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+ Flight at Mach One

A viable alternative for long range business jets ?
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+ Boeing Sonic Cruiser
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+ Airplane Designs

c© A. Jameson 2007
Stanford University, Stanford, CA

4/48 Efficient Flight at Mach One and Just Beyond



+ Airplane Designs
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+ Future in Airplane Design

‘
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+ Aerodynamic Design Tradeoffs

A good first estimate of performance is provided by the Breguet range equation:

Range =
V L

D

1

SFC
log

W0 +Wf

W0
. (1)

Here V is the speed, L/D is the lift to drag ratio, SFC is the specific fuel
consumption of the engines, W0 is the loading weight(empty weight + payload+
fuel resourced), and Wf is the weight of fuel burnt.

Equation (1) displays the multidisciplinary nature of design.

A light structure is needed to reduce W0. SFC is the province of the engine
manufacturers. The aerodynamic designer should try to maximize V L

D . This
means the cruising speed V should be increased until the onset of drag rise as
the crusing speed approches the speed of sound. At the same time the designer
must also consider the impact of shape modifications in structure weight.
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+ Aerodynamic Design Tradeoffs

The key questions are :

ã How far can the cruising speed be increased before the onset of drag rise?

ã Could the supersonic L/D ratio be increased to the point that supersonic
cruise is viable?
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+ Motivation

ã The onset of drag rise can be delayed by the use of swept back wings, and
this has led to the dominant design of the last five decades, a swept wing
configuration with strut mounted engines carefully located below the wing or
on the rear fuselage to minimize interference, or even in some cases to
promote a favorable interaction.

ã In the current state of the art lift/drag ratios of about 20 are attainable in the
range Mach 0.8 to 0.85 with a leading edge sweep back angle of around 35
degrees.
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+ Motivation

ã On the other hand, because of the wave drag due to both lift and volume, the
attainable lift/drag ratio at Mach 2 even for a very slender configuration is in
the range of 7.3 (the Concorde) to 9.5 (second generation supersonic
transport designs). The Lockheed SR71 achieved a lift to drag ratio of
slightly above 6 at Mach 3.

ã These numbers are not sufficient to achieve a range efficiency equivalent to
that of subsonic aircraft, with the consequence that it has so far proved
impossible to build an economically competitive supersonic transport aircraft,
aside from the environmental issues of sonic boom and contamination of the
upper atmosphere.
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+ Motivation

ã In the numerous studies of transonic wing designs which the author has
conducted during the last decade, it has become apparent that by increasing
the sweep back angle to 40 degrees or more (at the wing leading edge), it is
certainly possible to delay drag rise beyond Mach 0.9, while maintaining a
moderate thickness to chord ratio of around 8 percent, sufficient to prevent
excessive wing structure weight, and to provide fuel volume for long range.

ã In the numerous studies of transonic wing designs which the author has
conducted during the last decade, it has become apparent that by increasing
the sweep back angle to 40 degrees or more (at the wing leading edge), it is
certainly possible to delay drag rise beyond Mach 0.9, while maintaining a
moderate thickness to chord ratio of around 8 percent, sufficient to prevent
excessive wing structure weight, and to provide fuel volume for long range.
This has motivated the present investigation of whether it might be possible
to delay drag rise to Mach one, or even beyond, by increasing the sweep back
angle and using sophisticated shape optimization methods to refine the
aerodynamic design.
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+ Methodology of the Present Study

ã Adjoint Shape Optimization Method developed by the author since 1988 has
been systematically applied to find optimum wing shapes at increasingly
higher Mach numbers.

ã At the same time the fuselage has been modified to provide favorable
interference effects on the wing. This is along the lines of Whitcomb Area
Rule but more complicated.

ã The method is summarized in the following slides.
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+ Symbolic Development of the Adjoint Method

Let I be the cost (or objective) function

I = I(w,F)

where

w = flow field variables

F = grid variables

The first variation of the cost function is

δI =
∂I

∂w

T

δw +
∂I

∂F
T

δF

The flow field equation and its first variation are

R(w,F) = 0

δR = 0 =


∂R

∂w


 δw +



∂R

∂F

 δF
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+ Symbolic Development of the Adjoint Method (cont.)

Introducing a Lagrange Multiplier, ψ, and using the flow field equation as
a constraint

δI =
∂I

∂w

T

δw +
∂I

∂F
T

δF − ψT






∂R

∂w


 δw +



∂R

∂F

 δF





=





∂I

∂w

T

− ψT


∂R

∂w







δw +





∂I

∂F
T

− ψT


∂R

∂F






δF

By choosing ψ such that it satisfies the adjoint equation


∂R

∂w



T

ψ =
∂I

∂w
,

we have

δI =





∂I

∂F
T

− ψT


∂R

∂F






δF

This reduces the gradient calculation for an arbitrarily large number of design
variables at a single design point to

+ One Flow Solution + One Adjoint Solution
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+ Design using the Euler Equations

The three-dimensional Euler equations may be written as

∂w

∂t
+
∂fi
∂xi

= 0 in D, (2)

where

w =





ρ
ρu1

ρu2

ρu3

ρE





, fi =





ρui
ρuiu1 + pδi1
ρuiu2 + pδi2
ρuiu3 + pδi3

ρuiH





(3)

and δij is the Kronecker delta function. Also,

p = (γ − 1) ρ



E −

1

2

(
u2
i

)


 , (4)

and
ρH = ρE + p (5)

where γ is the ratio of the specific heats.
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+ Design using the Euler Equations

In order to simplify the derivation of the adjoint equations, we map the solution
to a fixed computational domain with coordinates ξ1, ξ2, ξ3 where

Kij =



∂xi
∂ξj


 , J = det (K) , K−1

ij =



∂ξi
∂xj


 ,

and
S = JK−1.

The elements of S are the cofactors of K, and in a finite volume discretization
they are just the face areas of the computational cells projected in the x1, x2,
and x3 directions.
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+ Design using the Euler Equations

Now, multiplying equation(2) by J and applying the chain rule,

J
∂w

∂t
+R (w) = 0 (6)

where

R (w) = Sij
∂fj
∂ξi

=
∂

∂ξi
(Sijfj) , (7)

using (??). We can write the transformed fluxes in terms of the scaled
contravariant velocity components

Ui = Sijuj

as

Fi = Sijfj =




ρUi
ρUiu1 + Si1p
ρUiu2 + Si2p
ρUiu3 + Si3p

ρUiH




.
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+ Design using the Euler Equations

For simplicity, it will be assumed that the portion of the boundary that
undergoes shape modifications is restricted to the coordinate surface ξ2 = 0.
Then equations for the variation of the cost function and the adjoint boundary
conditions may be simplified by incorporating the conditions

n1 = n3 = 0, n2 = 1, dBξ = dξ1dξ3,

so that only the variation δF2 needs to be considered at the wall boundary. The
condition that there is no flow through the wall boundary at ξ2 = 0 is equivalent
to

U2 = 0, so that δU2 = 0

when the boundary shape is modified. Consequently the variation of the inviscid
flux at the boundary reduces to

δF2 = δp





0

S21

S22

S23

0





+ p





0

δS21

δS22

δS23

0





. (8)
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+ Design using the Euler Equations

In order to design a shape which will lead to a desired pressure distribution, a
natural choice is to set

I =
1

2

∫

B (p− pd)
2 dS

where pd is the desired surface pressure, and the integral is evaluated over the
actual surface area. In the computational domain this is transformed to

I =
1

2

∫∫

Bw (p− pd)
2 |S2| dξ1dξ3,

where the quantity
|S2| =

√
S2jS2j

denotes the face area corresponding to a unit element of face area in the
computational domain.
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+ Design using the Euler Equations

In the computational domain the adjoint equation assumes the form

CT
i

∂ψ

∂ξi
= 0 (9)

where

Ci = Sij
∂fj
∂w

.

To cancel the dependence of the boundary integral on δp, the adjoint boundary
condition reduces to

ψjnj = p− pd (10)

where nj are the components of the surface normal

nj =
S2j

|S2|.
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+ Design using the Euler Equations

This amounts to a transpiration boundary condition on the co-state variables
corresponding to the momentum components. Note that it imposes no
restriction on the tangential component of ψ at the boundary.

We find finally that

δI = − ∫

D
∂ψT

∂ξi
δSijfjdD

− ∫∫

BW
(δS21ψ2 + δS22ψ3 + δS23ψ4) p dξ1dξ3. (11)
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+ The Need for a Sobolev Inner Product in the Definition of the
Gradient

Another key issue for successful implementation of the continuous adjoint
method is the choice of an appropriate inner product for the definition of the
gradient. It turns out that there is an enormous benefit from the use of a
modified Sobolev gradient, which enables the generation of a sequence of
smooth shapes. This can be illustrated by considering the simplest case of a
problem in the calculus of variations.

Suppose that we wish to find the path y(x) which minimizes

I =
b∫

a
F (y, y

′
)dx

with fixed end points y(a) and y(b). Under a variation δy(x),

δI =
b∫

a



∂F

∂y
δy +

∂F

∂y′
δy

′

 dx

=
b∫

a



∂F

∂y
− d

dx

∂F

∂y′


 δydx
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+ The Need for a Sobolev Inner Product in the Definition of the
Gradient

Thus defining the gradient as

g =
∂F

∂y
− d

dx

∂F

∂y′

and the inner product as

(u, v) =
b∫

a
uvdx

we find that

δI = (g, δy).

If we now set

δy = −λg, λ > 0

we obtain a improvement

δI = −λ(g, g) ≤ 0

unless g = 0, the necessary condition for a minimum.
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+ The Need for a Sobolev Inner Product in the Definition of the
Gradient

Note that g is a function of y, y
′
, y

′′
,

g = g(y, y
′
, y

′′
)

In the well known case of the Brachistrone problem, for example, which calls for
the determination of the path of quickest descent between two laterally
separated points when a particle falls under gravity,

F (y, y
′
) =

√√√√√√√
1 + y′2

y

and

g = − 1 + y
′2 + 2yy

′′

2
(
y(1 + y′2)

)3/2

It can be seen that each step

yn+1 = yn − λngn

reduces the smoothness of y by two classes. Thus the computed trajectory
becomes less and less smooth, leading to instability.
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+ The Need for a Sobolev Inner Product in the Definition of the
Gradient

In order to prevent this we can introduce a weighted Sobolev inner product

〈u, v〉 =
∫
(uv + εu

′
v
′
)dx

where ε is a parameter that controls the weight of the derivatives. We now
define a gradient g such that

δI = 〈g, δy〉
Then we have

δI =
∫
(gδy + εg

′
δy

′
)dx

=
∫
(g − ∂

∂x
ε
∂g

∂x
)δydx

= (g, δy)

where

g − ∂

∂x
ε
∂g

∂x
= g

and g = 0 at the end points. Thus g can be obtained from g by a smoothing
equation. Now the step

yn+1 = yn − λngn

gives an improvement
δI = −λn〈gn, gn〉

but yn+1 has the same smoothness as yn, resulting in a stable process.
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+ Outline of the Design Process

The design procedure can finally be summarized as follows:

1. Solve the flow equations for ρ, u1, u2, u3, p.

2. Solve the adjoint equations for ψ subject to appropriate boundary conditions.

3. Evaluate G and calculate the corresponding Sobolev gradient Ḡ.

4. Project Ḡ into an allowable subspace that satisfies any geometric constraints.

5. Update the shape based on the direction of steepest descent.

6. Return to 1 until convergence is reached.

Sobolev Gradient

Gradient Calculation

Flow Solution

Adjoint Solution

Shape & Grid

Repeat the Design Cycle
until Convergence

Modification

Figure 1: Design cycle
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+ Results of this Study : Model D

It appears possible to design a wing with very low drag at Mach 1, as indicated
in the table below :

CL CDpres CDfriction CDwing

(counts) (counts) (counts)
0.300 47.6 41.3 88.9
0.330 65.6 40.8 106.5
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+ Results of this Study : Model D

ã The data is for a wing-fuselage combination, with engines mounted on the rear
fuselage simulated by bumps.

ã The wing has 50 degrees of sweep at the leading edge, and the thickness to
chord ratio varies from 10 percent at the root to 7 percent at the tip.

ã To delay drag rise to Mach one requires fuselage shaping in conjunction with
wing optimization.
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+ X Jet : Model D, Mesh at side of body

X-JET : Model D                                                                 
 GRID  256 X   32 X   48

  K   =    1
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+ X Jet : Model D
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+ X Jet : Model D
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+ X Jet : Model D
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+ X Jet : Model D
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+ X Jet : Model D
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+ X Jet : Model D
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+ X Jet : Model D
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+ X Jet : Model D
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+ X Jet : Model D
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+ X Jet : Model D
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+ X Jet : Model D, Drag Rise

X-JET : Model D                                                                 
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+ X Jet : Model D, Estimated Range in Nautical Miles

RANGE ACCORDING TO THE BREGUET EQUATION ANTONY JAMESON

X-JET : Model D

MACH NO CL WING CD WING CL EXT CD EXT SFC C0

1.0000 0.3300 105.0000 0.0450 150.0000 0.6950 968.0000

W EMPTY W LOAD W FUEL W RESERVE R RESERVE

55800.0000 1840.0000 42300.0000 2900.0000 0.0000

V L/D LOG(W1/W2) RANGE

968.0000 14.7059 0.5013 6079.2297
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+ Results of this Study : Model E, Mach 1.05 and 1.10

CL CDpres CDfriction CDwing Mach
(counts) (counts) (counts)

0.330 97.1 38.2 135.03 1.05
0.330 105.7 37.0 142.7 1.10
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+ X Jet : Model E
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+ X Jet : Model E
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+ X Jet : Model E
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+ X Jet : Model E
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+ X Jet : Model E, Drag Rise

X-JET : Model E                                                                 
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+ Conclusions

ã It appears to be possible to design a business jet that could fly the Pacific at
Mach One or slightly beyond.

ã The remaining issues are the onset of drag rise on the other components of the
aircraft, in particular, the design of nacelles to operate efficiently just above the
speed of sound.
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