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The current work focuses on applying an artificial viscosity (AV) approach to the Spectral Difference (SD)
method to enable high-order computation of compressible fluid flows with discontinuities. The study
improves on the AV approach proposed in our prior work [1] to obtain a formulation that performs better
on curvilinear and non-cartesian unstructured grids. A dilatation sensor for the AV coefficient, combined
with a dilatation-based switch and filter for smoothing, is found to reduce the oscillatory behavior and
enable sharp capturing of discontinuities. The work also incorporates the capability for local mesh
refinement, which is used in conjunction with AV to obtain improved shock profiles. A mortar element
method is used to handle the non-conforming interfaces generated from mesh-refinement of quadrilat-
eral elements. Promising results are demonstrated for 2D test problems.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

The application of spatially high-order schemes to compute
flows with discontinuities such as shocks or contact-discontinu-
ities, results in non-physical spurious oscillations that may cause
the computation to go unstable. One of the major concerns in sim-
ulating such flows is to ensure the removal of these non-physical
oscillations while avoiding damping of relevant flow features, such
as resolved scales of turbulence. The artificial viscosity (AV) ap-
proach involves the explicit addition of dissipation in the region
of flow discontinuities, thus smearing the discontinuity over reso-
lution length scales such that they can be well represented. The
classical approach of adding AV was pioneered by von Neumann
and Richtmyer [2]. The concept of flexible addition of artificial vis-
cosity/dissipation has been used very successfully by Jameson et al.
[3–6], thus producing non-oscillatory and sharp resolution of
shocks for structured and unstructured finite volume calculations.

The present work proposes to add artificial grid-based compo-
nents to the transport coefficients (particularly the bulk viscosity).
Such a form of artificial viscosity was introduced by Cook and
Cabot for high-order centered differencing schemes, wherein a
spectral-like high-wavenumber biased artificial viscosity and
diffusivity were dynamically added [7,8]. Further efforts by Fiorina
and Lele [9], and Kawai and Lele [10] extended this high wave-
number biased artificial viscosity (hyper-viscosity) approach to
the Compact Difference schemes. This approach was found to per-
form well for problems with shock turbulence interaction on struc-
tured grids [11]. Also, the application of this form of artificial
viscosity (hyperviscosity) has been limited to structured grid com-
putations. This motivated the investigation of such an approach to
unstructured grids.

Our prior work [1] attempted to extend the high wave-number
biased AV formulation to an unstructured setup. The original for-
mulation scales the artificial viscosity coefficients as high order
derivatives (bi-laplacian) of the sensor quantities. However, our
studies show that such a formulation does not work adequately
for non-uniform and non-cartesian unstructured grids. The current
work modifies the formulation to add an artificial bulk coefficient
that is scaled as the dilatation, in combination with a dilatation-
based switch to zero out AV in smooth regions of flow. A number
of test-cases in 2D are included to demonstrate its applicability
as well as limitations. The current implementation of artificial vis-
cosity has been incorporated into a 2D Spectral Difference (SD) sol-
ver and can also be easily extended to 3D Spectral Difference
scheme.

The SD method is an efficient high-order approach based on the
differential form of the governing equations. The SD method can be
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Fig. 1. Position of solution (circles) and flux (squares) points on a standard square
element for 3rd order SD.
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viewed as an extension of the staggered-grid multi-domain meth-
od introduced by Kopriva and Kolias [12]. It was proposed by Liu
et al. [13] and developed for wave equations in their paper on tri-
angular grids. Wang et al. [14] extended it to 2D Euler equations on
triangular grids and Sun et al. [15] further developed it for three-
dimensional Navier–Stokes equations on hexahedral unstructured
meshes. The SD method combines elements from finite-volume
and finite-difference techniques, and is particularly attractive be-
cause it is conservative, has a simple formulation and straightfor-
ward implementation.

Other forms of artificial viscosity have been applied to high-
order unstructured grid calculations. Persson and Peraire [16]
introduced a p-dependent artificial viscosity and demonstrated
that higher-order representations and a piecewise-constant artifi-
cial viscosity can be combined to produce sub-cell shock resolu-
tion. Barter and Darmofal [17] proposed shock-capturing using a
combination of higher-order PDE-based artificial viscosity and en-
thalpy-preserving dissipation operator. Both the above methods
were proposed for high-order Discontinuous Galerkin (DG) discret-
izations. Nguyen and Peraire [18] proposed an adaptive shock-cap-
turing approach for the hybridizable DG method. Yang and Wang
[19] suggested the use of limiters with SD schemes for shock cap-
turing but reported issues with convergence when using limiters.

The addition of artificial dissipation causes the solution accu-
racy to drop to first order in the vicinity of the discontinuity. This
is undesirable for higher order computations, as it may compro-
mise the high order accuracy in smooth regions of the flow. The
most obvious technique to improve the accuracy of computing
flows with discontinuities would be to refine the mesh in the vicin-
ity of the shock. Local or adaptive mesh refinement is a widely used
and accepted strategy for improving the accuracy of a computa-
tional simulation while limiting the increase in computational cost.
However, adaptively refining a quadrilateral mesh leads to the gen-
eration of hanging nodes on the quadrilateral edges. To deal with
the non-conforming solution polynomials on interfaces with hang-
ing nodes, the present work uses a mortar-element method. The
implementation of the mortar-element method is based on ideas
introduced by Kopriva [20].

In Section 2, we look at the formulation of the Spectral Differ-
ence (SD) method on unstructured quadrilateral meshes. Section 3
discusses the details of the artificial viscosity method used. In Sec-
tion 4, we take a look at the mortar-element method required to
enable computations with local mesh-refinement. In Section 5,
we present the numerical results obtained from the application
of the current artificial viscosity model to 2D test cases. A couple
of cases where artificial viscosity has been combined with local
mesh-refinement are also demonstrated. Section 6 discusses the
conclusions of our study and the direction of future efforts.
2. Formulation of 2D Spectral Difference scheme on
quadrilateral meshes

The formulation of the equations for the 2D Spectral Difference
scheme on quadrilateral meshes is similiar to the formulation of
Sun et al. [15] for unstructured hexahedral grids. The details of
the formulation are included in the earlier paper [1]. For the sake
of completeness and compactness we will briefly describe the sali-
ent aspects of the scheme.

The present Spectral Difference approach is applied to the con-
servative form of the unsteady compressible 2D Navier Stokes
equations. To achieve an efficient implementation, all elements
in the physical domain ðx; yÞ are transformed into a standard
square element (0 < n < 1;0 < g < 1), and the governing equations
in the physical domain are then transferred into the computational
domain.
In the standard element, two sets of points are defined, namely
the solution points and the flux points, illustrated in Fig. 1. In order
to construct a degree (N � 1) polynomial in each coordinate direc-
tion, N solution points are required. The solution points in 1D are
chosen to be the Gauss points. The flux points were selected to
be Legendre–Gauss quadrature points plus the two end points 0
and 1, as suggested by Huynh [21]. Using the solution values at
the N solution points, a degree (N � 1) polynomial can be built
using a Lagrange basis. Similiarly, using the fluxes at (N þ 1) flux
points, a degree N polynomial can be built for the flux.

The reconstructed fluxes are only element-wise continuous, but
discontinuous across cell interfaces. For the inviscid flux, a Rie-
mann solver is employed to compute a common flux at interfaces
to ensure conservation amd stability. In our case, we have used the
Rusanov solver [22] to compute the interface fluxes. The viscous
flux is a function of both the conserved variables and their gradi-
ents. Therefore, the solution gradients have to be calculated at
the flux points. In our solver, the average approach described in
reference [15] is used to compute the viscous fluxes.

It should be mentioned that all explicit time-marching calcula-
tions for steady flows have been done using a Jameson type four-
stage Runge Kutta scheme (RK4), which is 2nd order accurate in
time. For unsteady flow problems, the solver uses a 4th order accu-
rate, strong-stability-preserving five-stage Runge–Kutta scheme
[23] to advance in time.

3. Artificial viscosity formulation

The formulation for artificial viscosity approach used here is
similar to the ‘Local artificial viscosity and diffusivity’ approach of
Kawai and Lele [10], which extends the original high-wavenumber
biased artificial viscosity approach introduced by Cook and Cabot
[7] to anisotropic and curvilinear structured grids. The generalized
formulation which is described in the previous manuscript [1] is an
extension of this approach to unstructured meshes. The present
work explores the use of different parameters, thus deviating from
the original high wave-number biased formulation. The resulting
artificial viscosity method differs significantly in terms of the order
accuracy, smoothness and grid-dependence of the AV terms. For the
sake of completeness, we first describe the generalized formulation
and then reduce it to the formulation used in the current work.

The generalized approach adds grid-dependent components to
the viscosity coefficients.

l ¼ lf þ lD

b ¼ bf þ bD

j ¼ jf þ jD ð1Þ
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where l is the dynamic (shear) viscosity, b is the bulk viscosity, and
j is the thermal conductivity. The f and D subscripts denote the
fluid and artificial transport coefficients respectively.

The artificial transport coefficients in the generalized formula-
tion are defined by:
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where Cl;Cb and Cj are user-specified constants. nl refers to the
computational coordinates and xm refer to the physical coordinates.
q; cs and T are the density, speed of sound and temperature respec-
tively. Dl is the physical grid spacing along a grid line in the nl direc-
tion. The magnitude of the strain rate tensor (S), the dilatation
(r � u), and the internal energy (e) are the sensors corresponding
to artificial shear viscosity, bulk viscosity and conductivity respec-
tively. Experiments using high-order structured grid calculations
[24] suggest that r equals 4. For sufficiently high r, the high-wave-
number bias (kr) results in the damping of wavenumbers close to
the unresolved wavenumbers.

It must be noted that such a formulation results in the addition
of artificial viscosity terms that are OðDrþ2Þ in smooth regions of
the flow and OðDÞ in the vicinity of the shock, where D is the grid
spacing. This can in fact be compared to the blended diffusion used
by Jameson [5], in schemes like JST (Jameson–Schmidt–Turkel) and
SLIP (Symmetric Limited Positive), where the artificial dissipation
is third order in smooth regions of the flow and first order when
there is a discontinuity.

3.1. Choice of parameter r

The value of parameter r is found to have a significant effect on
the shock capturing properties of the present formulation. The va-
lue of this parameter is found to affect the smoothness of the arti-
ficial viscosity profile, the computational effort and the magnitude
of AV in the smooth regions of the flow. The present work experi-
ments with r ¼ 4;2 and 0. The main features of each choice are de-
scribed below.

(a) r ¼ 4
This corresponds to computing the 4th order derivatives of
the sensor quantity. It also means that the artificial coeffi-
cient is OðD6Þ in smooth regions of the flow. However, the
formulation with r ¼ 4 presented a number of issues. Firstly,
since we are using 3rd and 4th order accurate polynomial
reconstructions within the cells, computing the 4th deriva-
tives resulted in the introduction of numerical errors. This
was found to severely degrade the solution quality in 2D
when using non-cartesian meshes, and when the disconti-
nuity is not aligned with the grid lines. Secondly there was
significant computational effort involved. This can be attrib-
uted to the locally discontinuous solution representations,
and each level of differentiation involves extrapolation,
averaging at interfaces and computing the derivative. Due
to the aforementioned reasons, we only present results for
computations with r ¼ 2 and r ¼ 0.

(b) r ¼ 2
Our earlier experiments with this form of viscosity used
r ¼ 2, which essentially meant adding an OðD4Þ term to the
viscosity coefficients in the smooth regions of the flows. It
involves computing the 2nd order derivatives of the sensor
quantities. An advantage of such an artificial viscosity
scheme is that it eliminates to an extent, the need for limit-
ers/switches to turn off the artificial coefficient in smooth
regions of the flow, such as regions of expansion and isentro-
pic compression. However, the use of r ¼ 2 was found to
perform poorly when using curvilinear meshes, or fully
unstructured meshes. This can be attributed to the fact that
the calculation of the 2nd order derivatives of the sensor
quantities introduces errors, which are more severe when
the shock is not aligned with the grid-lines.

(c) r ¼ 0
When r ¼ 0, the general formulation for artificial viscosity
reduces to
lD ¼ ClqjD2Sj

bD ¼ CbqSbjD2ðr � uÞj ð3Þ
where Sb is a dilation-based switch introduced for the r ¼ 0
formulation.

This form of artificial viscosity was found to give much better
results for flows with shocks on curvilinear and fully unstructured
meshes. This is clearly demonstrated in Fig. 2. Fig. 2(a) shows the
computed artificial bulk viscosity (with r ¼ 2) when a shock is lo-
cated at x ¼ 0:0, and the discontinuity is aligned with the grid lines.
However in Fig. 2(b), the discontinuity (located at x ¼ 0:5) is not
aligned with the mesh lines. In this case, with r ¼ 2, we see non-
smooth AV contours and non-physical transverse variations in
AV. However, while using r ¼ 0 for the AV computations, we see
that the AV profile is much smoother, and there are no significant
transverse variations, as shown in Fig. 2(c). The superior perfor-
mance of using r ¼ 0 is also seen when using a fully unstructured
grid as shown later in Section 5.1.

However, reducing r to 0 comes with certain disadvantages.
Firstly the artificial viscosity term becomes 2nd order OðD2Þ in
smooth regions of the flow, which is obviously less accurate than
the higher order terms obtained with r P 2. This necessitates the
need for a switch (Sb in the formulation) to turn off artificial viscos-
ity in regions of smooth flow (which is explained later). Further-
more, the formula for the artificial conductivity becomes invalid.
This is because with r ¼ 0, there is no derivative involved in the
artificial conductivity formula (the value being proportional to
the internal energy), thus making it non-zero everywhere. It is
therefore necessary to find an alternate formulation for problems
with contact discontinuities. However, with r ¼ 0 there is the
advantage that the computational cost for calculating the artificial
viscosity becomes much lesser.

The overbar in Eqs. (2) and (3) denotes a filter to smooth the
artificial transport coefficients. In structured grid calculations, a
truncated Gaussian filter is used [7]. The filter is also meant to
eliminate cusps introduced by the absolute value operator, which
in turn ensures that artificial viscosities are positive. Here we have
designed a restriction–prolongation filter suitable to the SD setup.
There is also a need for a switch (Sb in the formulation), to ensure
that AV is added only in the region of shocks, and is zero in smooth
regions of the flow.

The artificial viscosity/conductivity is calculated at each flux
point. This is computationally extensive, but it ensures smooth var-
iation of artificial transport coefficients. A smooth representation
of artificial viscosity within mesh elements is considered beneficial
as compared to the piecewise-constant artificial viscosity formula-
tions, as element-to-element variations can lead to oscillations in
state gradients and disparate equilibrium shock-jump conditions
in neighboring elements.



Fig. 2. Artificial bulk viscosity (ABV) contours using (a) r = 2 when discontinuity is aligned with grid lines, (b) r = 2 when discontinuity is not aligned with grid-lines and (c)
r = 0 when discontinuity is not aligned with grid-lines.
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3.2. Filter for unstructured SD setup

The filter plays an important role in artificial viscosity computa-
tions as it ensures a smooth variation of artificial transport coeffi-
cients within the domain. For calculations using artificial viscosity
on structured grids, a truncated Gaussian filter is used. A 7-point or
9-point stencil is generally used for this purpose [7]. For calcula-
tions in 2D, the Gaussian filter is applied along each grid-line sep-
arately. However, for unstructured grids it is not reasonable to
implement the Gaussian filter in its existing form, as obtaining a
stencil for each solution/flux point can be tedious. The stencil
would lie across cells, and the non-uniform spacing would have
to be taken into account, thus making it cumbersome to imple-
ment. This motivated the development of a filter that would be sui-
ted to the current SD setup.

In the current study we use an element-wise restriction–pro-
longation filter (we will refer to it as the R–P filter). The concept
is similar to the one used by Blackburn and Schmidt [25] for spec-
tral element filtering. It involves the projection of the quantity in
concern to a lower-order basis (restriction), smoothing at this level,
and then extrapolation back to original basis (prolongation). The
basic steps in implementation of the R-P filter are described in
the earlier manuscript [1].

It must be mentioned that prior to filtering, the artificial
conductivity field is noisy and may have oscillatory behavior. The
filtered coefficient is smoother and results in a better solution. It
was found that in 1D, the smoothing effect of filter compares well
to a Gaussian filter applied on flux points [1]. Since the solution
representation in multiple dimensions is just a tensor product of
1D polynomials, the extension of this filter to 2D and 3D is
straight-forward.
3.3. Switch in artificial viscosity formulation

Modifying the formulation to use r ¼ 0 means the artificial
viscosity terms are second order in smooth regions of the flow. This
is undesirable as it can contaminate the accuracy of the solution in
smooth regions of flow. Hence, there is a need for a switch to turn
off the artificial viscosity term in smooth regions of the flow. The
switch used here is one proposed by Bhagatwala and Lele [26] to
restrict the addition of AV only to regions of strong shocks. The
formulation of the switch is as shown

Sb ¼ 0:5 � ð1� tanhðC1 þ C2
D
cs
r � uÞÞ: ð4Þ

The constants C1 and C2 were chosen to be 2 and 20 respectively
for the present cases. This switch is designed so as to add AV only
in regions of strong negative dilatation, i.e, corresponding to
shocks.
4. Mortar element method for mesh refinement

Local mesh refinement for quadrilateral meshes results in hang-
ing nodes on cell faces (Fig. 15(a)). As a result, the flux points on
the interface do not coincide with each other and the approximate
Reimann solver cannot be applied directly. The treatment of such
sub-domain refinement using mortar elements had been illus-
trated by Kopriva [20]. The current work uses a similar mortar
method to deal with the non-conforming meshes obtained from
local mesh refinement.

When a sub-domain is refined as shown in Fig. 15(b), two
mortars are introduced corresponding to each of the short faces.



Fig. 5. 3rd order SD computation with artificial viscosity. Non-dimensional
pressure contours for (a) 60� 20 mesh and (b) 120� 40 mesh. ABV for (c)
60� 20 mesh and (d) 120� 40 mesh.

Fig. 6. 4th order SD computation with artificial viscosity. Non-dimensional
pressure contours for (a) 60� 20 mesh and (b) 120� 40 mesh.

Fig. 3. 60� 20 Computational grid for supersonic flow past bump.

Fig. 4. Fully unstructured grid for supersonic flow past bump.
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This ensures that the outflow condition is satisfied. The outflow
condition requires that the projection of face values from sub-
domains X2 and X3 onto a mortar, and the subsequent projection
back onto the faces returns the original polynomial functions.

We can define the solution approximations along the faces as

U1ðnÞ ¼
XN1

j¼1

U1
j h1

j ðnÞ 2 PN1�1

U2ðnÞ ¼
XN2

j¼1

U2
j h2

j ðnÞ 2 PN2�1

U3ðnÞ ¼
XN3

j¼1

U3
j h3

j ðnÞ 2 PN3�1

ð5Þ

where n 2 ½0;1� is the local sub-domain coordinate. We also define
four mortar functions

/1;ðL;RÞðzÞ ¼
XJ1

j¼1

/1;ðL;RÞ
j hN1

j ðzÞ 2 PJ1�1

/2;ðL;RÞðzÞ ¼
XJ2

j¼1

/2;ðL;RÞ
j hN2

j ðzÞ 2 PJ2�1 ð6Þ

which are functions of the local mortar coordinate z 2 ½0;1�. The
superscripts L and R correspond to values on left and right of the
mortar. We also define variables ok and sk to be the offset and the
scale of a mortar with respect to the sub-domain Xk that contrib-
utes to it. Thus for z 2 ½0;1�; nk ¼ ok þ skz.

The orders of the mortar polynomials must be chosen suffi-
ciently high so that the outflow condition is satisfied. This means
the mortar must be at least as large as the largest sub-domain or-
der of all contributing sub-domains. Thus, J1=max (N1;N2) and
J2=max (N1;N3). It must be mentioned that in the present study,
the polynomial order in all the sub-domains are the same.

The computation of fluxes on the sub-domain faces using mor-
tar elements involves three main steps.

1. Project the solution from sub-domain to mortar.
2. Compute the fluxes on the mortar.
3. Project the flux from mortar back to sub-domain.
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4.1. Sub-domain ? mortar projections

To compute the sub-domain to mortar projection matrices, we
use an un-weighted L2 projection. Thus, we seek polynomials on
the two mortars that best approximate the polynomial along the
contributing face. For each mortar N and each subdomain contrib-
utor X we require,
Z 1

0
ð/ðzÞ � UðnÞÞhN

mðzÞdz ¼ 0; m ¼ 1;2; . . . ; J ð7Þ

Then the vector of the solution values along the mortar can be
computed by

U ¼ PX!NU ¼ M�1SU ð8Þ

where,

Smj ¼
Z 1

0
hN

mðzÞh
X
j ðok þ skzÞdz; m ¼ 1; . . . ;M; j ¼ 1; . . . ; J ð9Þ

Mmj ¼
Z 1

0
hN

mðzÞh
N
j ðzÞdz; m; j ¼ 1; . . . ; J ð10Þ
Fig. 7. 3rd order computation on fully unstructured mesh (Fig. 4). (a) Non-
dimensional pressure and (b) ABV contours using r ¼ 2. (c) Non-dim pressure and
(d) ABV contours using r ¼ 0.
4.2. Flux calculation on the mortar elements

The fluxes on the mortar are computed as described earlier be-
cause the flux points on either side of the mortar coincide with
each other. An approximate Reimann solver is used to compute
the fluxes on the mortar. For viscous flow computations, the solu-
tion values are averaged on the mortar. We will denote the fluxes
on the mortar by the variable W.

4.3. Mortar ? sub-domain projection

The computed fluxes on the mortar elements have to be pro-
jected back to the sub-domain faces. The current study involves
computations where the polynomial order is same in all the cells.
This means that the polynomial order on the mortar matches
those on the short faces. Thus it is clear that the projection matrix
for projection from mortar to the short faces is just the identity
matrix, i.e, the computed fluxes are just copied from the mortar
to the short faces. However, the projection from the mortars to
the long face is a little more complicated. The piecewise polyno-
mial that represents the fluxes along the mortars, possibly discon-
tinuous, must be used to compute the continuous polynomial
along the face. As before, we seek the best polynomial on the face
that approximates the mortar solutions in the least squares sense.
To obtain this least squares projection, we seek a flux FX

1 that
satisfies

XNN

k¼1

Z okþsk

ok
ðFX

1 ðnÞ �WNk
ðnÞÞh1

mðnÞdn ¼ 0 ð11Þ

where NN is the total number of mortar elements on the face. The
vector of values on the long sub-domain face can be computed by
the projection

FX
1 ¼

XNN

k¼1

PNk!X
1 WNk

; PNk!X
1 ¼ M�1Sk ð12Þ

where the matrices M and Sk are defined as

Mmj ¼
Z 1

0
h1

mðnÞh
1
j ðnÞdn; m; j ¼ 1; . . . ;N1

Sk
mj ¼ sk

Z 1

0
h1

mðok þ skzÞhNk

j ðzÞdz; m ¼ 1; . . . ;N1; j ¼ 1; . . . ; Jk ð13Þ
5. Results

It must be mentioned that the Spectral Difference scheme has
been implemented in 2D and 3D solvers which have been tested,
validated and found to exhibit formal order accuracy [27,28]. In
the first part of this section we discuss the results obtained from
the application of AV to problems in 2D, namely the supersonic
flow past bump, Mach 3 flow past cylinder, and transonic flow past
an airfoil. The second part demonstrates the use of mesh-refine-
ment in conjunction with the AV approach to enhance shock
capturing.
5.1. Inviscid supersonic flow past bump

This test-case consists of inviscid supersonic flow in a channel
with a 4% thick circular bump on the bottom. The length of the
channel is 3 units and its height is 1 unit. The inlet Mach number
is 1.4. This test case has been used by Ripley et al. [29] in compu-
tations using adaptive unstructured mesh refinement. Third and
fourth order SD computations were conducted on two meshes.
The coarse computational mesh has 1200 elements, and 20 nodes
to resolve the bump, as depicted in Fig. 3. The fine mesh has



Fig. 8. 3rd order computation of M1 ¼ 3:0 flow past cylinder (a) 40 � 30 mesh, (b) non-dimensional pressure contours and (c) artificial bulk viscosity contours.

Fig. 9. 4th order computation of M1 ¼ 3:0 flow past cylinder (a) 40 � 30 mesh, (b) non-dimensional pressure contours and (c) artificial bulk viscosity contours.

Fig. 10. Transonic flow past NACA0012 airfoil with M1 ¼ 0:8 and a ¼ 1:25� . 3rd order computation on coarse (80 � 16) mesh. (a) Pressure contours and (b) artificial bulk
viscosity contours.
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Fig. 11. Transonic flow past NACA0012 airfoil with M1 ¼ 0:8 and a ¼ 1:25� . 3rd order computation on fine (160 � 32) mesh. (a) Pressure contours and (b) artificial bulk
viscosity contours.

Fig. 12. Transonic flow past NACA0012 airfoil with M1 ¼ 0:8 and a ¼ 1:25� . 4th order computation on coarse (80 � 16) mesh. (a) Pressure contours and (b) artificial bulk
viscosity contours.

Fig. 13. Transonic flow past NACA0012 airfoil with M1 ¼ 0:8 and a ¼ 1:25� . 4th order computation on fine (160 � 32) mesh. (a) Pressure contours and (b) artificial bulk
viscosity contours.
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Fig. 14. Transonic flow past NACA0012 airfoil with M1 ¼ 0:8 and a ¼ 1:25� . Comparison of Cp plots obtained using present method with those from FLO82 on a 320 � 64
mesh. (a) 3rd order computation and (b) 4th order computation.

Fig. 15. (a) Hanging node generated from local mesh refinement and (b)
corresponding mortar elements for each child face on interface.
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4800 cells, and has twice the number of nodes in the x and y direc-
tions. The surface of the bump is represented using quadratic and
cubic boundary for third and fourth order calculations respectively.

The pressure contours obtained using the 3rd order SD scheme
with artificial viscosity on the coarse mesh is shown in Fig. 5(a),
and compares well with those obtained using adaptive
Fig. 16. Successive levels of mesh refinement for M1 ¼ 3:0 flow past cylinder test-case
refinement.
unstructured mesh refinement [29]. The pressure contours ob-
tained for the fine mesh are shown in Fig. 5(b). It is observed that
on the finer mesh, the shock profiles are sharper, and smoother
contours are obtained. It must be mentioned that in the absence
of artificial viscosity, the solution develops spurious oscillations
and the simulation becomes unstable.

Fig. 5(c) gives a plot of the artificial viscosity for third order
computation on the coarse mesh. Fig. 5(d) shows the variation of
artificial bulk viscosity (ABV) on the fine mesh. We see that artifi-
cial viscosity is added only in regions corresponding to shocks.
Fig. 6(a) and (b) shows the pressure contours obtained using 4th
order SD on the coarse and fine mesh. It is observed that the shock
profiles obtained using 4th order are slightly sharper than in the
case of the third order computation. As expected, the 4th order
computation on the finer mesh gives sharper shock resolution
and more accurate contours in comparison to the coarse mesh.

The above test-cases were computed using r = 0 and Cb ¼ 0:3 for
3rd order and Cb ¼ 0:15 for 4th order computations. Also, the arti-
ficial shear viscosity and artificial conductivity were set to zero.
This is because there are no large shear gradients, and no contact
discontinuities, and hence artificial bulk viscosity is sufficient to
stabilize the calculations.
(a) 40 � 30 initial mesh, (b) one level mesh refinement and (c) two levels of mesh



Fig. 17. Pressure contours for 3rd order computation of M1 ¼ 3:0 flow past cylinder (a) 40 � 30 initial mesh, (b) one level mesh refinement and (c) two levels of mesh
refinement.

Fig. 18. ABV contours for 3rd order computation of M1 ¼ 3:0 flow past cylinder (a) 40 � 30 initial mesh, (b) one level mesh refinement and (c) two levels of mesh refinement.
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We also compare the results obtained using r ¼ 0 and r ¼ 2
with an unstructured mesh for the same configuration. The mesh
used is shown in Fig. 4. The pressure contours for the r ¼ 2 case
shown in Fig. 7(a) indicate the presence of spurious oscillations
and erroneous behavior downstream of the shocks. Comparatively,
much smoother contours and better shock resolution are obtained
with r ¼ 0 (see Fig. 7(c)). Also, for the r = 0 computation, the AV
contours obtained are found to be much smoother as compared
to the r ¼ 2 case (see Fig. 7(b) and (d)). This case clearly demon-
strates the superior behavior obtained with r ¼ 0 for non-cartesian
meshes.

5.2. Inviscid supersonic flow past circular cylinder

The next test-case is the M1 ¼ 3:0 flow past a circular cylinder.
The computational grid with 1200 cells is shown in Fig. 8(a). Super-
sonic inflow and outflow BC’s are used. The cylinder wall is treated
as inviscid curved wall. In the artificial viscosity model, r = 0 was
used with Cb ¼ 1:0 for 3rd order computation and Cb ¼ 0:5 for
4th order computation. Pressure and artificial bulk viscosity
(ABV) for the 3rd order simulation and 4th order simulation are
shown in Figs. 8 and 9 respectively. It is observed that the shock
profile is thinner for the 4th order case as compared to the 3rd or-
der case. For this test-case, the computation with r = 2 was unable
to converge to steady state, with the solution developing oscilla-
tory behavior away from the center-line where the mesh is not
aligned with the shock.

5.3. Inviscid transonic flow past airfoil

This test-case involves the transonic flow past a NACA0012
airfoil. The free-stream Mach number is 0.8 and the airfoil is at
an angle of attack of 1.25�. Free-stream conditions are prescribed
at the outer boundaries. On the airfoil surface, inviscid wall bound-
ary condition is used. The curved airfoil surface is represented by
cubic splines. A weak shock is formed on the upper surface, and
an even weaker shock is formed on the lower surface. The current
method is able to capture the shocks accurately for both 3rd and
4th order computations. Computations are done on a 80� 16 mesh
and on a 160� 32 mesh. In the artificial viscosity model, r ¼ 0 was
used with Cb ¼ 1:0 for 3rd order computation and Cb ¼ 0:5 for 4th
order computation.



Fig. 19. Comparison of centerline pressure obtained using 3rd order SD with that
obtained using 6th order Compact Difference and artificial viscosity on similar mesh
[10].

Fig. 20. Computational grid for supersonic flow past bump after (a) one level of
mesh refinement and (b) two levels of mesh refinement.

Fig. 21. Non-dimensional pressure contours for 4th order computation (a) on initial
60� 20 mesh, (b) after 1 level mesh refinement and (c) after 2 levels mesh
refinement.
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Figs. 10 and 11 show the pressure and AV contours for the 3rd
order computations on the coarse and fine mesh. Figs. 12 and 13
show the pressure and AV contours for the 4th order computa-
tions on the coarse and fine mesh. A look at the AV plot clearly
indicates that AV is added only in the region of the shocks. The
switch ensures that AV is zero in regions of smooth flow even
when dilatation is non-zero, such as in the regions near the lead-
ing edge and trailing edge. The Cp plots obtained are compared
with the results from FLO-82 on a 320� 64 grid, and are shown
in Fig. 14. The Cp plots obtained shows good comparison with
those obtained using FLO-82 with a finer (320� 64) grid.
FLO-82 is a 2D finite-volume inviscid flow solver developed by
Dr. Antony Jameson, which is spatially 2nd order accurate.
FLO-82 is considered industry standard for 2D inviscid flow com-
putations [30]. It is observed that the shock profile obtained with
FLO-82 is much sharper. This is expected as the SD computations
were done on coarser grids (even though the number of DOF’s are
comparable), and the current AV model tends to smear the shock
over one to two cells.
5.4. Local mesh-refinement for shock capturing

The mortar element method described earlier has been used to
enable local mesh-refinement for computations with shocks. The
criterion for mesh refinement used here is non-zero artificial vis-
cosity. This is a simple and sufficient criterion since we are looking
to refine the mesh only in the region of shocks. It must be men-
tioned that the refinement is not done adaptively over the course
of the solution. Starting with the baseline grid, and a converged
solution is obtained (up to a specified residual level). The locations
with non-zero artificial viscosity are identified and the correspond-
ing cells are refined. The simulation is run with one-level refine-
ment until a converged solution is obtained. Once again, the
shock region is identified and the mesh in further refined. The final
solution after two levels of mesh refinement is obtained.

In the first test-case, local mesh refinement is applied to the
M1 ¼ 3:0 flow past cylinder. The details of this case have been dis-
cussed in Section 5.2. The present computation uses 3rd order SD.
Two levels of mesh-refinement are used. Fig. 16 shows the mesh
after successive levels of mesh refinement. The pressure contours
and AV contours obtained after local mesh-refinement are shown
in Figs. 17 and 18 respectively. It is observed that as the mesh is
refined, the computed shock profiles become thinner, the amount
of artificial viscosity added is lesser, and the pressure contours be-
come more accurate. Fig. 19 shows the center-line pressure varia-
tion and compares the present results with those obtained by
Kawai and Lele [10] using 6th order Compact Difference with arti-
ficial viscosity (on an 80� 60 mesh). The pressure profiles using
3rd order SD on a 40� 30 mesh compare well with those obtained
by Kawai and Lele. A much sharper shock jump profile is obtained
after two levels of mesh refinement. The computed shock location



Fig. 22. Artificial viscosity contours for 4th order computation (a) on initial 60� 20
mesh, (b) after 1 level mesh refinement and (c) after 2 levels mesh refinement.
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agrees very well with the predicted value of x/R = �1.7 from the
center of the cylinder.

Local mesh refinement is also applied to the supersonic bump
case described earlier in Section 5.1. A 4th order SD calculation is
used. Once again the criterion for mesh refinement is non-zero
AV. Fig. 20(a) and (b) shows the computational mesh after one
and two levels of refinement respectively. Fig. 21(a–c) shows the
pressure contours obtained for successive levels of mesh refine-
ment. Fig. 22(a–c) shows the artificial viscosity contours obtained
for the corresponding cases.

6. Conclusions and future work

The artificial viscosity approach described in the previous work
[1] is modified to obtain a scheme that shows improved
performance on curvilinear and non-cartesian unstructured grids.
A dilatation-sensor based artificial viscosity coefficient, combined
with a dilatation-based switch and a restriction–prolongation filter
ensures a smoothly varying AV coefficient, that is switched to zero
in smooth regions of the flow. Promising results have been demon-
strated for various 2D cases, with the method being able to pro-
duce a stable solution with sharp resolution of shocks, and no
significant spurious oscillations. The artificial viscosity has been
combined with local mesh refinement to get improved results.
The mortar element method is used to enable local and adaptive
refinement of meshes with quadrilateral elements. The present for-
mulation can be easily extended to the 3D Spectral Difference
scheme on hexahedral mesh elements. Further efforts will be di-
rected towards the testing and validation of the proposed method,
using a variety of shock-related problems in 2D and 3D. Efforts will
also be directed towards the study of the effect of using irregular
meshes, and the effect of adding artificial viscosity on the global
accuracy of the Spectral Difference scheme.
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