwing , a realistic model should account for both planform geometry and wing loading, but it
should be simpli�ed enoughthat we can expressit as an analytical function.

An analytical model to estimate the minimal material to resist material and buckling failures has been
developed by Wakayama.21 When shearand buckling e�ects are small, they may be neglected,resulting in
a simpli�ed model developed by Kro o.22 In this paper, we follow the analysis developed by Kro o.
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The wing structure is modeled by a structure box, whosemajor structural material is the box skin. The
skin thickness(ts) varies along the span and resists the bending moment causedby the wing lift. Then, the
structural wing weight can be calculated basedon material of the skin.

l

A

A
b/2

sc

*zz

(a) swept wing planform

t

cs

t s

(b) section A-A

Figure 2. Structural mo del for a swept wing

Consider a box structure of a swept wing whosequarter-chord swept is � and its cross-sectionA-A as
shown in �gures 2. The skin thicknessts , structure box chord cs , and overall thicknesst vary along the span.
The maximum normal stressfrom the bending moment at a section z� is

� =
M (z� )
tt scs

The corresponding wing structural weight is

Wwing /
Z

str uctual span

M
t

dl

= 2
� mat g

� cos(�)

Z b
2

� b
2

M (z� )
t(z� )

dz�

= 4
� mat g

� cos(�)

Z b
2

0

M (z� )
t(z� )

dz� ;

and

CW =
�

cos(�)

Z b
2

0

M (z� )
t(z� )

dz� ; (22)

where
� =

4� mat g
� q1 Sr ef

;

� mat is the material density, and g is the gravitational constant.
The bending moment can be calculated by integrating pressuretoward the wing tip.

M (z� ) = �
Z b

2

z �

p(x; z)(z � z� )
cos(�)

dA

= �
Z b

2

z �

I

wing

p(x; z)(z � z� )
cos(�)

dxdz

Thus

CW =
� �

cos(�) 2

Z b
2

0

Z b
2

z �

I

wing

p(x; z)(z � z� )
t(z� )

dxdzdz� (23)

To form the corresponding adjoint boundary condition, CW must be expressedas
R

B dB� in the computa-
tional domain, or

RR
dxdz in a physical domain to match the boundary term arise from the 
o w equations.
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To switch the order of integral of (23), intro duce a Heaviside function

H (z � z� ) =

(
0; z < z�

1; z > z�

Then (23) can be rewritten as

CW =
� �

cos(�) 2 �

Z b
2

0

Z b
2

0

I

wing

p(x; z)H (z � z� )(z � z� )
t(z� )

dxdzdz�

=
� �

cos(�) 2

Z b
2

0

I

wing

p(x; z)K (z)dxdz; (24)

where

K (z) =
Z b

2

0

H (z � z� )(z � z� )
t(z� )

dz�

=
Z z

0

z � z�

t(z� )
dz�

In the computational domain,

CW =
� �

cos(�) 2

I

B
p(� 1; � 3)K (� 3)S22d� 1d� 3; (25)

and K (� 3) is a one-to-onemapping of K (z).

D. Adjoin t boundary condition for the structural weigh t

For simplicit y, it is assumedthat the portion of the boundary that undergoesshapemodi�cations is restricted
to the coordinate � 2 = 0. Then equation (13) may be simpli�ed by incorporating the conditions

n1 = n3 = 0; n2 = 1 and dB� = d� 1d� 3;

so that the only variation � F2 needsto be consideredat the wall boundary. Moreover, the condition that
there is no 
o w through the wall boundary at � 2 = 0 is equivalent to

U2 = 0;

and
� U2 = 0

when the boundary shape is modi�ed. Consequently ,

� F2 = � p

8
>>>>><

>>>>>:

0
S21

S22

S23

0

9
>>>>>=

>>>>>;

+ p

8
>>>>><

>>>>>:

0
� S21

� S22

� S23

0

9
>>>>>=

>>>>>;

: (26)

The variation of CW is

� CW = � �
I

B
� p

K S22

cos(�) 2 + p�
�

K S22

cos(�) 2

�
d� 1d� 3; (27)

Since� F2 and � CW depend only on the pressure,it allows a complete cancellation of dependencyof the
boundary integral on � p, and the adjoint boundary condition reducesto

 2S21 +  3S22 +  4S23 =
� �

cos(�) 2 K S22 (28)
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E. Gradien t calculation for planform variables

The gradient with respect to planform variation can be computed by integrating point-gradients projected
in the planform movement direction. If one chooses as  � , where  � satis�es the adjoint equation (16)
then

� I (w; S) = � I (S)

=
Z

B

(� M I I + � N I I ) dB� +
Z

D

 � T
� R dD�

�
X

B

(� M I I + � N I I ) � B +
X

D

 � T
� �R

�
X

B

(� M I I + � N I I ) � B

+
X

D

 � T � �RjS+ � S � �RjS
�

;

where �RjS and �RjS+ � S are volume weighted residuals calculated at the original mesh and at the mesh
perturb ed in the designdirection.

Provided that  � hasalready beencalculated and �R can be easilycalculated, the gradient of the planform
variables can be computed e�ectiv ely by �rst perturbing all the meshpoints along the direction of interest.
For example,to calculate the gradient with respect to the sweepback, move all the points on the wing surface
as if the wing werepushedbackward and also move all other associated points in the computational domain
to match the new location of points on the wing. Then re-calculate the residual value and subtract the
previous residual value from the new value to form � �R. Finally, to calculate the planform gradient, multiply
� �R by the costate vector and add the contribution from the boundary terms.

This way of calculating the planform gradient exploits the full bene�t of knowing the value of adjoint
variables  � with no extra cost of 
o w or adjoint calculations.

F. Choice of weigh ting constan ts

1. Maximizing rangeof the aircraft

The choice of � 1 and � 3 greatly a�ects the optimum shape. If � 3
� 1

is high enough, the optimum shape will
have lower CD and higher CW than another optimum shape with lower � 3

� 1
value.

Leoviriy akit and Jameson14 proposean intuitiv e choiceof � 1 and � 3 by equating a problem of maximizing
range of an aircraft to a problem of minimizing the cost function

I = CD +
� 3

� 1
CW :

If the simpli�ed Breguet range equation can be expressedas

R =
V
C

L
D

log
W1

W2

where C is speci�c fuel consumption, D is drag, L is lift, R is range, V is aircraft velocity, W1 is take o�
weight, and W2 is landing weight, then choosing

� 3

� 1
=

CD

CW 2 logCW 1
CW 2

; (29)

corresponds to maximizing the range of the aircraft.
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2. Pareto Front

a 3 Pareto front
vs.

R Q

Drag

Weight

P
1a

Figure 3. Co op erativ e game
strategy with drag and weigh t as
pla yers

In order to present the designerwith a wider rangeof choices,the problem
of optimizing both drag and weight can be treated as a multi-ob jective
optimization problem. In this senseone may also view the problem as
a \game", where one player tries to minimize CD and the other tries
to minimize CW . In order to compare the performance of various trial
designs,designatedby the symbol X in �gure 3, they may be ranked for
both drag and weight. A design is undominated if it is impossibleeither
to reduce the drag for the same weight or to reduce the weight for the
samedrag. Any dominated point should be eliminated, leaving a set of
undominated points which form the Pareto front. In �gure 3, for example,
the point Q is dominated by the point P (samedrag, lessweight) and also
the point R (sameweight, lessdrag). So the point Q will be eliminated.
The Pareto front can be �t through the points P, R and other dominating
points, which may be generatedby using an array of di�eren t valuesof � 1

and � 3 in the cost function to compute di�eren t optimum shapes. With
the aid of the Pareto front the designerwill have freedom to pick the most useful design.

IV. Design cycle and parallel computation

Environment
Single processor computing

Flow Solver

Parallel computing
Environment

Notation:

-Aerodynamics
Gradient Calculation

-Structure

Shape & Grid
Modification

Adjoint Solver

Design Cycle
repeated until
convergence

Figure 4. Design cycle

In general, the computational cost of viscous design is at
least one order of magnitude greater that the cost of inviscid
design. Three main reasonsfor this are the increase of the
number of grid points by a factor of two or more to resolve the
boundary layer, the additional cost of computing the viscous
terms and turbulent model, and a slower convergencedue to
highly stretched cells inside the boundary layers.

To make the design method feasible in practice, parallel
computing is implemented to parts of the design cycle that
dominate the computation time. Both 
o w and adjoint calcu-
lation have been implemented in a parallel setting using the
messagepassinginterface (MPI).

The design cycle starts by �rst solving the 
o w �eld until
at least a 3 order of magnitude drop in the residual is achieved.
The 
o w solution is then passedto the adjoint solver. Second,
the adjoint solver is run to calculate the costate vector. Itera-
tion continuesuntil at least a 2 order of magnitude drop in the
residual.a The costate vector is passedto the gradient mod-
ule to evaluate the aerodynamic gradient. Then, the structural
gradient is calculated and added to the aerodynamic gradient
to form the overall gradient. The steepest descent method is usedwith a small step size to guarantee that
the solution will convergeto the optimum point. The designcycle is shown in �gure 4.

V. Flo w solver and adjoin t solver

The 
o w solver and the adjoint solver chosenin this work are codesdeveloped by Jamesonet al.24, 13, 25, 26

The 
o w solver solvesthe three dimensionalNavier-Stokesequationsby employing the JST scheme,together
with a multistage explicit time stepping scheme. Rapid convergenceto a steadystate is achieved via variable
local time steps, residual averaging, and a full approximation multi-grid scheme. The adjoint solver solves
the corresponding adjoint equationsusing similar techniques to those of the 
o w solver. In fact much of the
software is sharedby the 
o w and adjoint solvers.

aStudies23 have shown that, for the design purp ose, only a 3 order of magnitude drop in the residual of the 
o w calculation
and only a 2 order of magnitude drop in the residual of the adjoin t calculation are su�cien t.
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VI. Results

A. Validation of aero dynamic and structural gradien ts with resp ect to planform variables

B747 WING-BODY                                                                  
 GRID  256 X   64 X   48

  K   =    1

Figure 5. Computational Grid of
the B747 Wing Fuselage. Mesh
size 256x64x48.

To verify the accuracy of the aerodynamic and structural gradients with
respect to planform variables calculated by the adjoint method, we com-
pare the adjoint gradients with those from the �nite-di�erence methods.
For the purposeof comparison,calculations are performedat a �xed angle
of attack to eliminate the e�ect of pitch variation on the gradient. The
casechosen is the Boeing 747 wing-fuselagecombination at Mach 0.86,
and wing angle of attack 2 degrees.The computational meshis shown in
�gure 5.

The gradients with respect to the planform variables are calculated
using both the adjoint and the �nite-di�erence methods. A forward di�er-
encing technique is usedfor the �nite-di�erence method with a moderate
step sizeof 0.1% of planform variables to achieve accurate gradient with
both small discretization and cancellation errors. The 
o w and adjoint
solvers are run until both solutions converge�v e order of magnitude.

Figure 6 over-plots gradients from two methods for both drag and
structural weight. The plots show that the gradients agreequite well.
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(a) Gradien t of CD
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Figure 6. Comparison b et ween adjoin t and �nite-di�erence gradien t with resp ect to planform variables.

B. Redesign of Bo eing 747 wing

We present results to show that the optimization with a trade-o� betweendrag and structural weight results
in a practical design. In these calculations the 
o w was modeled by the Reynolds AveragedNavier-Stokes
equation, with a Baldwin Lomax turbulence model. This turbulence model wasconsideredsu�cien t because
the design point was at cruise condition with attached 
o w. The casechosen was the Boeing 747 wing
fuselagecombination at normal cruising Mach 0.85 and a lift coe�cien t CL = 0:45.

As a referencepoint, we �rst modi�ed only the wing sectionsto eliminate the shock drag, while planform
of the baselineB747 was kept unchanged. Figure 7 shows the redesignedcalculation. Here the drag was
reducedfrom 137counts to 127counts (7.3% reduction) and the weight wasslightly reducedfrom 498counts
to 494 counts (0.8%) in 30 design iterations with relatively small changesin the section shape.

Next, weallowedsectionchangestogether with variations of sweepback, span,root chord, mid-spanchord,
and tip chord. However, due to high computational cost of the Navier-Strokeoptimization, the planform was
initially designedby the inviscid method.16 The sectionsof this wing were then optimized with a viscous
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method while keepingplanform constant, shown in �gure 8. The inviscid-planform had a starting drag and
weight of 129 and 472 counts respectively, which were already less than those of the baseline B747 (CD

137 counts and CW 498 counts), indicating that the inviscid-planform was a good starting point for the
viscous optimization. To investigate contribution from shock drag, we performed section modi�cation at
�xed planform. In 30 design cycles, the drag was reduced to 120 counts, while the structural weight was
constant.

Now, we implement both section and planform optimization in viscousdesign,using the starting wing of
�gure 8 as a starting point. Figure 9 shows the e�ect of allowing changesin sweepback, span, root chord,
mid-span chord, and tip chord. The parameter � 3=� 1 was chosenaccording to formula (29) such that the
cost function corresponded to maximizing the range of the aircraft. In 30 design iterations the drag was
reduced to 117 counts (14.5% reduction from the baselineB747), while the dimensionlessstructure weight
wasdecreasedto 464counts (6.1% reduction), which correspondedto a reduction of 5,500lbs. The planform
changesare shown in �gure 10. This viscousredesignedwing has lessdrag and structural weight than that
of the optimized �xed planform.

Both results from the inviscid and viscousplanform optimization suggesta similar trend to yield large
drag reduction, while maintaining low structural weight:

� Increasewing span to reducevortex drag,

� Reducesweepbut increasesection-thicknessto reducestructural weight,

� Usesection optimization to minimize shock drag.

Although the suggestedtrend tends to increasethe wing area, which increasesthe skin friction drag,
the pressuredrag drops at a faster rate, dominating the trade-o�. Overall, the combined results yields
improvements in both drag and weight.

C. Pareto fron t

The problem of optimizing both drag and weight can be treated as a multi-ob jective function optimization
as in this paper. A di�eren t choice of � 1 and � 3 will result in a di�eren t optimum shape. The optimum
shapesshould not dominate each other, and therefore lie on the Pareto front. The Pareto front can be very
useful to the designerbecauseit represents a set which is optimal in the sensethat no improvement can
be achieved in one objective component that does not lead to degradation in at least one of the remaining
components.

Figure 11 shows the e�ect of the weighting parameters (� 1; � 3) on the optimal design. As before the
design variables are sweepback, span, chords, section thickness,and mesh points on the wing surface. In
�gure 11 each point corresponds to an optimal shape for one speci�c choice of (� 1; � 3). By varying � 1 and
� 3, we capture a Pareto front that boundsall the solutions. All points on this front are acceptablesolutions,
and choosingthe �nal designalong this front dependson the nature of the problem and several other factors.
The optimum shape that corresponds to the maximum Breguet range is also marked in the �gure.

VI I. Conclusion

This paper developsand validates an aerodynamic designmethodology basedon the Navier-Stokesequa-
tions for planform optimization. A model for the structural weight is included in the design cost function.
The results of optimizing a wing-fuselageof a commercial transonic transport aircraft has highlighted the
importance of the structural weight model and the the viscouse�ects on the designprocess.

The trade-o� betweenthe structural cost function and the aerodynamic cost function prevents an unre-
alistic result and leads to a useful design. The inclusion of viscous e�ects increasesthe level of realism of
the design. Methods of combining drag and wing weight also provide the designera better opportunit y to
choosethe �nal optimum shape.

Results indicate that the shape changesin the section neededto improve the transonic wing designare
quite small. However, in order to obtain a true optimum design larger scalechangessuch as changesin the
wing planform (sweepback, span, chord, and taper) should be considered. Becausethesedirectly a�ect the
structure weight, a meaningful result can only be obtained by consideringa cost function that takesaccount
of both the aerodynamic characteristics and the weight.
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When maximizing the range of the aircraft, both the inviscid and viscousoptimization follow the same
trend; increasing span to reduce the vortex drag, decreasingsweepand thickening wing-sectionsto reduce
structural weight, and modifying airfoil sectionsto minimize the shock drag. In addition this trend suggests
a way to reduce the computational cost by redesign in two steps; �rst optimize by the inviscid optimizer
which is lessexpensive, then usethe viscousoptimizer to �nalize the geometry.
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B747 WING-BODY                                                                  
Mach: 0.850    Alpha: 2.533                                                     
CL:  0.449    CD: 0.01270    CM:-0.1408    CW: 0.0494                           
Design:  30    Residual:  0.5305E+00                                            
Grid: 257X 65X 49                                                               
Sweep: 42.1141   Span(ft):  212.43                                              
c1(ft):  48.17   c2:  29.11   c3:  10.79                                        
I:  0.01270                                                                     

Cl:  0.373    Cd: 0.05530    Cm:-0.1449   T(in):66.1586                         
Root Section:  13.6% Semi-Span

Cp = -2.0

Cl:  0.647    Cd: 0.00557    Cm:-0.2398   T(in):23.8498                         
Mid Section:  50.8% Semi-Span

Cp = -2.0

Cl:  0.431    Cd:-0.02153    Cm:-0.1873   T(in):12.1865                         
Tip Section:  92.5% Semi-Span

Cp = -2.0

Figure 7. Wing-section optimization of Bo eing 747 at �xed baseline-planform. Dash and solid lines represen t
pressure distributions of the baseline Bo eing 747 and redesigned con�guration resp ectiv ely .
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B747 WING-BODY                                                                  
Mach: 0.850    Alpha: 2.120                                                     
CL:  0.449    CD: 0.01208    CM:-0.1053    CW: 0.0472                           
Design:  30    Residual:  0.3769E+00                                            
Grid: 257X 65X 49                                                               
Sweep: 38.0560   Span(ft):  228.81                                              
c1(ft):  48.06   c2:  29.49   c3:  10.79                                        
I:  0.01208                                                                     

Cl:  0.344    Cd: 0.05929    Cm:-0.1259   T(in):75.4251                         
Root Section:  12.9% Semi-Span

Cp = -2.0

Cl:  0.594    Cd: 0.00192    Cm:-0.2274   T(in):25.2428                         
Mid Section:  50.6% Semi-Span

Cp = -2.0

Cl:  0.405    Cd:-0.01615    Cm:-0.1954   T(in):12.0092                         
Tip Section:  92.5% Semi-Span

Cp = -2.0

Figure 8. Wing-section optimization of Bo eing 747 at �xed in viscid-optimized planform. The optimized
planform from reference 16 is used as a starting p oin t and no mo di�cation is made to the planform. The
wing-sections are redesigned to alleviate the sho ck drag. Dash and solid lines represen t pressure distributions
of the starting and redesigned con�gurations resp ectiv ely .
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B747 WING-BODY                                                                  
Mach: 0.850    Alpha: 2.287                                                     
CL:  0.448    CD: 0.01167    CM:-0.0768    CW: 0.0464                           
Design:  30    Residual:  0.3655E+00                                            
Grid: 257X 65X 49                                                               
Sweep: 36.6144   Span(ft):  231.72                                              
c1(ft):  47.17   c2:  28.30   c3:  10.86                                        
I:  0.01863                                                                     

Cl:  0.347    Cd: 0.06011    Cm:-0.1224   T(in):74.0556                         
Root Section:  12.7% Semi-Span

Cp = -2.0

Cl:  0.582    Cd: 0.00213    Cm:-0.2154   T(in):25.3014                         
Mid Section:  50.5% Semi-Span

Cp = -2.0

Cl:  0.390    Cd:-0.01648    Cm:-0.1736   T(in):12.0445                         
Tip Section:  92.5% Semi-Span

Cp = -2.0

Figure 9. Complete optimization of Bo eing 747. Both wing-section and planform are optimized to maximize
the Braguet range, using in viscid-optimized planform as a starting p oin ts.
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Figure 10. Sup erp osition of the baseline B747 (green/ligh t) and the optimized secton-and-planform geometry
(blue/dark). The optimized-planform from in viscid calculation is also sup erimp osed (magen ta).
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Figure 11. Pareto fron t of section and planform mo di�cations. The ratios of � 3
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are mark ed for each optimal
p oin t.
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