Journal of Computational Physics 230 (2011) 8134–8154

Contents lists available at ScienceDirect

Journal of Computational Physics
journal homepage: www.elsevier.com/locate/jcp

Insights from von Neumann analysis of high-order ﬂux
reconstruction schemes
P.E. Vincent ⇑, P. Castonguay, A. Jameson
Department of Aeronautics and Astronautics, Stanford University, Stanford, CA 94305, USA

a r t i c l e

i n f o

Article history:
Received 29 January 2011
Received in revised form 21 June 2011
Accepted 8 July 2011
Available online 27 July 2011
Keywords:
High-order methods
Flux reconstruction
Nodal discontinuous Galerkin method
Spectral difference method
Dispersion
Dissipation

a b s t r a c t
The ﬂux reconstruction (FR) approach uniﬁes various high-order schemes, including collocation based nodal discontinuous Galerkin methods, and all spectral difference methods (at
least for a linear ﬂux function), within a single framework. Recently, an inﬁnite number of
linearly stable FR schemes were identiﬁed, henceforth referred to as Vincent–Castonguay–
Jameson–Huynh (VCJH) schemes. Identiﬁcation of VCJH schemes offers signiﬁcant insight
into why certain FR schemes are stable (whereas others are not), and provides a simple
prescription for implementing an inﬁnite range of linearly stable high-order methods.
However, various properties of VCJH schemes have yet to be analyzed in detail. In the present study one-dimensional (1D) von Neumann analysis is employed to elucidate how various important properties vary across the full range of VCJH schemes. In particular,
dispersion and dissipation properties are studied, as are the magnitudes of explicit
time-step limits (based on stability considerations). 1D linear numerical experiments are
undertaken in order to verify results of the 1D von Neumann analysis. Additionally, twodimensional non-linear numerical experiments are undertaken in order to assess whether
results of the 1D von Neumann analysis (which is inherently linear) extend to real world
problems of practical interest.
Ó 2011 Elsevier Inc. All rights reserved.

1. Introduction
Theoretical studies and numerical experiments suggest that unstructured high-order methods can provide solutions to
otherwise intractable ﬂuid ﬂow problems within complex geometries. However, despite their potential beneﬁts, the use
of unstructured high-order methods remains limited in both academia and industry. There are various reasons for this situation. These include difﬁculties generating unstructured high-order meshes, problems resolving discontinuous solutions
such as shock waves, and the relative complexity of unstructured high-order methods (compared with low-order schemes)
[1].
In an effort to address the latter issue of complexity, Huynh proposed the ﬂux reconstruction (FR) approach to high-order
methods [2], which has been extended to triangular elements and used to solve the two-dimensional (2D) Euler equations by
Wang and Gao [3]. The FR approach provides a simple and intuitive framework within which various well known high-order
schemes can be cast. In particular, using the FR approach one can recover both collocation based nodal discontinuous
Galerkin (DG) methods of the type described by Hesthaven and Warburton [4], and spectral difference (SD) methods (at least
for a linear ﬂux function), which were originally proposed by Kopriva and Kolias [5], and later generalized by Liu, Vinokur
and Wang [6].
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In addition to recovering known methods, the FR approach also facilitates the deﬁnition of new schemes. Huynh previously identiﬁed several new unstructured high-order methods using the FR approach [2,7]. Of particular note is the so called
g2 method, which Huynh showed to be stable for various orders of accuracy (using von Neumann analysis), and which can be
made more efﬁcient than other FR methods via judicious placement of the solution points [2]. Additionally, Huynh proposed
various guidelines for selecting the so called ‘ﬂux correction function’, which determines numerous properties of the associated FR scheme. In particular, for one-dimensional (1D) FR schemes, Huynh suggested (based on von Neumann analysis)
that if a ﬂux correction function of degree k + 1 is orthogonal to all polynomials of degree k  2 then the resulting scheme
will be linearly stable. Recently, Vincent, Castonguay and Jameson proved this assertion to be true using an energy method
[8], and consequently identiﬁed a range of FR schemes (parameterized by a single scalar), which are guaranteed to be linearly
stable for all orders of accuracy. These linearly stable FR schemes will henceforth be referred to as Vincent–Castonguay–
Jameson–Huynh (VCJH) schemes.
Identiﬁcation of VCJH schemes represents a signiﬁcant advance in terms of understanding why certain FR schemes are
linearly stable, whereas others are not. However, the energy method employed by Vincent, Castonguay and Jameson (to
prove linear stability) offers only limited insight into other properties of VCJH schemes. In the present study 1D von Neumann analysis is employed to elucidate how various important properties vary across the full range of VCJH schemes.
The article begins with a brief review of the FR approach in 1D, followed by a summary of VCJH schemes in 1D. Two sections
of analysis are then presented. The ﬁrst investigates dispersion and dissipation properties of VCJH schemes, and the second
investigates explicit time-step limits associated with VCJH schemes. Following this, two sets of numerical experiments are
presented. The objective of the ﬁrst set (which are 1D and linear) is to verify results of the 1D von Neumann analysis. The
objective of the second set (which are 2D and non-linear) is to assess whether results of the 1D von Neumann analysis extend to real world problems of practical interest. Finally, conclusions are drawn.

2. The ﬂux reconstruction approach
2.1. Overview
FR schemes are similar to nodal DG schemes, which are arguably the most popular type of unstructured high-order method (at least in the ﬁeld of computational aerodynamics). Like nodal DG schemes, FR schemes utilize a high-order (nodal)
polynomial basis to approximate the solution within each element of the computational domain, and like nodal DG schemes,
FR schemes do not explicitly enforce inter-element solution continuity. However, unlike nodal DG schemes, FR methods are
based solely on the governing system in a differential form. A description of the FR approach in 1D is presented below. For
further information see the original paper of Huynh [2].

2.2. Preliminaries
Consider solving the following 1D scalar conservation law

@u @f
þ
¼0
@t @x

ð2:1Þ

within an arbitrary domain X, where x is a spatial coordinate, t is time, u = u(x, t) is a conserved scalar quantity and f = f(u) is
the ﬂux of u in the x direction. Additionally, consider partitioning X into N distinct elements, each denoted
Xn = {xjxn < x < xn+1}, such that

X¼

N1
[

Xn ;

n¼0

N1
\

Xn ¼ ;:

ð2:2Þ

n¼0

The FR approach requires u is approximated in each Xn by a function udn ¼ udn ðx; tÞ, which is a polynomial of degree k within
Xn, and identically zero elsewhere. Additionally, the FR approach requires f is approximated in each Xn by a function
fnd ¼ fnd ðx; tÞ, which is a polynomial of degree k + 1 within Xn, and identically zero elsewhere. Consequently, when employing
the FR approach, a total approximate solution ud = ud(x, t) and a total approximate ﬂux fd = fd(x, t) can be deﬁned within X as

ud ¼

N1
X
n¼0

udn  u;

fd ¼

N1
X

fnd  f ;

ð2:3Þ

n¼0

where no level of inter-element continuity in ud is explicitly enforced. However, fd is required to be C0 continuous at element
interfaces.
Note the requirement that each fnd is one degree higher than each udn , which consequently ensures the divergence of fnd is of
the same degree as udn within Xn.
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2.3. Implementation
From an implementation perspective, it is advantageous to transform each Xn to a standard element
XS ¼ f^
xj  1 6 ^
x 6 1g via the mapping

^x ¼ Cn ðxÞ ¼ 2




x  xn
 1;
xnþ1  xn

ð2:4Þ

which has the inverse

^
x ¼ C1
n ðxÞ ¼





1  ^x
1 þ ^x
xn þ
xnþ1 :
2
2

ð2:5Þ

Having performed such a transformation, the evolution of udn within any individual Xn (and thus the evolution of ud within
X) can be determined by solving the following transformed equation within the standard element XS

^ d @^f d
@u
þ
¼ 0;
@t
@ ^x

ð2:6Þ



^ d ð^x; tÞ ¼ udn C1
^
^d ¼ u
u
n ðxÞ; t

ð2:7Þ

where

is a polynomial of degree k,

^f d ¼ ^f d ð^x; tÞ ¼



^
fnd C1
n ðxÞ; t
hn

;

ð2:8Þ

is a polynomial of degree k + 1, and hn = (xn + 1  xn)/2.
The FR approach to solving Eq. (2.6) within the standard element XS can be described in ﬁve stages. The ﬁrst stage in^ d in terms of a nodal basis as follows
volves representing u

^d ¼
u

k
X

^ di li ;
u

ð2:9Þ

i¼0

where li are Lagrange polynomials deﬁned as

li ¼



k
Y
^x  ^xj
;
^xi  ^xj
j¼0;j–i

ð2:10Þ

^ di ¼ u
^ di ðtÞ (i = 0 to k) are values of u
^ d at the solution points ^
^
xi . The
xi (i = 0 to k) are k + 1 distinct solution points within XS, and u
second stage of the FR approach involves constructing a degree k polynomial ^f D ¼ ^f D ð^
x; tÞ, deﬁned as the approximate transformed discontinuous ﬂux within XS. Speciﬁcally, ^f D is obtained via a collocation projection at the k + 1 solution points, and
can hence be expressed as

^f D ¼

k
X

^f D l
i i

ð2:11Þ

i¼0

where the coefﬁcients ^f Di ¼ ^f Di ðtÞ are simply values of the transformed ﬂux at each solution point ^
xi (evaluated directly from
the approximate solution). The ﬂux ^f D is termed discontinuous since it is calculated directly from the approximate solution,
which is in general piecewise discontinuous between elements.
The third stage of the FR approach involves evaluating the approximate solution at either end of the standard element XS
(i.e. at ^
x ¼ 1). These values, in conjunction with analogous information from adjoining elements, are then used to calculate
numerical interface ﬂuxes. The exact methodology for calculating such numerical interface ﬂuxes will depend on the nature
of the equations being solved. For example, when solving the Euler equations one may use a Roe type approximate Riemann
solver [9], or any other two-point ﬂux formula that provides for an upwind bias. In what follows the numerical interface
ﬂuxes associated with the left and right hand ends of XS (and transformed appropriately for use in XS) will be denoted
^f I and ^f I respectively.
L
R
The penultimate stage of the FR approach involves constructing the degree k + 1 polynomial ^f d , by adding a correction ﬂux
^f C ¼ ^f C ð^
x; tÞ of degree k + 1 to ^f D , such that their sum equals the transformed numerical interface ﬂux at ^
x ¼ 1, yet in some
sense follows ^f D within the interior of XS. In order to deﬁne ^f C such that it satisﬁes the above requirements, consider ﬁrst
deﬁning degree k + 1 correction functions g L ¼ g L ð^
xÞ and g R ¼ g R ð^
xÞ to approximate zero (in some sense) within XS, as well as
satisfying

g L ð1Þ ¼ 1;

g L ð1Þ ¼ 0;

ð2:12Þ

g R ð1Þ ¼ 0;

g R ð1Þ ¼ 1;

ð2:13Þ
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and

g L ð^xÞ ¼ g R ð^xÞ:

ð2:14Þ

A suitable expression for ^f C can now be written in terms of gL and gR as





^f C ¼ ^f I  ^f D g þ ^f I  ^f D g ;
L
R
L
L
R
R

ð2:15Þ

where ^f DL ¼ ^f D ð1; tÞ and ^f DR ¼ ^f D ð1; tÞ. Using this expression, the degree k + 1 approximate transformed total ﬂux ^f d within
XS can be constructed from the discontinuous and correction ﬂuxes as follows





^f d ¼ ^f D þ ^f C ¼ ^f D þ ^f I  ^f D g þ ^f I  ^f D g :
L
R
L
L
R
R

ð2:16Þ

The ﬁnal stage of the FR approach involves evaluating the divergence of ^f d at each solution point ^
xi using the expression
k




X
@^f d
^f D dlj ð^x Þ þ ^f I  ^f D dg L ð^x Þ þ ^f I  ^f D dg R ð^x Þ:
ð^xi Þ ¼
i
i
i
j
L
L
R
R
@ ^x
d^x
d^x
d^x
j¼0

ð2:17Þ

^ d in time via a suitable temporal discretization of the following semi-discrete
These values can then be used to advance u
expression

^ di
du
@^f d
¼
ð^xi Þ:
dt
@ ^x

ð2:18Þ

2.4. Comments
The nature of a particular FR scheme depends solely on three factors, namely the location of the solution points ^
xi , the
methodology for calculating the interface ﬂuxes ^f IL and ^f IR , and the form of the ﬂux correction functions gL (and thus gR).
Huynh [2] showed previously that a collocation based nodal DG scheme is recovered in 1D if the corrections functions gL
and gR are the right and left Radau polynomials respectively. Also, Huynh [2] showed that SD type methods can be recovered
(at least for a linear ﬂux function) if the correction functions gL and gR are set to zero at a set of k points within XS (located
symmetrically about the origin). Several additional forms of gL (and thus gR) have also suggested by Huynh [2,7], leading to
the development of new schemes with various stability and accuracy properties.
3. Vincent–Castonguay–Jameson–Huynh schemes
3.1. Overview
VCJH schemes can be recovered if the corrections functions gL and gR are deﬁned as

gL ¼




ð1Þk
gk Lk1 þ Lkþ1
;
Lk 
2
1 þ gk

ð3:1Þ

gR ¼




1
gk Lk1 þ Lkþ1
;
Lk þ
2
1 þ gk

ð3:2Þ

and

where

cð2k þ 1Þðak k!Þ2
;
2
ð2kÞ!
;
ak ¼ k
2 ðk!Þ2

gk ¼

ð3:3Þ
ð3:4Þ

Lk is a Legendre polynomial of degree k (normalized to equal unity at ^
x ¼ 1), and c is a free scalar parameter that must lie
within the range

c < c < c1 ;

ð3:5Þ

where

c ¼

2
ð2k þ 1Þðak k!Þ2

and c1 = 1.

;

ð3:6Þ
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Such correction functions ensure that if X is periodic the resulting FR scheme will be linearly stable for any k in the broken Sobolev type norm kudkk,2, deﬁned as
d

ku kk;2

2
N Z
X
¼4
n¼1

xnþ1

xn



2
udn

c
@ k udn
þ ðhn Þ2k
2
@xk

31=2

!2

dx5

:

ð3:7Þ

For full details of how these schemes are derived see the original paper of Vincent, Castonguay and Jameson [8].
3.2. Recovery of known methods
Several known methods can be recovered from the range of VCJH schemes. In particular if c = cDG, where

cDG ¼ 0;

ð3:8Þ

then a collocation based nodal DG scheme is recovered [8]. Alternatively, if c = cSD where

cSD ¼

2k
ð2k þ 1Þðk þ 1Þðak k!Þ2

;

ð3:9Þ

then an SD method is recovered (at least for a linear ﬂux function) [8]. It is in fact the only SD method that can be recovered
from the range of VCJH schemes. Further, it is identical to the SD scheme that Jameson [10] proved to be linearly stable,
which is the same as the only SD scheme that Huynh found to be devoid of instabilities using von Neumann analysis [2].
Finally, if c = cHU where

cHU ¼

2ðk þ 1Þ
ð2k þ 1Þkðak k!Þ2

;

ð3:10Þ

then a so called g2 FR method is recovered [8]. Such a scheme was originally identiﬁed by Huynh [2] to be particularly stable,
and can be made more efﬁcient than other FR methods via judicious placement of the solution points. For further details see
the original paper of Huynh [2].
4. Dispersion and dissipation properties of Vincent–Castonguay–Jameson–Huynh schemes
4.1. Overview
A successful unstructured high-order method must accurately capture the propagation of waves and other transient features within complex geometries. Consequently, the dispersion and dissipation properties of VCJH schemes deserve particular attention. The objective of the following section is to determine how dispersion and dissipation properties vary over the
full range of VCJH schemes. In line with previous studies [2,11–16], this is achieved using 1D von Neumann analysis. Speciﬁcally, traveling wave solutions with a prescribed spatial periodicity at the inter-element level are identiﬁed and analyzed.
In the physics community, such solutions are commonly referred to as Bloch waves, an expose of which can be found in the
solid-state physics textbook of Ibach and Lüth [17], for example. Dispersion and dissipation relations for these Bloch wave
solutions are obtained and analyzed. In particular, via comparison with the dispersion and dissipation relations for exact
plane wave solutions (of a linear conservation law), a theoretical (global) order of accuracy associated with dispersion
and dissipation errors is obtained for VCJH schemes.
4.2. Theory
4.2.1. Preliminaries
Consider that f = au where a is a constant scalar. Further, for notational convenience (but without signiﬁcant loss of generality) consider that a = 1. Under such assumptions, Eq. (2.1) can be written as

@u @u
þ
¼ 0;
@t @x

ð4:1Þ

which admits plane wave solutions of the form

u ¼ eIðhxxtÞ ;

ð4:2Þ

provided the temporal frequency x = x(h) satisﬁes

ReðxÞ ¼ h;

ð4:3Þ

ImðxÞ ¼ 0;

ð4:4Þ

and
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pﬃﬃﬃﬃﬃﬃﬃ
where h is a real prescribed wave number, and I ¼ 1. Eqs. (4.3) and (4.4) are known as dispersion and dissipation relations
respectively for the exact plane wave solutions described by Eq. (4.2).
Consider now that all elements Xn of the domain X have a ﬁxed width hn = h. Further, for notational convenience (but
without signiﬁcant loss of generality) consider that h = 1. Under such assumptions a FR semi-discretization of Eq. (4.1) within
the standard element XS can be written as
k

 dg

 dg
X
^ di
du
dlj
L
R
^ dj
^ dL
^ dR
u
¼ 2
ð^x Þ  ^f IL  2u
ð^x Þ  ^f IR  2u
ð^xi Þ;
^x i
^x i
dt
d
d
d^x
j¼0

ð4:5Þ

^ dL ¼ u
^ d ð1; tÞ, and u
^ dR ¼ u
^ d ð1; tÞ. Further, if the interface ﬂuxes are all considered to be fully upwind, then Eq. (4.5) can
where u
be written as
k

 dg
X
^ di
du
dlj
L
^ dL
^ dj
u
¼ 2
ð^xi Þ  ^f IL  2u
ð^xi Þ;
dt
d^x
d^x
j¼0

ð4:6Þ

where ^f IL now depends solely on data upwind of the element currently represented within XS. On rewriting Eq. (4.6) in matrix-vector form one obtains



^d
du
^ d  ^f IL  2u
^ dL g^xL ;
¼ 2Du
dt

ð4:7Þ

where

^ d ½i ¼ u
^di ;
u

D½i; j ¼

dlj
ð^xi Þ;
d^x

g^xL ½i ¼

dg L
ð^xi Þ;
d^x

ð4:8Þ

which can be written as



^d
du
^ d g^xL ;
^ d  ^f IL  2lT u
¼ 2Du
dt

ð4:9Þ

where

l½i ¼ li ð1Þ:

ð4:10Þ

4.2.2. Identifying Bloch wave solutions
Consider identifying Bloch wave solutions of Eq. (4.9). Speciﬁcally, consider identifying solutions within X that when
mapped from each Xn are represented as follows within the standard element XS

^ d ¼ eIðnh
u

d xd tÞ

v^ d ;

d

ð4:11Þ
d

d

where h is a prescribed baseline wavenumber within the range p 6 h 6 p, x is a temporal frequency (to be determined),
^ d is a vector (to be determined) that is independent of the element Xn under consideration. The modiﬁer ‘baseline’ proand v
ceeds the word ‘wavenumber’ in the previous sentence because although p 6 
hd 6 p, the true wavenumber of solutions
^ d , which deﬁnes
described by Eq. (4.11) may in fact be higher, due to the extra (intra-element) degrees of freedom within v
a polynomial of degree k within the standard element. This fact is particularly important when forming dispersion and dissipation relations for the Bloch wave solutions, and will be discussed again shortly.
For solutions of the type described by Eq. (4.11), the fully upwind interface ﬂux ^f IL in Eq. (4.9) can be written as

^f I ¼ 2rT eIðnhd hd xd tÞ v
^ d;
L

ð4:12Þ

where

r½i ¼ li ð1Þ:

ð4:13Þ

On substituting Eqs. (4.11) and (4.12) into Eq. (4.9) one obtains

^d;
^ d ¼ xd v
Qv

ð4:14Þ

h
i
d
T
Q ¼ 2I D þ g^xL ðrT eIh  l Þ :

ð4:15Þ

where

For a given FR scheme Q depends solely on the baseline wave number 
hd . It is clear from Eq. (4.14) that in order for Eq. (4.11)
^ d must be an associated eigenvector.
to represent an admissible solution of Eq. (4.9), xd must be an eigenvalue of Q, and v
d

Therefore, Q and hence (for a given FR scheme) a baseline wavenumber h , is associated with k + 1 admissible solutions (since
Q is of dimension k + 1, and hence has k + 1 associated eigenvalue/eigenvector pairs). The association of multiple admissible
solutions, and hence multiple admissible values of xd, with a single baseline wavenumber 
hd appears to be interpreted in
various ways by different authors. It is often stated that k of the k + 1 admissible solutions are ‘spurious’ modes, which should
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be dismissed. However, each of the k + 1 admissible solutions must be considered if one is to construct full dispersion and
dissipation relations, as will be discussed next.
4.2.3. Identifying dispersion and dissipation relations
The association of a single baseline wavenumber 
hd with multiple admissible solutions, and hence multiple admissible
values of xd is clearly interpreted by Van den Abeele [12], who points out that each admissible Bloch wave solution associated with a given 
hd actually has a (unique) true wavenumber hd in the range (k + 1)p 6 hd 6 (k + 1)p, which depends
^ d associated with the admissible solution. Speciﬁcally, as explained
on both the baseline wavenumber 
hd , and the form of v
by Van den Abeele [12], the true wavenumber hd of a particular admissible solution is given by hd ¼ 
hd þ l2p for some integer
d
d
^
l such that (k + 1)p 6 h 6 (k + 1)p, where the speciﬁc value of l depends on the vector v associated with the admissible
solution in question. In the work of Van den Abeele [12] the true wavenumber hd of an admissible solution was identiﬁed
^ d , which deﬁnes a polynomial of degree k within the standard element). In the present
visually (by plotting the form of v
^ d . For a given FR
study an automated procedure was employed based on a modal analysis of the polynomial deﬁned by v
scheme the main stages of the procedure can be outlined as follows:
d form the matrix Q, and identify the k + 1 admissible solutions associated with 
For a given h
hd .
^ d in terms of a modal Legendre basis.
For each of the k + 1 admissible solutions, represent the polynomial deﬁned by v
Start a counter at n = 0.
Discount n of the k + 1 admissible solutions for which true wavenumbers have already been identiﬁed. Of the remaining
^ d that deﬁnes a polynomial with the most energized nth order Legendre basis
admissible solutions, identify the one with v
function.
5. Associate this admissible solution with a true wavenumber hd ¼ 
hd þ l2p, where l is chosen such that j
hd þ l2pj is minid
mized, with the restriction that h cannot be equal a true wavenumber that has been previously assigned.
6. n = n + 1.
7. If n = k stop the process, since a true wavenumber hd will have been identiﬁed for each of the k + 1 admissible solutions
associated with 
hd . If n – k go back to step four and continue the process.
1.
2.
3.
4.

Application of the above procedure to a sampling of 
hd in the range p 6 
hd 6 p will result in associating a sampling of hd
in the range (k + 1)p 6 hd 6 (k + 1)p with unique values of xd. Hence, the procedure can be used to (indirectly) obtain a
function xd(hd) for Bloch wave solutions, from which associations between Re(xd) and hd (dispersion relations) and Im(xd)
and hd (dissipation relations) can be easily obtained.
4.2.4. Quantifying orders of accuracy
For Bloch wave solutions of Eq. (4.9), consider deﬁning a combined dispersion and dissipation error ET = ET(hd) as

ET ¼ jxd ðhd Þ  xðhd Þj:

ð4:16Þ

Following the approach of Huynh [2] a theoretical (global) order of accuracy AT associated with dispersion and dissipation
errors can be deﬁned for a given FR scheme in terms of ET as follows

AT ¼



ln½ET ðhdR Þ  ln½ET ðhdR =2Þ
 1;
lnð2Þ

ð4:17Þ

where hdR is a true wavenumber chosen such that ET remains small (i.e. it is a wavenumber that is well resolved by the FR
scheme). The results of Atkins and Helenbrook [18] suggest AT will determine how well the FR scheme can model various
processes, including wave propagation, long-time instability dynamics, and the evolution of natural phenomena that depend
weakly on initial conditions. In particular, Atkins and Helenbrook [18] show (for DG schemes) that the order of accuracy
associated with dispersion and dissipation errors corresponds directly to the order of accuracy with which the schemes
can resolve vortex shedding from a cylinder (when solving the Navier-Stokes equations).
4.3. Results and discussion
4.3.1. Dispersion and dissipation relations
Figs. 1 and 2 plot dispersion and dissipation relations for Bloch wave solutions of Eq. (4.9) for various VCJH schemes. All
VCJH schemes considered had solution points at the Gauss points and k = 3. Plots for other values of k are qualitatively similar, and are hence omitted for brevity. Also, since dispersion relations are anti-symmetric, and dissipation relations are symmetric, only results for hd > 0 are presented. For reference, dispersion relations for the exact plane wave solutions described
by Eq. (4.2) are marked with dashed gray lines in Fig. 1, and the related dissipation relations for exact plane wave solutions
are marked with dashed gray lines in Fig. 2.
The plots in Figs. 1 and 2 encode a signiﬁcant amount of information. An extensive analysis is beyond the scope of this
particular study. However, several important observations can be made. Firstly, it can be noted that for all VCJH schemes,
Im(xd) 6 0 for all hd. Therefore all VCJH schemes are dissipative, at least for a linear ﬂux function. Such a result is expected
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Fig. 1. Plots of dispersion relations for Bloch wave solutions of the form described by Eq. (4.11) (for various VCJH schemes when k = 3). Dispersion relations
for 3c/4 6 c 6 cDG are shown in (a), dispersion relations for cDG 6 c 6 cHU are shown in (b), and dispersion relations for cHU 6 c 6 c1 are shown in (c). In all
plots, thin dotted black lines correspond to (linearly spaced) intermediate values of c, and the arrows indicate (qualitatively) a direction of increasing c. The
dashed gray lines mark the dispersion relation for the exact plane wave solutions described by Eq. (4.2).

due to the inherent linear stability of VCJH schemes. Secondly, it can be noted that in the limit c ? c the range of hd over
which the Bloch wave dispersion relation reasonably approximates the exact dispersion relation decreases. However, the
range of hd over which the Bloch wave dissipation relation reasonably approximates the exact dissipation relation increases.
Consequently, in the limit c ? c, undamped high wavenumber solutions with erroneous dispersion relations are admitted.
Such behavior is clearly unfavorable, and use of such schemes should be avoided. Thirdly, it can be noted that for values of c
in the range cDG 6 c 6 cHU (i.e. values of c encompassing those associated with known schemes) the range of hd over which
the Bloch wave dispersion relation reasonably approximates the exact dispersion relation changes in a non-monotonic fashion. In particular, it appears that the Bloch wave dispersion relation reasonably approximates the exact dispersion relation
over an approximately maximal range of hd when c = cSD. Additionally, for values of c in the range cDG 6 c 6 cHU, it can be
noted that high wavenumber Bloch wave solutions with erroneous dispersion relations are damped. Such behavior is favorable. Finally, it can be noted that in the limit c ? c1 both the Bloch wave dispersion and Bloch wave dissipation relations
tend to zero for high wavenumbers. Consequently, in the limit c ? c1 high wavenumber solutions will neither move, nor
decay in time. Such behavior (which is in line with previous observations made by Vincent, Castonguay and Jameson [8])
is clearly unfavorable, and use of such schemes should be avoided.

4.3.2. Order of accuracy
Fig. 3 illustrates how AT varies across a range of VCJH schemes various values of k. All VCJH schemes considered had solution points at the Gauss points. The c axis is on a linear scale so that behavior for negative values of c can be plotted. Fig. 4
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Fig. 2. Plots of dissipation relations for Bloch wave solutions of the form described by Eq. (4.11) (for various VCJH schemes when k = 3). Dissipation relations
for 3c/4 6 c 6 cDG are shown in (a), dissipation relations for cDG 6 c 6 cHU are shown in (b), and dissipation relations for cHU 6 c 6 c1 are shown in (c). In all
plots, thin dotted black lines correspond to (linearly spaced) intermediate values of c, and the arrows indicate (qualitatively) a direction of increasing c. The
dashed gray lines mark the dissipation relation for the exact plane wave solutions described by Eq. (4.2).

also plots AT against c for various values of k. However, the c axis is on a log scale, so that behavior over a larger range of c can
be plotted. In both Figs. 3 and 4, AT was obtained using a value of hdR ¼ p=8 when k = 2, a value of hdR ¼ p=4 when k = 3, a value
of hdR ¼ p=3 when k = 4, and a value of hdR ¼ 2p=3 when k = 5.
It is clear from Figs. 3 and 4 that for all values of k, and for all VJCH schemes, AT exhibits a level of super accuracy (i.e.
for all values of k, and for all VCJH schemes, AT > k + 1). Moreover, it is clear that AT varies non-monotonically with c. Speciﬁcally, for all values of k, a maximal value of AT  2k + 1 is attained when c = cDG. Such a result is in line with the ﬁndings
of Huynh [2]. Also, there exists a plateau of AT  2k on which VCJH schemes with c = cSD and c = cHU both reside. Such a
result is also in line with the ﬁndings of Huynh [2]. Finally, it can be noted that AT  2k as c approaches c, and AT  2k  1
as c approaches c1.

5. Explicit time-step limits associated with Vincent–Castonguay–Jameson–Huynh schemes
5.1. Overview
When using an explicit temporal discretization, the time-step size is limited by a stability constraint, known as a
Courant–Fredrichs–Lewey (CFL) limit. Such a limit is often more restrictive than any imposed by accuracy requirements,
and unfortunately may become prohibitively severe if a high-order spatial discretization is employed (since the CFL limit
typically scales as the inverse of the spatial order squared [19]). Such issues have often lead researchers to combine implicit

P.E. Vincent et al. / Journal of Computational Physics 230 (2011) 8134–8154

8143

Fig. 3. Plots of AT against c when k = 2 (a), k = 3 (b), k = 4 (c), and k = 5 (d). AT was obtained using a value of hdR ¼ p=8 when k = 2, a value of hdR ¼ p=4 when
k = 3, a value of hdR ¼ p=3 when k = 4, and a value of hdR ¼ 2p=3 when k = 5. Hollow shaped markers denote particular values of c. Speciﬁcally, up-triangle is at
c = c/2, circle is at c = cDG, down-triangle is at c = cSD, and diamond is at c = cHU. For all values of k, a maximal value of AT  2k + 1 is attained when c = cDG.
Also, for all values of k, AT  2k when c = c/2, c = cSD, and c = cHU.

temporal discretizations with high-order spatial discretizations, since implicit schemes do not suffer from such a severe
time-step restriction. However, the cost of taking an implicit time-step is signiﬁcantly higher than the cost of taking an explicit time-step, and the complexity of an implicit scheme is signiﬁcantly greater than that of an explicit scheme. Moreover,
it appears that explicit temporal discretizations are better suited to multi-core (low memory-per-core) architectures such as
GPUs, which have become increasingly popular in recent years. When performing time-accurate high-order simulations, it
therefore remains an open question as to whether explicit or implicit temporal discretizations offer the most efﬁcient solution. The objective of the following section is to investigate how explicit time-step limits vary across the full range of VCJH
schemes.
5.2. Theory
^ d is a Bloch wave soluThe analysis follows directly from that presented in Section 4, and all assumptions are retained. If u
tion of the form described by Eq. (4.11), then Eq. (4.9) can be written as

^d
du
^ d:
¼ IQ u
dt

ð5:1Þ

An explicit Runge–Kutta (RK) temporal discretization of Eq. (5.1) leads to an expression of the form

^ dðmÞ ;
^ dðmþ1Þ ¼ Ru
u

ð5:2Þ
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Fig. 4. Semi-log plots of AT against c when k = 2 (a), k = 3 (b), k = 4 (c), and k = 5 (d). AT was obtained using a value of hdR ¼ p=8 when k = 2, a value of hdR ¼ p=4
when k = 3, a value of hdR ¼ p=3 when k = 4, and a value of hdR ¼ 2p=3 when k = 5. Hollow shaped markers denote particular values of c. Speciﬁcally, downtriangle is at c = cSD, and diamond is at c = cHU. For all values of k, c = cSD and c = cHU sit on a plateau where AT  2k. Also, for all values of k, AT  2k  1 in the
limit c ? c1.

^ dðmÞ is the approximate solution at time tðmÞ ; u
^ dðmþ1Þ is the approximate solution at time t(m+1) = t(m) + s, s is the timewhere u
step, and R is a matrix that depends on s, Q, and the type of RK scheme that is employed. Speciﬁcally, for a three-stage thirdorder RK scheme (henceforth referred to as an RK33 scheme) R has the form

R ¼ 1  I sQ 

ð sQ Þ 2
ðsQ Þ3
þI
;
2!
3!

ð5:3Þ

for a four-stage forth-order RK scheme (henceforth referred to as an RK44 scheme) R has the form

R ¼ 1  I sQ 

ð sQ Þ 2
ðsQ Þ3 ðsQ Þ4
þI
þ
;
2!
3!
4!

ð5:4Þ

and for the ﬁve-stage forth-order low-storage RK scheme of Carpenter and Kennedy [20] (henceforth referred to as an RK45
scheme) R has the form

R ¼ 1  I sQ 

ð sQ Þ 2
ðsQ Þ3 ðsQ Þ4
ð sQ Þ 5
þI
þ
I
:
2!
3!
4!
200

ð5:5Þ

In order that the fully discrete scheme described by Eq. (5.2) is stable, the spectral radius of R must be less than unity for all
Q. Hence, for a given FR scheme, the spectral radius of R must be less than unity for all baseline wavenumbers 
hd in the range
d

p 6 h 6 p. The maximum stable time-step sCFL for a given FR scheme is deﬁned as the maximum value of s for which this
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Fig. 5. Plots of sCFL against c when k = 2 (a), k = 3 (b), k = 4 (c), and k = 5 (d). Hollow shaped markers denote particular values of c. Speciﬁcally, square is at
c = c, up-triangle is at c = c/2, circle is at c = cDG, down-triangle is at c = cSD, diamond is at c = cHU, and left-triangle is at c = c+. For all values of k, and for all
RK time-stepping schemes, sCFL is maximized when c = c+. Also, for all values of k, and for all RK time-stepping schemes, sCFL ? 0 as c ? c.

condition can be satisﬁed. Note that since the analysis assumes an element width h = 1, and an advection velocity a = 1, sCFL
can effectively be considered a non-dimensional maximum time-step (i.e. a CFL limit).
5.3. Results and discussion
Fig. 5 illustrates how sCFL varies across a range of VCJH schemes for various values of k, and various types of explicit RK
temporal discretization. All VCJH schemes considered had solution points at the Gauss points. The c axis is on a linear scale so
that behavior for negative values of c can be plotted. Fig. 6 also plots sCFL against c for various values of k and various types of
explicit RK temporal discretization. However, the c axis is on a log scale, so that behavior over a larger range of c can be
plotted.
It is clear from Figs. 5 and 6 that sCFL varies non-monotonically with c. Speciﬁcally, for all values of k, and for all RK temporal discretizations, there exists a value of c which maximizes sCFL. These values of c, henceforth denoted c+, depend on both
k and the type of RK temporal discretization. Values of c+ for various values of k and various RK temporal discretizations are
presented in Table 1. For the values of k and types of RK temporal discretizations considered, use of a VCJH scheme with c = c+
results in a time-step limit 2  3 times bigger than that for a VCJH scheme with c = cDG. Finally, it can be noted that for all
values of k, and for all RK temporal discretizations, sCFL ? 0 as c ? c. Such behavior is expected since VCJH schemes are no
longer stable when c 6 c.
Fig. 7 illustrates how, for an RK45 time-integration scheme, sCFL varies with AT across the full range of VCJH schemes for
various values of k. All VCJH schemes considered had solution points at the Gauss points. The lines on each plot are
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Fig. 6. Semi-log plots of sCFL against c when k = 2 (a), k = 3 (b), k = 4 (c), and k = 5 (d). Hollow shaped markers denote particular values of c. Speciﬁcally,
down-triangle is at c = cSD, and diamond is at c = cHU, and left-triangle is at c = c+. For all values of k, and for all RK time-stepping schemes, sCFL is maximized
when c = c+.

Table 1
Values of c+ for various values of k and various RK temporal discretizations.
c+
k=2

RK33
RK44
RK45

0.173
0.183
0.206

k=3

RK33
RK44
RK45

3.60  103
3.60  103
3.80  103

k=4

RK33
RK44
RK45

4.92  105
4.67  105
4.67  105

k=5

RK33
RK44
RK45

4.28  107
4.28  107
4.28  107

essentially parameterized by c. The full range of c is spanned in all plots. The solid black arrows indicate the direction of
increasing c. Based on the plots, one should always use a VCJH scheme with cDG 6 c 6 c+, since all other schemes can be ‘improved upon’ (i.e. for schemes with c < cDG or c > c+ one can always increase sCFL without decreasing AT, or increase AT without
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Fig. 7. Plots of AT against sCFL when k = 2 (a), k = 3 (b), k = 4 (c), and k = 5 (d), for an RK45 scheme. The lines in each plot are essentially parameterized by c.
The hollow symbols mark particular values of c. Speciﬁcally, square is at c = c, up-triangle is at c = c/2, circle is at c = cDG, down-triangle is at c = cSD,
diamond is at c = cHU, left-triangle is at c = c+, and right-triangle is at c = c1. The solid black arrows indicate the direction of increasing c.

decreasing sCFL). The plots also suggest that VCJH schemes with c = cDG may be ‘locally optimal’ in some sense, since if
cDG 6 c 6 c+ is near cDG then moving to a scheme with c = cDG will signiﬁcantly increase (and indeed maximize) AT for only
a small decrement in sCFL. Similarly, VCJH schemes with c = c+ may also be ‘locally optimal’ in some sense, since if cDG 6 c 6 c+
is near c+ then moving to a scheme with c = c+ will signiﬁcantly increase (and indeed maximize) sCFL for only a small decrement in AT.
6. One-dimensional linear numerical experiments
6.1. Overview
Several 1D linear numerical experiments were undertaken in order to verify results of the 1D von Neumann analysis presented above. The ﬁrst set of experiments were designed to verify the theoretical orders of accuracy AT (of dispersion and
dissipation errors) associated with various VCJH schemes. The second set of experiments were designed to verify the theoretical time-step limits sCFL associated with various VCJH schemes.
6.2. Order of accuracy studies
6.2.1. Setup
The experiments undertaken were a variant of those employed by Hu and Atkins [21] to assess the order of accuracy associated with dispersion and dissipation properties of a DG scheme. Speciﬁcally, fully upwind VCJH semi-discretizations with

8148

P.E. Vincent et al. / Journal of Computational Physics 230 (2011) 8134–8154

Fig. 8. Plot of the solution at t = 4L where L is an integer such that ud(x,4L) = ud(x,4L  4) (dashed gray line). The solution was obtained using a VCJH scheme
with c = cDG, k = 3, and h = 0.25. A section of the solution within 0 6 x 6 4 is marked with a solid line, as is a section of the solution three wavelengths
downstream within 12 6 x 6 16. EN is deﬁned as the continuous L2 norm of the difference between the solutions within these two regions. The solid black
arrow indicates the direction in which the wave is propagating.

k = 3, and solution points at Gauss points, were used to solve Eq. (4.1) in a domain X = {xj0 < x < 20}, which was meshed with
a grid of equisized line segments. All experiments were initiated with a collocation projection of the exact initial condition
u(x,0) = 0. At x = 0 the time-dependent boundary condition ud(0,t) = sin(pt/2) was prescribed, and at x = 20 no boundary condition was prescribed (or indeed required) since the interfaces ﬂuxes were fully upwind. In all experiments the equations
were discretized in time using an explicit RK45 time integration scheme, and advanced until a left-to-right traveling wave
formed within the entirety of X. Speciﬁcally, such a traveling wave was deemed to have formed when t = 4L, with L an integer large enough such that ud(x,4L) = ud(x,4L  4).
6.2.2. Results and discussion
Experiments were undertaken using VCJH schemes with c = cDG, c = cSD, c = cHU, and c = c+. For each VCJH scheme grids of
20, 40, 80 and 160 elements were employed, with element lengths of h = 1, h = 0.5, h = 0.25, and h = 0.125 respectively. The
time-step was chosen small enough such that in all experiments the temporal error was negligible.
A numerical error EN was obtained by taking a snapshot of the solution at t = 4L, and evaluating a continuous L2 norm of
the difference between the solution within 0 6 x 6 4 and the solution three wavelengths downstream within 12 6 x 6 16,
(see Fig. 8). This procedure isolates only dispersion and dissipation errors associated with the VCJH spatial operator, as opposed to any errors associated with initial or boundary conditions. Note that the continuous L2 norm was evaluated exactly
using a Gaussian quadrature rule (of sufﬁcient strength). This is possible since EN is based on the error between two polynomials approximations.
Fig. 9 plots element length h against error EN on a log-log scale for the various VCJH schemes. The hollow symbols correspond to measured data points. The lines on the plots are (linear) least-squares ﬁts of data associated with each distinct
VCJH scheme. The slope of each line gives an estimate of the order AN with which the error EN converges for each VCJH
scheme. For a VCJH scheme with c = cDG a super accurate value of AN = 6.96 was obtained, for a VCJH scheme with c = cSD
a super accurate value of AN = 5.97 was obtained, for a VCJH scheme with c = cHU a super accurate value of AN = 5.96 was obtained, and for a VCJH scheme with c = c+ a super accurate value of AN = 5.94 was obtained. These numerical results agree
with those obtained using 1D von Neumann analysis, which for VCJH schemes with k = 3 where: AT  7 when c = cDG, and
AT  6 when c = cSD, c = cHU, and c = c+.
6.3. Time-step limit studies
6.3.1. Setup
Fully upwind VCJH semi-discretizations with k = 3, and solution points at Gauss points, were used to solve Eq. (4.1) in a
domain X = {xj20 < x < 20}, which was meshed with a grid of equisized line segments. All experiments were initiated with
a collocation projection of the following exact initial condition
2 =10

uðx; 0Þ ¼ ex

;

ð6:1Þ

and periodic boundary conditions were applied at x = ±20. In all experiments the equations were discretized in time using an
explicit RK45 time integration scheme, and advanced until t = 1600.
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Fig. 9. Log-log plots of error EN against element length h for various VCJH schemes when k = 3. Circles mark data points for schemes with c = cDG, downtriangles mark data points for schemes with c = cSD, diamonds mark data points for schemes with c = cHU, and left-triangles mark data points for schemes
with c = c+. The lines are (linear) least-squares ﬁts through data associated with each distinct VCJH scheme.

Fig. 10. Plots of the solution at t = 1600 for VCJH schemes with c = cDG (a) and c = c+ (b) when running at a CFL number 1% below the relevant theoretical CFL
limit (based on 1D von Neumann analysis). The initial condition is shown with a dashed gray line in each plot.

6.3.2. Results and discussion
Experiments were undertaken using VCJH schemes with c = cDG, c = cSD, c = cHU, and c = c+ on grids of 40 elements (with an
element length of h = 1). In all cases, experiments were run at a CFL number either 1% below or 1% above the relevant theoretical CFL limit sCFL (based on 1D von Neumann analysis). Speciﬁcally, for the VCJH scheme with c = cDG time-steps of
0.2201  (1 ± 0.01) were used, for the VCJH scheme with c = cSD time-steps of 0.3371  (1 ± 0.01) were used, for the VCJH
scheme with c = cHU time-steps of 0.4067  (1 ± 0.01) were used, and for the VCJH scheme with c = c+ time-steps of
0.4727  (1 ± 0.01) were used.
When using a time-step 1% below the theoretical CFL limit each experiment remained stable until it was stopped at
t = 1600. Plots of the ﬁnal solutions for VCJH schemes with c = cDG and c = c+ are shown in Fig. 10. However, when using a
time-step 1% above the theoretical CFL limit each experiment quickly became unstable. The numerical results therefore support the ﬁndings of the 1D von Neumann analysis.

7. Two-dimensional non-linear numerical experiments
7.1. Overview
Several 2D non-linear numerical experiments were undertaken to ascertain whether results of the 1D von Neumann
analysis presented above extend to real world problems of practical interest. The ﬁrst set of experiments were designed
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to measure the orders of accuracy (of dispersion and dissipation errors) associated with various VCJH schemes. The second
set of experiments were designed to measure explicit time-step limits associated with various VCJH schemes.
7.2. Order of accuracy studies
7.2.1. Setup
The 2D time-dependent Euler equations governing ﬂow of an inviscid compressible ﬂuid with density q = q(x, y, t),
x-velocity vx = vx(x, y, t), y-velocity vy = vy(x, y, t), and pressure p = p(x, y, t) can be written in conservative form as follows

@U @F @G
þ
þ
¼ 0;
@t @x @y

ð7:1Þ

where

0

q

1

1
mx
Bpþm v C
x x C
B
F¼B
C;
@ mx v y A
0

Bm C
B xC
U¼B
C;
@ my A

0

1

C
B mv
y x
C
B
G¼B
C;
@ p þ my v y A

ð7:2Þ

v y ðE þ pÞ

v x ðE þ pÞ

E

my

mx ¼ qv x ;

ð7:3Þ

my ¼ qv y ;

p
1 
þ q v 2x þ v 2y ;
E¼
ðc  1Þ 2

ð7:4Þ
ð7:5Þ

x and y are orthogonal spatial coordinates, t is time, and c = 1.4.
VCJH schemes were used to solve Eq. (7.1) in a domain X2D = {x, yj20 < x < 20,20 < y < 20}, which was meshed with a
structured grid of square elements. In each element Eq. (7.1) was discretized spatially using a tensor product extension [2] of
the 1D VCJH schemes described in Section 3. Speciﬁcally, tensor product extensions of 1D VCJH schemes with k = 3 were employed in each element. At element interfaces Rusanov type numerical ﬂuxes [22] (also referred to as a local Lax-Fredrichs
ﬂuxes) were calculated in order to couple the elements. Solution points were located at the Gauss points (in each direction of
the tensor product) so as to minimize aliasing errors, which manifest if non-linear solutions are marginally resolved by a FR
scheme [23].
The initial condition for all experiments was a collocation projection at the solution points of the following isentropic vortex in a free-stream ﬂow (in the positive y direction)

qðx; y; 0Þ ¼ 1 

v x ðx; y; 0Þ ¼

Cyef
2pR

v y ðx; y; 0Þ ¼ 1 þ
pðx; y; 0Þ ¼

1

cM

2

C2 M2 ðc  1Þe2f

1
!ðc1Þ

ð7:6Þ

;

8p2

ð7:7Þ

;
f

Cxe

2pR
1

ð7:8Þ

;

C2 M2 ðc  1Þe2f
8p2

c
!c1

ð7:9Þ

;

where f = f(x, y) is deﬁned as

f ¼

1  x2  y 2
2R2

ð7:10Þ

;

R is the radius of the vortex, C is the strength of the vortex, and M is the free-stream Mach number. In all experiments, values
of R = 1.5, C = 13.5, and M = 0.4 were used. A collocation projection at the solution points of the initial density q(x, y,0) on a
grid of 120  120 square elements is shown in Fig. 11.
In all experiments free-stream values were applied at boundaries of constant x as follows

qð20; y; tÞ ¼ qð20; y; tÞ ¼ 1; uð20; y; tÞ ¼ uð20; y; tÞ ¼ 0;

v ð20; y; tÞ ¼ v ð20; y; tÞ ¼ 1;

pð20; y; tÞ ¼ pð20; y; tÞ ¼



1

cM2


;

ð7:11Þ

and periodic boundary conditions were applied in the y direction as follows

qðx; 20; tÞ ¼ qðx; 20; tÞ; uðx; 20; tÞ ¼ uðx; 20; tÞ;

v ðx; 20; tÞ ¼ v ðx; 20; tÞ;

pðx; 20; tÞ ¼ pðx; 20; tÞ:

ð7:12Þ
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Fig. 11. Collocation projection (at the solution points) of the initial density q(x, y, 0) on a mesh of 120  120 square elements. The dashed box surrounds the
area in which the continuous L2 error EN2D is calculated at t = 0. The solid arrow indicates the direction in which the vortex will be transported by the freestream ﬂow.

Strictly, such conditions result in modelling an inﬁnite array of coupled vortices. However, since R is signiﬁcantly less than
the domain half-width, and since the vortex described by Eqs. (7.6)–(7.9) decays exponentially from its center, the initial
isentropic vortex has a negligible impact on the free-stream at boundaries of X2D. Consequently, application of Eqs. 7.11
and 7.12 effectively result in modelling a single unbounded vortex in an inﬁnite domain.
In all experiments the equations were discretized in time using an explicit RK45 time integration scheme, and advanced
until t = 1800.
7.2.2. Results and discussion
Experiments were undertaken using VCJH schemes with c = cDG, c = cSD, c = cHU, and c = c+. For each distinct VCJH scheme,
experiments were performed on grids of 120  120, 140  140, 160  160, and 180  180 elements, with element side
lengths of h2D = 1/3, h2D = 2/7, h2D = 1/4, and h2D = 2/9 respectively. The time-step was chosen small enough such that in
all experiments the temporal error was negligible.
Since the isentropic vortex is effectively unbounded a well known analytical solution exists for the evolution of Eqs. (7.6)–
(7.9) [24] within X2D. Speciﬁcally, the true solution is simply a translation of the exact initial condition in the positive y
direction at the free-stream velocity, (with the caveat that the solution moves back into the bottom of X2D, at y = 20, as
it leaves from the top, at y = 20, due to the periodic boundary conditions). A numerical error EN2D was obtained by taking
the continuous L2 norm of the error between the true analytical solution for the density and the approximate numerical
solution for the density within a square box of side length four, which is aligned with the coordinate axes, and centered over
the true analytic density minimum (see Fig. 11). The L2 norm was calculated using a high-strength Gaussian quadrature rule,
such that errors from evaluating the integral were negligible relative to the actual error in the density.
For each VCJH scheme, and on each of the four grids, the evolution of EN2D with time t was recorded. The errors EN2D were
subsequently used to calculate the evolution (with time t) of an order of accuracy AN2D for each VCJH scheme. Speciﬁcally, for
a given VCJH scheme, and at a given time, AN2D was calculated by plotting EN2D against h2D on a log-log scale, and calculating
the slope of a (linear) least-squares ﬁt through the data points. Fig. 12 plots values of AN2D against time t for the each VCJH
schemes. Fig. 13 plots errors EN2D against h2D on a log-log scale at the ﬁnal time t = 1800 for each VCJH scheme. Finally, Fig. 14
plots the spatial distribution of the density error at the ﬁnal time t = 1800 for each VCJH scheme on a grid of 120  120 elements. Note that the errors are plotted in a square box of side length four, which is aligned with the coordinate axes, and
centered over the true analytic density minimum, (this is the same region within which EN2D is calculated).
It is clear from Fig. 12 that AN2D  4 when t = 0 for all VCJH schemes. This is expected, since at t = 0 the errors are entirely
due to projection of the exact initial condition onto a piecewise polynomial space of degree three in each element. However,
as time advances, values of AN2D associated with each VCJH scheme increase (the solutions begin to exhibit super accuracy).
Speciﬁcally, for the VCJH scheme with c = cDG, AN2D  7 for large t, and for VCJH schemes with c = cSD, c = cHU, and c = c+,
AN2D  6 for large t. At large times EN2D is dominated by dispersion and dissipation errors associated with the VCJH spatial
operator, as opposed to initial projection errors. Consequently, the numerical results appear to be in agreement with the
results obtained using 1D von Neumann analysis, which for VCJH schemes with k = 3 were: AT  7 when c = cDG, and
AT  6 when c = cSD, c = cHU, and c = c+.
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Fig. 12. Plot of the evolution of order of accuracy AN2D with time t for various VCJH schemes with k = 3.

Fig. 13. Log-log plots of error EN2D against element side length h2D at t = 1800 for various VCJH schemes with k = 3. Circles mark data points for schemes
with c = cDG, down-triangles mark data points for schemes with c = cSD, diamonds mark data points for schemes with c = cHU, and left-triangles mark data
points for schemes with c = c+. The lines are (linear) least-squares ﬁts through data for each VCJH scheme.

7.3. Time-step limit studies
7.3.1. Setup
The setup was identical to that described in Section 7.2.1, except the solution was only advanced in time until t = 20.
7.3.2. Results and discussion
Experiments were undertaken using VCJH schemes with c = cDG, c = cSD, c = cHU, and c = c+ on grids of 120  120 elements
(with an element side length of h2D = 1/3).
An iterative strategy was employed to empirically determine the maximum stable time-step for each VCJH scheme. Speciﬁcally, a time-step was deemed to be stable if the solution at the ﬁnal time t = 20 remained bounded. The maximum stable
time-steps for VCJH schemes with c = cDG, c = cSD, c = cHU, and c = c+ were measured to be 0.0101, 0.0143, 0.0165 and 0.0169
respectively, which correspond to CFL limits of 0.152, 0.216, 0.250, and 0.255 respectively (using a characteristic length of
1/3 and a characteristic velocity of 5.03, which is the maximum value of the sum between the velocity magnitude and the
sound speed within the domain X2D). These CFL limits are of the same order of magnitude as those predicted by 1D von
Neumann analysis (see Fig. 5(b) and Fig. 6(b)). Moreover, the measured CFL limits increase as c is increased from c = cDG
to c = c+, following the trend predicted using 1D von Neumann analysis. However, the measured CFL limit only increases
by a factor of 1.67 going from c = cDG to c = c+, whereas the corresponding CFL limits predicted using 1D von Neumann analysis increase by a factor of 2.15.
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Fig. 14. Spatial distribution of density error at t = 1800 for each VCJH scheme on a grid of 120  120 elements. Note that the errors are plotted in a square
box of side length four, which is aligned with the coordinate axes, and centered over the true analytic density minimum, (this is the same region within
which EN2D is calculated).

8. Conclusion
In this study 1D von Neumann analysis was employed to elucidate how various important properties vary across the full
range of VCJH type FR schemes. The main ﬁndings can be summarized as follows. Firstly, VCJH schemes with values of c near
c or c1 admit undamped high-wavenumber Bloch wave solutions with erroneous dispersion relations. Consequently, such
schemes are unfavorable, and should be avoided. Secondly, the dispersion relation for a VCJH scheme with c = cSD follows the
true dispersion relation (at least for linear advection) over an approximately maximal range of wavenumbers. Thirdly, the
order of accuracy AT associated with dispersion and dissipation errors varies non-monotonically with c (i.e. non-monotonically across the range of VCJH schemes). Speciﬁcally, for all values of k considered, a maximal value of AT  2k + 1 is attained
when c = cDG, and there exists a plateau of AT  2k on which VCJH schemes with c = cSD and c = cHU both reside. Fourthly, the
CFL limit sCFL varies non-monotonically with c (i.e. non-monotonically across the range of VCJH schemes). Speciﬁcally, for all
values of k and for all RK temporal discretizations, there exists a value of c, denoted c+, which maximizes sCFL. These values of
c+ have been identiﬁed, and are presented in Table 1. Finally, VCJH schemes with c = cDG and c = c+ may be ‘locally optimal’ in
some sense, since if c is near cDG then moving to a scheme with c = cDG will signiﬁcantly increase (and indeed maximize) AT
for only a small decrement in sCFL, and similarly if c is near c+ then moving to a scheme with c = c+ will signiﬁcantly increase
(and indeed maximize) sCFL for only a small decrement in AT.
Results of the 1D von Neumann analysis were found to be in excellent agreement with results of 1D linear numerical
experiments, and in good agreement with results of 2D non-linear numerical experiments. Consequently, it is hoped that
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the theoretical results will extend to various real world problems of practical interest. Future studies should conﬁrm that this
is the case. Additionally, future studies should investigate how other properties vary across the full range of VCJH schemes,
including error magnitude (as opposed to order of accuracy), and non-linear stability (previous studies [8] suggest increasing
c beyond c = cDG suppresses aliasing driven instabilities, which manifest if a non-linear solution is marginally resolved by a FR
scheme [23]).
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