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Abstract

The field of high-order methods for unstructured grids has seen a surge of research

activity over the last decade, particularly due to its potential in applications such as

Large Eddy Simulation (LES), Direct Numerical Simulation (DNS), Computational

Aero-Acoustics (CAA), turbulent combustion and vortex dominated flows. However,

this field has not yet reached the level of maturity required to solve real flow prob-

lems on complicated geometries. The present thesis work makes an effort towards the

realization of a flow solver that is high-order accurate but also efficient, robust and

geometrically flexible at the same time. The approach to high-order spatial discretiza-

tion is based on the Spectral Difference (SD) method for unstructured quadrilateral

meshes. High-order (quadratic and cubic) representation is used for curved boundary

surfaces.

Due to their slow convergence rates with standard explicit time-stepping schemes,

the use of high order schemes becomes viable only when there is some kind of conver-

gence acceleration technique used. Towards this end, the multi-order (p-multigrid)

method and Implicit time-stepping are implemented, and significant convergence ac-

celeration is achieved for both steady and unsteady flow problems.

Another significant challenge with using high-order methods is their inability to

handle flow discontinuities. An artificial viscosity based approach is designed and

implemented to enable computation of flows with shocks. Promising results have

been obtained, with the proposed method being able to produce stable solutions with

sharp resolution of shocks, and no significant spurious oscillations.

Adaptive mesh and order refinement have great potential in reducing the computa-

tional effort required to reach a specified level of accuracy, particularly in the context
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of high-order formulations. The capability for adaptive mesh and order refinement

is enabled using mortar elements to handle non-conforming solution approximations

at the cell interfaces. Adaptive mesh refinement has been combined with artificial

viscosity to enhance the resolution of discontinuities and solution accuracy.

As part of this work, a 2D flow solver is developed, tested, validated and applied

to a variety of flow problems. The current work also demonstrates the effectiveness of

computational tools such as convergence acceleration, shock-capturing and adaptive

refinement, for enhancing the efficiency and robustness of high order flow computa-

tions on unstructured grids.
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Chapter 1

Introduction

1.1 Background

The field of Computational Fluid Dynamics has seen tremendous growth over the

past few decades. This advance can be attributed to both the increasing power of

computational resources as well as the progress made in the field of numerical solu-

tion techniques. As a result, numerical modeling has become an essential component

of engineering design and analysis, especially in the field of fluid mechanics. While

experimental measurements will always have a role in the design process, CFD offers

significant advantages in terms of ease of use, cost and flexibility. Nowadays, com-

mercial flow solvers are capable of solving large turbulent flow problems for complex

geometries, up to engineering accuracy, with reasonable turn-around times. This has

resulted in significantly reducing the time, resources and cost involved in the design

of flow devices, by reducing the need for building and testing prototypes in the early

stages of a design process. Nevertheless, despite the advances in the capabilities and

usage of CFD, there is still ample room for progress.

In most industrial applications of computational fluid flow, simulations on un-

structured meshes have been dominated by low order schemes. Almost all of the

commercial software packages that allow unstructured mesh computations are re-

stricted to spatially 2nd order accurate solutions. The popularity of low order meth-

ods may be attributed to several factors. Firstly, in many industrial applications,

1



2 CHAPTER 1. INTRODUCTION

the requirements on accuracy are not excessive and engineering accuracy is usually

sufficient. Secondly, the work on low order schemes over the last half century have

resulted in schemes that are robust and can handle complex flow phenomenon such as

shocks and other discontinuities. Also, convergence acceleration techniques for such

schemes are extremely efficient and well-understood.

However the classical second order accurate schemes fall short when computations

require a high level of accuracy. This requirement is common in several modern

flow applications such as Large Eddy Simulation (LES), Direct Numerical Simulation

(DNS), Computational Aeroacoustics (CAA), or numerical turbulent combustion, to

name a few. In LES, the use of low order methods can result in masking of subgrid-

scale dissipation by numerical dissipation. In CAA, we require very low dissipation

to track wave propagation over long distances. With turbulent combustion, the small

scales of turbulence have a significant influence on mixing and combustion efficiency,

and low order schemes are incapable of resolving these features accurately. The use

of low order methods for such applications results in mesh requirements that are

often prohibitive. In contrast, high order methods are less dissipative and possess

superior wave propagation properties, and hence promise to provide higher accuracy

with fewer degrees of freedom.

The most direct consequence of using high-order methods is the reduction of the

impact of discretization error on the accuracy of the computed solutions. Low order

schemes are generally 2nd order spatially accurate, i.e. discretization error is propor-

tional to h2, where h is the mesh-spacing. For high order methods, the discretization

error is proportional to hr, where r > 2, for sufficiently smooth problems. In the past

decade, there has been a surge of research activities on high-order discretizations

on unstructured meshes. The main motivation for these efforts is the expectation

that high-order methods have the ability to achieve the required accuracy levels for

flow problems with complex physics and geometry more efficiently. However these

methods are still in the development stage and are not mature enough to be used

for real industrial applications. They lack the robustness displayed by traditional

low order schemes. Also, they lag behind in terms of computational machinery for

efficient computations of complex real-world flow problems. Furthermore, there exist
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a number of high-order methods for unstructured grids that are under development

and we have not yet reached the stage where we can pick the optimal one.

High order accurate schemes have been used with structured grids quite success-

fully for a long time now. On structured grids, high order accuracy can be obtained

relatively easily by extending the stencil used for solution reconstruction, as well as

derivative computations. Extending the stencil is straightforward with structured

grids as the information regarding the neighboring points or cells is readily avail-

able. An alternate approach is the use of Compact Difference Schemes which use a

compact stencil, but approximate the leading terms in the truncation error to obtain

high-order accuracy. The application of structured grid based high order methods

is however, limited to relatively simple domains and geometries. When we have to

deal with complicated geometries typical of industrial flow problems, the generation

of structured meshes is very difficult and extremely time-consuming. On the other

hand, unstructured meshes are more suited to applications with complex geometries,

and the process of mesh generation is easier and often automated.

In contrast to structured meshes, it is not straightforward to obtain high-order

accuracy by just extending the stencil for solution reconstruction using unstructured

meshes. This is because we no longer have immediate accessibility of neighboring cell

data. Moreover such reconstruction procedures on unstructured grids often lead to ill-

conditioned or even singular linear algebraic systems, which cause serious degradation

of numerical accuracy. Due to this extended stencil, efforts to parallelize such methods

to run on multiple processors can pose certain difficulties. To avoid this shortcoming,

focus shifted to a class of methods with high-order, locally discontinuous solution

representations. Such methods approximate the solution as a polynomial of desired

degree within each cell. However the solution may be discontinuous across the cell

interfaces. Methods such as Discontinuous Galerkin (DG), Spectral Volume (SV) and

Spectral Difference (SD) belong to this class of methods.

The DG method is arguably the most popular among the high-order methods

for unstructured grids. This method has been under development since the 80’s and

has hence seen a good amount of progress both in terms of applicability as well as

availability of relevant computational machinery. In a DG method, the Degrees of
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Freedom (DOFs) are either the expansion coefficients for a given set of polynomial

basis functions or solutions at selected locations within the element, and a Galerkin

finite-element method is employed to update the unknowns within each cell. DG

possesses favorable properties such as a firm mathematical basis and general non-

linear stability for arbitrary cell shapes. However, its formulation is complicated,

making it difficult to interpret physically. It is also computationally expensive due

to the surface and volume integrals that have to be numerically evaluated. In the

Spectral Volume (SV) method, the integral conservation law is used to update volume

averages over subcells defined by a geometrically similar partition of each grid cell.

As the order of accuracy increases, the partitioning for a 3D simplex cell requires

the introduction of a large number of parameters, whose optimization to achieve

convergence becomes increasingly more difficult. Also, the large number of interior

facets, and the additional increase in the number of quadrature points for each facet

increase the computational cost significantly.

The Spectral Difference Method is based on the differential form of the conser-

vative equations. The absence of volume or surface integrals makes the SD method

easier to implement in multiple dimensions than the DG and SV methods. For the

same reason, the SD method is also more efficient than the latter. This was the main

motivation behind choosing SD as the test-bed for further numerical experiments.

In the SD method, the number of DOFs in each cell is the number of nodal values

required to support a reconstruction of a given order of accuracy. Their locations

are chosen so that a quadrature approximation for the volume integral exists at least

to the same order of accuracy. The fluxes are calculated at a different set of nodes,

whose number supports a reconstruction of one order higher, since the flux derivatives

are used to update the conservative unknowns. They are located so that quadrature

approximations for surface integrals over the cell boundaries exist to a required order

of accuracy. In addition, the locations of the solution points and the flux points are

chosen such that the integral conservation law is satisfied for the cell to the desired

order of accuracy. If the points are distributed in a geometrically similar manner for

all cells, the reconstruction and discretization become universal, and the residual can

be expressed as the same weighted sums of the products of the local metrics and the
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fluxes.

1.2 Challenges with using high order methods

One of the greatest challenges with using high-order methods is their slow conver-

gence rate. High-order spatial discretization operators are usually much stiffer than

their low-order counterparts. An issue that requires careful attention with high-order

spatial methods is the design of efficient time marching techniques. Classical ex-

plicit time marching algorithms, such as explicit Runge-Kutta schemes, have upper

limits for the time step based on stability considerations, which are prescribed by

the Courant-Friedrichs-Lewy (CFL) condition. Such classical algorithms can be very

inefficient in combination with high-order spatial schemes, for which the maximum

time step tends to be very small. Such restrictively small time steps can be avoided

by the use of implicit time marching algorithms, which are generally stable for much

larger time-steps. However, with such algorithms, a nonlinear algebraic system must

be solved at each time step. Designing an efficient solver for these systems is critical

in order to extract the benefits of larger time-steps.

Another class of convergence acceleration techniques that has been used quite

successfully is the multigrid method. Algebraic solvers usually eliminate the high

frequency errors quite effectively, but the low frequency errors are damped very slowly.

The classic multigrid algorithm involves interpolation from the fine mesh to coarser

mesh levels. The low frequency errors on the fine mesh become high frequency on the

coarse mesh, and are hence damped effectively. The p-multigrid or the multi-order

method is just an extension of the classical h-multigrid to a high order setup. Here

we use lower orders of polynomial representation instead of coarser mesh levels.

The solution of hyperbolic conservation laws often gives rise to flow discontinu-

ities in the form of shocks or contact discontinuities. Numerical schemes designed to

solve these partial differential equations (PDEs) must be capable of capturing any

discontinuity that may arise in the solution. One of the greatest challenges with us-

ing high-order methods is their inability to handle flow discontinuities. When flows
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involve steep gradients such as shock waves or contact surfaces, non-physical spu-

rious oscillations arise that contaminate the solution in smooth regions of the flow,

and often cause the simulations to go unstable. Higher order approximations are less

dissipative than their low-order counterparts and hence it is typically necessary to

add explicit dissipation in order to obtain a stable solution. But this has a negative

effect on accuracy in the vicinity of the discontinuity. It may also degrade the reso-

lution of turbulent scales due to excessive damping. The development of numerical

algorithms that can capture discontinuities and also resolve the scales of turbulence

in compressible turbulent flows remains a significant challenge.

There exists a wide spectrum of approaches to handle flow discontinuities, such

as shock fitting, reconstruction methods, limiters and artificial viscosity. Shock fit-

ting techniques involve determination of the shock location within the computational

domain through analytical, experimental, or numerical means. The shock location

is treated as a boundary condition of sorts within the computational analysis and

higher-order accuracy can be attained away from the shock. However, shock fitting

is often not viable, as we are solving for unknown flow fields and the position of the

shock is not know a priori. The use of limiters is associated with some of the older and

more successful classes of shock-capturing based on the Total Variation Diminishing

(TVD) or the Local Extremum Diminishing (LED) criterion. In flow regions where

limiting is active, the approximating polynomial is reduced to a piecewise-constant

representation, leading to a solution that is total variation diminishing in the mean

values of each element. However, previous efforts using limiters with SV and SD

were found to suffer from convergence issues. Polynomial reconstruction methods

such as ENO (Essentially non-oscillatory) and WENO (Weighted Essentially Non-

Oscillatory) retain higher-order modes and utilize the additional degrees of freedom

to yield sharp shock transitions. They adaptively choose a stencil (or weighted multi-

ple stencils) to reconstruct a higher order polynomial from a set of local cell average

values while eliminating spurious oscillations. However, the adaptation of such meth-

ods to unstructured mesh calculations is non-trivial.

The artificial viscosity approach involves the explicit addition of dissipation in

the region of discontinuities by introducing viscous terms to the governing partial
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differential equation. Viscosity that is on the order of the resolution length scale

of the discretization smears out discontinuities until they can be well represented.

To ensure consistency of the numerical approximation, this artificial viscosity must

disappear as h → 0 and not impact the solution in regions of smooth flow. Artificial

viscosity/dissipation has been applied quite successfully for low order computations

on unstructured grids as well as with high-order schemes on structured grids. Recent

studies have applied artificial viscosity within a DG setup. The current work proposes

the addition of smoothly varying artificial viscosity in the region of discontinuities.

The addition of artificial dissipation means that the solution is locally first order

accurate in the vicinity of the discontinuity. The most obvious technique to improve

the accuracy of computing flows with discontinuities would be to refine the mesh in

the vicinity of the shock. Adaptive mesh refinement is a widely used and accepted

strategy for improving the accuracy of a computational simulation while limiting the

increase in computational cost. However, adaptively refining a quadrilateral mesh

leads to the generation of hanging nodes. To deal with the non conforming solution

polynomials on interfaces with hanging nodes, a mortar-element method is used. In

a high order setup, it is also beneficial to adaptively vary the polynomial order p.

Experiments with local order refinement are also conducted in the present work.

1.3 Motivation for the thesis

Despite the advance in CFD over the past few decades, the field of high-order methods

for unstructured grids has not yet reached the level of maturity required to solve real

flow problems on complicated geometries. The present thesis work makes an effort

towards the realization of a flow solver that is high-order accurate but also efficient,

robust and geometrically flexible at the same time. All the numerical computations

have been conducted on 2D test cases, but the present numerical scheme, as well

as the relevant computational tools that have been developed and implemented as

part of this work, can be easily extended to 3D. The Spectral Difference method is

relatively new and less mature as compared to the Discontinuous Galerkin Method.

But in addition to being high order accurate, the SD method has a simple formulation
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and efficient implementation, which essentially amounts to lesser computational effort

as compared to other methods in its class. This is why we have chosen the SD method

over other methods like DG or SV.

Due to their slow convergence rates, it becomes viable to use high order schemes

only when there is some kind of convergence acceleration technique used. The p-

multigrid and the implicit time stepping techniques have proved to be very effective

on studies with DG, and we wish to investigate the improvement in convergence rates

for the SD method. Another issue plaguing high-order methods is robustness - par-

ticularly their ability to deal with flow discontinuities. Earlier efforts with limiters on

SD scheme reported issues with convergence to steady state. Also, shock capturing

based on artificial viscosity has been used successfully with structured grid based

high-order methods, and recently applied to DG. This motivated us to investigate

an artificial viscosity based approach with the SD scheme, and design a formulation

that is simple, efficient, robust and can be easily extended to 3D. Adaptive mesh and

order refinement have great potential in reducing the computational effort required

to reach a specified level of accuracy, particularly in the context of high-order formu-

lations. Both mesh and order refinement in quadrilaterals result in non-conforming

solution approximations at cell interface, which can be handled using a mortar element

method. We look to enable the capability for adaptive mesh and order refinement

within the solver, and also examine the resulting reduction in computational effort.

1.4 Outline of the thesis

The outline of the remainder of the thesis is as follows. Chapter 2 includes a survey

of available literature on high order schemes and related topics such as convergence

acceleration, artificial viscosity and adaptive mesh and order refinement. The partial

differential equations that govern inviscid and viscous compressible flows that are

solved in the present thesis, are described in chapter 3. Chapter 4 discusses the

formulation, properties and implementation of the Spectral Difference (SD) method.

The implementation of efficient time-marching schemes for the SD method, namely

p-multigrid and implicit time stepping are addressed in Chapter 5. The next chapter



1.4. OUTLINE OF THE THESIS 9

describes the salient features of the artificial viscosity approach used to compute flows

with shocks. Chapter 7 looks at adaptive mesh and order refinement in the context

of the SD scheme, and describes the mortar-element method used to enable this.

Finally, conclusions are drawn and future perspectives are considered in Chapter 8.



Chapter 2

Literature survey

2.1 High order methods

The earliest high-order accurate numerical methods were the Spectral Methods [37,

20], where the solution of a differential equation is approximated over the entire

domain using a high-order expansion. Choosing the expansion functions properly, one

can achieve arbitrarily high-order accuracy. However, because of the global nature

of the expansion functions, spectral methods are typically limited to very simple

domains with simple boundary conditions. Motivated by the prospect of obtaining

high accuracy with the greater geometric flexibility, researchers in the early 1980s

introduced the p-type finite element method. In the p-type finite element method,

the grid spacing, h, is fixed, and the interpolation order, p, is increased to drive the

error down. In 1981, Babuska et al. [5] applied this method to elasticity problems. In

1984, Patera [92] introduced a variant of the p-type method, known as the Spectral

Element method, and used it to solve the incompressible Navier-Stokes equations for

flow in an expanding duct. Korczak and Patera [68] later extended this method to

more general, curved geometries.

There has been a good amount of progress with high order schemes on structured

meshes. In this context, Lele [69] introduced up to tenth-order accurate Compact

Difference schemes in 1992. This work was extended and applied by Visbal and

Gaitonde [123], wherein they used the high-order compact difference method to solve

10
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the compressible Navier-Stokes equation on curvilinear meshes. Zingg et al. [135]

showed that high-order compact difference schemes are more efficient, in terms of

number of nodes required for drag computation to a desired accuracy level, than typ-

ical second-order finite differences. Another notable contribution was the Essentially

Non-Oscillatory (ENO) [42, 41] schemes introduced in 1987. WENO schemes were

developed later to improve upon ENO schemes, in Liu et al. [73] and Jiang and Shu

[58]. Advantages of WENO schemes over ENO included the smoothness of numerical

fluxes, better steady-state convergence, and better accuracy using the same stencils.

In an unstructured, finite volume context, Barth [8] introduced the k-exact recon-

struction method, which is based on a least-squares reconstruction procedure that

requires an extended stencil. Furthermore, ideas from the ENO methods were also

extended to unstructured grids by many researchers [1, 29, 89]. WENO schemes were

extended to unstructured grids by Friedrich [35], and Hu and Shu [48].

Finite element methods are attractive for achieving high-order accuracy because,

for smooth problems, the order of accuracy is controlled by the order of the solu-

tion and test function spaces. However, it is well known that standard, continuous

Galerkin methods are unstable for the convection operator [122]. This brings us to

locally discontinuous finite element based methods, the most notable of which was

the Discontinuous Galerkin (DG) method.

The DG method is probably the most mature and developed high order accurate

method for unstructured grids. It was introduced in 1973 by Reed and Hill [100] for a

steady conservation law, namely the neutron transport equation. It was first used for

unsteady advection laws by Van Leer [119] in 1978. A breakthrough in the application

of DG methods to nonlinear hyperbolic problems was made by Cockburn and Shu [22,

23, 24], who introduced the Runge Kutta Discontinuous Galerkin (RKDG) method.

A comprehensive overview of these RKDG methods can be found in a review article by

Cockburn and Shu [25]. Independent of the above work, Allmaras [2], and Allmaras

and Giles [3] developed a second-order DG scheme for the 2-D Euler equations, their

method being an extension of van Leer’s method of moments for the 1-D linear wave

equation.



12 CHAPTER 2. LITERATURE SURVEY

More recently, many researchers [9, 10, 11, 19, 24, 25, 88] have applied DG meth-

ods to diffusion problems. One procedure, pioneered by Bassi and Rebay [9, 10]

and generalized by Cockburn and Shu [24, 25], is to rewrite a second-order equa-

tion as a first-order system and then discretize the first-order system using the DG

formulation. These mixed formulations became popular as BR1 and BR2, the latter

producing a nearest neighbor stencil. The generalization of the first-order system idea

by Cockburn and Shu leads to the so-called Local Discontinuous Galerkin methods

(LDG). In multiple dimensions, LDG has an extended stencil, but a recent modifica-

tion of LDG by Peraire and Persson [94] known as Compact Discontinuous Galerkin

(CDG) recovers a more compact stencil while retaining the attractive properties of

LDG. A quadrature-free DG formulation, which is more efficient than the standard

formulation in terms of computational cost, was developed by Atkins and Shu [4].

Another locally discontinuous approach, based on the finite volume scheme is

the Spectral Volume Method. The basic methodology of the SV method was first

presented by Wang [126] in 2002, along with its application to one-dimensional scalar

hyperbolic conservation laws. Wang and Liu [128] extended the SV method to two-

dimensional scalar equations and also studied different limiting strategies to capture

discontinuities. The same authors presented the extension of the SV method to one-

dimensional systems of conservation laws, along with an optimization study of the

SV partitions, in [129]. Subsequently, the SV method was applied to two-dimensional

inviscid flow problems, by Wang et al. [132]. A very important issue with all high-

order methods, namely the appropriate treatment of curved wall boundaries, was

addressed for the 2D SV method by Wang and Liu [130], by using a high-order

geometric mapping of the SV cells near such boundaries. Liu et al. [75] applied the

SV method to 3D computational electromagnetics (CEM) problems. The formulation

of the SV method for the N-S equations was originally developed and presented by

Sun et al. [110]. A further contribution to the SV method for diffusive problems

was made by Kannan et al. [62], who investigated different formulations for the

discretization of diffusive terms with the SV method. Comparisons of the SV method

with the DG method were made by Sun and Wang [109] and Zhang and Shu [134].

Analogous to the quadrature-free formulation of the DG method, a quadrature-free
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formulation of the SV method was developed by Harris et al. [40].

The origins of the method now known as the Spectral Difference method date

back to 1996. Kopriva and Kolias [67] and Kopriva [65] introduced their formulation

for the solution of the 2D compressible Euler equations on unstructured quadrilat-

eral meshes, which they called the ’Conservative Staggered-Grid Chebyshev Multi-

Domain method’. In 1998, Kopriva [66] extended the method to viscous formula-

tions. A general formulation of this approach on simplex cells, was given in 2006 by

Liu et al.[74], who first called it the Spectral Difference method, and applied it to

two-dimensional scalar conservation laws and Computational ElectroMagnetic (CEM)

equations. Wang et al. [131] extended the SD method for simplex cells was to the

2D Euler equations. It was further extended to the 2D N-S equations by May and

Jameson [84], and Wang et al. [60]. Sun et al. [111] implemented the SD method on

hexahedral cells for the 3D N-S equations. Different approaches for the discretization

of the diffusive terms in the N-S equations with the SD method, based on similar

approaches that were developed for the DG method, were investigated by Van den

Abeele et al. [117]. Van den Abeele et al. [115] also proved an interesting property of

the SD method, namely that it is independent of the positions of its solution points.

They also performed an extensive study of the stability and accuracy properties of

the SD method. The equivalence of SD and SV in 1D was reported in Van den Abeele

et al.[116]. Huynh [49] proposed a set of 1D SV and SD schemes based on Legendre-

Gauss quadrature points and proved that these are stable for arbitrary orders of

accuracy. Recently, Jameson [55] obtained a theoretical proof that the SD method

is stable for all orders of accuracy in a Sobolev norm provided that the interior flux

points are located at the zeros of the corresponding Legendre polynomial.

A new, unifying, high-order method for unstructured grids, recently proposed

by Huynh [49, 50], who named it flux reconstruction approach, and by Wang and

Gao [127], who referred to it as lifting collocating penalty (LCP) method, combines

properties of the DG method and the SV and SD methods. It has a simple, easily

interpretable, point-wise formulation, which does not involve any integrals and con-

sequently, the evaluation of the residuals is relatively cheap. With a certain choice

of parameters, the method can be made linearly equivalent to the DG, SV or SD
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method. It then also has the same linear stability properties as these methods.

2.2 Convergence acceleration techniques for high

order methods

High-order accurate methods are in general much stiffer than low-order methods.

High-order explicit time marching algorithms, such as the Runge-Kutta (R-K) schemes,

when combined with high-order spatial schemes, suffer from restrictively small time

steps due to the Courant-Friedrichs-Lewy (CFL) stability limit. This is especially

true for viscous problems, where cells with high aspect ratios are needed to resolve

boundary layers. These restrictive CFL limits can be overcome by using implicit

time marching schemes. Several implicit time-stepping algorithms have been used

in literature. Element Jacobi methods were used for convergence acceleration of the

DG method by Helenbrook and Atkins [44]. Newton-GMRES solvers with precon-

ditioners were used in combination with DG schemes by Bassi and Rebay [13], and

in combination with SV and SD schemes by Van den Abeele et al. [117, 118]. Line-

implicit solvers developed by Mavriplis [82], were applied to DG by Fidkowski et al.

[32]. A matrix-free Krylov method was applied to DG schemes by Rasetarinera and

Hussaini [99] and to SD schemes by May et al. [83]. Nonlinear Lower Upper Sym-

metric Gauss-Seidel (LU-SGS) solvers (see Jameson and Yoon [57],Chen and Wang

[21]), were used with SD schemes by Sun et al. [112, 113], Van den Abeele et al. [117]

and Premasuthan et al. [98], and with SV schemes by Kannan et al. [62], Parsani et

al. [91] and Haga et al. [38].

The use of geometric multigrid for compressible flow equations was pioneered

by Ni [87](1981) and Jameson [52] (1983), and has been widely used in CFD since

then. The p-multigrid algorithm, in which the coarser solution approximations are

obtained by switching to lower-degree polynomials, was introduced by Ronquist and

Patera [103] in 1987. Further developments were reported by Maday and Munoz [79].

Since then, Bassi and Rebay [12], Helenbrook et al. [44, 45] and Fidkowski et al. [32]

have applied it to the DG method. It was also used with the SV method by Van den
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Abeele et al. [114], Parsani et al. [91] and Kannan et al. [62]. Application of the

p-multigrid to the SD method were reported by May et al. [83], Liang et al. [70] and

Premasuthan et al. [98],

2.3 Shock Capturing with artificial viscosity

The classical approach of using artificial viscosity/dissipation for shock capturing was

pioneered by von Neumann and Richtmeyer [124]. One of the earlier efforts involving

the use of artificial viscosity with compressible flow equations was by Baldwin and

MacCormack [6]. The concept of flexible addition of artificial viscosity/dissipation

has been used very successfully by Jameson et al. [51, 56, 53, 54], thus producing

non-oscillatory and sharp resolution of shocks for structured and unstructured finite

volume calculations. Jameson used a blended diffusion operator in schemes like JST

(Jameson-Schmidt-Turkel) and SLIP(Symmetric Limited Positive), where the artifi-

cial dissipation is third order in smooth regions of the flow and first order when there

is a discontinuity.

Cook and Cabot proposed an artificial viscosity method for high-order centered

differencing schemes, wherein a spectral-like high-wavenumber biased artificial viscos-

ity and diffusivity were dynamically added [27, 26]. This was followed up with work by

Fiorina and Lele [34], on high-order compact difference schemes, wherein artificial dif-

fusivity was added in addition to artificial viscosity. Kawai and Lele [63] extended the

method to non-uniform and curvilinear meshes. This method involves the dynamic

addition of grid-dependent localized transport coefficients such as artificial bulk vis-

cosity, shear viscosity and artificial conductivity where needed. The application of

this form of artificial viscosity has been limited to structured grid computations.

Other forms of artificial viscosity have been applied to high-order unstructured

grid calculations. Persson and Peraire [95] introduced a p-dependent artificial vis-

cosity and demonstrated that higher-order representations and a piecewise-constant

artificial viscosity can be combined to produce sub-cell shock resolution. Barter and

Darmofal [7] proposed shock-capturing using a combination of higher-order PDE-

based artificial viscosity and enthalpy-preserving dissipation operator. Both the above
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methods were proposed for high-order Discontinuous Galerkin (DG) discretizations.

The present author investigated the use of an artificial viscosity based approach with

the Spectral Difference Method [96, 97]. The formulation and implementation of this

approach are discussed in detail in Chapter 6.

2.4 Adaptive mesh and order refinement

Compressible flow calculations on unstructured meshes with adaptive mesh refinement

have become increasingly popular over the last few decades. Early efforts to enhance

solution procedures using adaptive grid refinement include those by Berger and Jame-

son [15], Mavripilis and Jameson [81], Holmes et al. [47, 46], Lohner [76] and Peraire

et al. [93]. With the increased use of high-order methods, order or p-refinement

has been used in conjunction with h-refinement. Previously, refinement criterion was

based on error indicators depending on the solution gradients, curvatures, residuals

or other relevant flow features. The recent past has seen the development of output

based adaptive methods that rely on the solution of an adjoint problem based on the

output of interest [121, 14, 36]. These have been extended to DG formulations by

Hartmann and Houston [43], Fidkowski and Darmofal [31], and Wang and Mavripilis

[125]. Quite recently, Fidkowski and Roe [33] proposed an entropy based approach

for mesh refinement, with the comparative advantage that no adjoint equation need

be solved. Adaptive mesh refinement was used with the Spectral Volume approach

by Harris and Wang [39]. Kopriva [65] demonstrated the implementation of adaptive

mesh and order refinement for the multi-domain spectral method on quadrilateral

meshes. The present author uses a mortar element method similar to the one de-

scribed by Kopriva to enable mesh and order refinement, the details of which are

described in Chapter 7. This quadrilateral mesh refinement has been combined with

artificial viscosity to produce sharp resolution of shocks using the Spectral Difference

method [97].



Chapter 3

Governing Equations

This section presents the partial differential equations that are solved as part of this

work. The flow of a viscous compressible fluid is governed by a set of equations called

the Navier Stokes Equations. The 2D Navier Stokes equations in conservative form

can be written as,
∂Q

∂t
+

∂F

∂x
+

∂G

∂y
= 0 (3.1)

where Q is the vector of conserved variables. F and G are the total flux vectors in

the x and y direction respectively. F and G can be split into inviscid and viscous

parts, F = Fi +Fv and G = Gi +Gv. If the viscous flux components are not included,

equation 3.1 corresponds to the Euler equations, which are used to model inviscid

fluid flows.

The conservative variables and the inviscid components of the fluxes are given by,

Q =


ρ

ρu

ρv

ρE

Fi =


ρu

ρu2 + p

ρuv

u (ρE + p)

Gi =


ρv

ρuv

ρv2 + p

v (ρE + p)


where ρ is the density of the fluid, u and v are the cartesian velocity components of

the flow, p is the pressure, and E is the specific total energy. The specific total energy

E is related to the specific internal energy, by the relation,

E = e +
u2 + v2

2
(3.2)

17
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The specific internal energy e is given by e = CvT where T is the temperature

of the fluid, and Cv is the specific heat at constant volume. For an ideal gas, we

have the ideal gas relation between the density, pressure and temperature, p = ρRT ,

where R is the Specific Gas Constant which is about 287Jkg−1K−1 for air. The above

mentioned equations and relations constitute a closed system of equations, that can

be solved. Another useful relation is the one between pressure and the specific total

energy.

p = (γ − 1)ρ

(
E − u2 + v2

2

)
(3.3)

The viscous flux vectors can be written as

Fv = −


0

τxx

τyx

uτxx + vτyx + κ∂T
∂x



Gv = −


0

τxy

τyy

uτxy + vτyy + κ∂T
∂y

 (3.4)

where the τ ’s are components of the shear stress tensor, and κ is the thermal con-

ductivity of the fluid. The shear stress tensor is related to the velocity gradients as

given below.

τxx = 2µ
∂u

∂x
+ β

(
∂u

∂x
+

∂v

∂y

)
(3.5)

τyy = 2µ
∂v

∂y
+ β

(
∂u

∂x
+

∂v

∂y

)

τyx = µ

(
∂v

∂x
+

∂u

∂y

)

τxy = µ

(
∂u

∂y
+

∂v

∂x

)

where µ is the dynamic (shear) viscosity coefficient, and β is the bulk viscosity coeffi-

cient. The latter is related to the viscous stress caused by a volume change. However,
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under the Stokes’ hypothesis, the bulk viscosity is related to the dynamic viscosity as

β = −(2/3)µ, and the trace of the shear stress tensor vanishes.

Dimensional analysis shows that the compressible viscous flow over a particular

geometry is characterized by three dimensionless parameters. The first dimensionless

parameter is the free stream Mach number, which is the ratio of the free stream

velocity to the speed of sound at free stream conditions.

M∞ =
U∞
c∞

(3.6)

The second dimensionless parameter is the Reynolds number (Re). The Reynolds

number of a flow is given by

Re =
ρ∞U∞Lc

µ
(3.7)

where Lc is the characteristic length for the flow in concern, and µ is the dynamic

viscosity coefficient. The Reynolds number can be interpreted as the ratio of the

inertial forces and viscous forces, and is indicative of viscous effects on flow. If Re is

low, the viscous stresses dominate and as a result the flow will be laminar. If the Re

is high, the inertial stresses dominate, and the flow may be turbulent.

The third dimensionless parameter is the Prandtl number, which is given as

Pr =
µc

κ
(3.8)

It is a measure of the ratio between the momentum diffusivity and the thermal dif-

fusivity. It is more a property of the fluid than a measure of the flow state. The

Prandtl number for air is about 0.72.



Chapter 4

Spectral Difference Method

The present formulation for the Spectral Difference method is based on quadrilateral

meshes in 2D. It is known that simplex cells offer greater flexibility and ease of

mesh generation. However quadrilateral meshes were chosen over triangular meshes

due to two main reasons. Firstly, at the time of solver development, there did not

exist a stable configuration for SD method of orders higher than three on triangular

meshes. However, on quad meshes the SD method was stable upto arbitrary orders

of accuracy. Also, quad meshes provide greater accuracy with lesser number of cells

in the boundary layer regions. The formulation of the equations for the 2D spectral

difference scheme on unstructured quadrilateral meshes is similar to the formulation

of Kopriva [66] on quadrilateral meshes, and Sun et al [111] on hexahedral grids.

4.1 Formulation on quadrilateral meshes

Consider the unsteady compressible 2D Navier Stokes equations in conservative form,

as described in equation 3.1. It is assumed that the computational domain is divided

into non-overlapping quadrilateral elements, that are body-conforming at boundaries.

In order to handle curved boundaries, high order iso-parametric elements are used.

Thus linear elements are used in the interior of the domain, and quadratic or cubic

elements are used adjacent to curved boundaries.

To achieve an efficient implementation, all elements in the physical domain (x, y)

20



4.1. FORMULATION ON QUADRILATERAL MESHES 21

are transformed into a standard square element, 0 < ξ < 1, 0 < η < 1. The

transformation can be written as: x

y

 =
K∑

i=1

Mi (ξ, η)

 xi

yi

 (4.1)

where K is the number of vertices used to define the physical element, (xi, yi) are the

cartesian coordinates of those vertices, and Mi (ξ, η) are the shape functions. The

metrics and the Jacobian of the transformation can be computed for the standard

element. The governing equations in the physical domain are then transformed into

the computational domain, and the transformed equations take the following form:

∂Q̃

∂t
+

∂F̃

∂ξ
+

∂G̃

∂η
= 0 (4.2)

where Q̃ = |J | ·Q and F̃

G̃

 = |J |

 ξx ξy

ηx ηy

 F

G

 (4.3)

In the standard element, two staggered sets of points are defined, namely the

solution points and the flux points, illustrated in figure 4.1. The solution points are

the locations where the nodal values of the conservative variables Q are specified. Flux

points are the locations where the nodal values of fluxes F are computed. The number

of flux points is chosen such that they can support a polynomial reconstruction of

degree one higher than the solution polynomial. This is necessary to ensure that the

flux derivatives (spatial) are polynomials of the same degree as the solution, since the

flux derivatives are used to update the solution. There are two sets of flux points -

family 1 corresponding to the flux points in the i-direction, and family 2 corresponding

to the flux points in the j-direction. The solution unknowns or degrees of freedom in

the SD method are the transformed conservative variables at the solution points.

In order to construct a degree (N − 1) polynomial in each coordinate direction,

solution values at N points are required. The solution points in 1D are chosen to be

the Chebyshev-Gauss points defined by:

Xs =
1

2

[
1− cos

(
2s− 1

2N
· π
)]

, s = 1, 2, · · · , N. (4.4)



22 CHAPTER 4. SPECTRAL DIFFERENCE METHOD

The flux points were selected to be Legendre-Gauss quadrature points plus the

two end points 0 and 1, as suggested by Huynh [49, 50], and theoretically confirmed

by Jameson [55]. Choosing P−1(ξ) = 0 and P0(ξ) = 1, we can determine the higher-

degree Legendre polynomials as

Pn(ξ) =
2n− 1

n
(2ξ − 1)Pn−1(ξ)− n− 1

n
Pn−2(ξ) (4.5)

The locations of these Legendre-Gauss quadrature points are the roots of equa-

tion Pn(ξ) = 0. They were found to be more stable than the Gauss-Lobatto flux

points proposed earlier, and produce more accurate solutions for high-order spectral

difference schemes.

Using the solutions at N solution points in 1D, a degree (N − 1) polynomial can

be built using the following Lagrange basis defined as:

hi (X) =
N∏

s=1,s 6=i

(
X −Xs

Xi −Xs

)
(4.6)

Similiarly, using the fluxes at (N + 1) flux points, a degree N polynomial can be

built for the flux using a similar Lagrange basis defined as:

li+1/2 (X) =
N∏

s=0,s 6=i

(
X −Xs+1/2

Xi+1/2 −Xs+1/2

)
(4.7)

The reconstructed solution for the conserved variables in the standard element is

just the tensor products of the two one-dimensional polynomials,

Q (ξ, η) =
N∑

j=1

N∑
i=1

Q̃i,j

|Ji,j|
hi (ξ) · hj (η) (4.8)

Similarly, the reconstructed flux polynomials take the following form:

F̃ (ξ, η) =
N∑

j=1

N∑
i=0

F̃i+1/2,j · li+1/2 (ξ) · hj (η),

G̃ (ξ, η) =
N∑

j=0

N∑
i=1

G̃i,j+1/2 · hi (ξ) · lj+1/2 (η) (4.9)

Notice that F̃ is reconstructed using the flux values at the family 1 flux points, and

G̃ is reconstructed using the values at the family 2 flux points.
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The solution polynomial is only element-wise continuous, but discontinuous across

cell interfaces. Therefore, for the flux points at the cell interface, there exist left and

right solution states and the flux is not uniquely defined. As a result, we replace the

inviscid fluxes by numerical fluxes, and an approximate Riemann solver is employed

to compute the common numerical flux at the interface flux points. These numerical

fluxes are responsible for coupling the solutions in two adjoining cells and provid-

ing the necessary numerical dissipation to stabilize the numerical method. Using

one-dimensional Riemann solvers to compute these numerical fluxes also ensures con-

servation, because the normal component of the flux vector on each face is identical

for the two cells sharing that face. In the present study, we have used the Rusanov

solver [104] (or Scalar Diffusion [53]) as well as Roe flux [102] as the approximate

Reimann solver to compute the interface inviscid fluxes.

The algorithm to compute the inviscid flux derivatives can be summarized as

follows:

1. Given the conservative variables at the solution points, the conservative vari-

ables are computed at the flux points using equation 4.8.

2. The inviscid fluxes are computed at the interior flux points.

3. The inviscid fluxes at the element interfaces are computed using the approxi-

mate Riemann solver.

4. The derivative of the fluxes are computed at the solution points by differenti-

ating the flux polynomial in each coordinate direction.(
∂F̃

∂ξ

)
i,j

=
N∑

r=0

F̃r+1/2,j · l
′

r+1/2 (ξi),(
∂G̃

∂η

)
i,j

=
N∑

r=0

G̃i,r+1/2 · l
′

r+1/2 (ηj) (4.10)

The viscous flux is a function of both the conserved variables and their gradients.

Therefore, the solution gradients have to be calculated at the flux points. In the

present work, the average approach described in reference [66] is used to compute
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the viscous fluxes. The procedure to compute the viscous fluxes can be described as

follows.

1. At the element interfaces, find the average of left and right values of Qf ;

Qf = 1
2
(QL

f + QR
f ). For interior flux points, Qf = Qf . Appropriate bound-

ary conditions are applied at flux points on boundary edges.

2. Evaluate ∇Q at the solution points from Qf , where ∇Q =

 Qx

Qy

 and Qx =

∂Q
∂ξ

ξx + ∂Q
∂η

ηx, etc. ∂Q
∂ξ

and ∂Q
∂η

can be computed using an equation similar to

4.10.

3. Reconstruct ∇Q to the flux points, apply appropriate boundary conditions for

boundary flux points, and average them on the element interfaces as ∇Qf =
1
2
(∇QL

f +∇QR
f )

4. Use Qf and ∇Qf in order to compute viscous flux vectors at the flux points.

4.2 Testing and Validation of the 2D SD solver

In this section, the results obtained from the testing and validation of the 2D SD flow

solver are presented. Firstly, inviscid cases test cases are considered. The supersonic

vortex test case and the inviscid flow past circle and airfoil are discussed in this

context. This is followed by the validation of the viscous flow cases. The test cases

demonstrated include the planar Couette flow test case, Taylor-Couette flow case,

and viscous flow past a circle.

It should be mentioned that all explicit time-marching calculations for steady

flows have been done using a Jameson type four-stage Runge Kutta scheme (RK4)

[56], which is 2nd order accurate in time. For unsteady problems, we have used a

4th order accurate, strong-stability-preserving five-stage Runge-Kutta scheme [108]

to advance in time.
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Supersonic vortex flow

This test case is used to verify the implementation of the inviscid component of

the 2D solver and assess the order of accuracy of the Spectral Difference method used.

The supersonic vortex flow problem is one of the few non-trivial problems governed

by the steady compressible 2D Euler equations for which a smooth analytical solution

is known. The inviscid, isentropic, supersonic flow of a compressible fluid between

concentric circular arcs presents a flow where the velocity varies inversely with radius.

The expression for density as a function of radius r is given by:

ρ (r) = ρi

{
1 +

γ − 1

2
M2

i

[
1−

(
ri

r

)2
]} 1

γ−1

(4.11)

where Mi and ri are the Mach number and the radius at the inner arc. In the

present calculation, the Mach number, density and pressure at the inner radius ri are

specified to be 2.25, 1 and 1/γ respectively. The inner and outer radii are 1 and 1.384

units respectively. A curved inviscid wall BC is used as wall boundary condition.

The zero-gradient extrapolation boundary is employed for the exit. The numerical

solution to this problem is computed for the 2nd, 3rd and 4th order SD method on

successively refined grids. All the computations are initialized using constant density

and pressure. The L2-norm of density error is evaluated.

The four meshes used in the computation were of sizes 10 × 4, 15 × 6, 30 × 12,

and 60× 24. A sample 15× 6 mesh is shown in figure 4.2(a). Figure 4.2(b) shows the

density contours in the flow field obtained by the 3rd order SD method. The details

of the order calculation and verification are shown in Table 4.1. The table clearly

indicates that the SD method applied to the steady compressible Euler equations

exhibits a full order of convergence on smooth solutions. Figure 4.3(a) provides the

details of the spatial accuracy of the SD method for different orders for this numerical

experiment. Figure 4.3(b) shows the L2-error of the SD method at different orders

plotted against the number of degrees of freedom (DOFs). One can clearly see that a

higher order SD method requires a lesser number of degrees of freedom than a lower

order SD method to achieve the same accuracy.



26 CHAPTER 4. SPECTRAL DIFFERENCE METHOD

Inviscid Subsonic flow past a circle

In this section, the results obtained for 2D steady, subsonic flow around a circle

at Mach number M∞=0.2, are presented. The computations have been performed on

a 32× 32 grid. This test case demonstrates the significance of higher order represen-

tation of boundary elements to obtain high order accurate solutions.

Figure 4.4(a) show the Mach number contours using 4th order SD with linear

representation of boundary. This solution is very inaccurate, as is evident from the

non-physical “boundary layer” which develops along the solid wall, and by the asso-

ciated “wake” in the downstream region of the circle. Moreover the computations do

not converge to a steady solution due to the unsteadiness of the non-physical wake.

Figure 4.4(b) shows the Mach number contours using the 4th order SD method with

cubic boundary representation. It clearly indicates that the use of higher order rep-

resentation for the boundary results in a smoother and more accurate solution.

Inviscid flow past airfoil

The inviscid subsonic flow at M∞ = 0.5 past a NACA0012 airfoil at zero de-

gree angle of attack is studied. The airfoil surface is represented using a high-order

boundary representation - cubic splines in this case. The outer boundary is about 25

chords away from the airfoil mid-chord. Figure 4.5(b) shows the pressure contours

for a 3rd order SD computation on a computational mesh with 1280 cells (shown in

figure 4.5(a))

This test case was chosen to study drag convergence for the 3rd and 4th order

SD computations. The inviscid drag on airfoil at zero degrees angle of attack is zero.

Hence, the computed drag coefficient value was taken as the error in the computations.

Four levels of successively refined meshes were used for the SD calculations. These

meshes were obtained from FLO-82. FLO-82 is a 2D finite-volume inviscid flow solver

developed by Dr. Antony Jameson, which is spatially 2nd order accurate. This also

facilitated the comparison of results obtained using the SD solver with those obtained

from FLO-82 for identical flow conditions using similar meshes. FLO-82 is considered

industry standard for 2D inviscid flow computations [120].

Table 4.2 shows the computed drag for the 3rd and 4th order Spectral Difference
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calculation. As expected, the computed order for drag convergence with mesh refine-

ment for the 3rd order computation is around 3. Similarly, the 4th order computation

exhibits drag convergence of order close to 4. Table 4.3 shows the results obtained

using FLO-82, which indicate that the drag error drops at an order close to 3 for the

most part. A look at the drag convergence vs. degrees of freedom (shown in figure

4.6 (a)) indicates that the 3rd order SD method does not perform better than FLO-82

in terms of accuracy for given number of DOF’s. However, the 4th order SD achieves

higher accuracy for the same number of DOF’s as compared to FLO-82.

However, it must be noted this added accuracy comes at a price, since the com-

putational time required to converge to steady state is generally higher for the higher

order computation. Figure 4.6(b) shows a comparison of the computational times

required for 4th order SD versus FLO-82. It must be mentioned that for both codes,

the L2-norm of density residual was allowed to drop to 10−10. Also, the 4th order

computations used Implicit Symmetric Gauss Siedel scheme (described in the next

section) for time-stepping. It is clear that for moderate levels of accuracy, the higher

order method takes longer to converge to steady state than FLO-82. The trends

however indicate that beyond a certain level of accuracy, it is more beneficial to use

the 4th order SD. This particular case of steady, inviscid flow past a streamlined

body (airfoil) might not be strong candidate for using high-order accurate schemes.

The benefits of high-order accuracy in terms of overall computational effort are more

obvious for unsteady flows with vortical interactions, turbulent fluctuations etc.

Planar Couette flow

The planar Couette flow test case was used to test and validate the viscous com-

ponent of the flow solver, and to confirm the order of accuracy of viscous flow com-

putations. This problem models the viscous flow between two parallel plates located

at y = 0 and y = H. The plate at y = 0 is stationary and kept at a temperature

T0, and the plate at y = H is moving at speed U in the x-direction and is at fixed

temperature T1. Under the assumption of constant viscosity coefficient, this problem

has an exact solution, which can be expressed as
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u (y) =
U

H
y, v = 0,

T (y) = T0 +
y

H
(T1 − T0) +

µU2

2k
· y

H

(
1− y

H

)
, (4.12)

p = const, ρ =
p

R · T

The numerical solution to this problem was computed for the 2nd, 3rd and 4th

order SD methods on successively refined grids. All the computations are initialized

using constant density and pressure. Isothermal wall BC was used for top and bottom

walls, and periodic BC was used for left and right boundary. The L2-error of the den-

sity is evaluated. The four meshes used in the computation were of sizes 2× 1, 4× 2,

8× 4, and 16× 8. Figure 4.7 shows the density contours in the flow field obtained by

3rd order SD method using the 4 × 2 grid. The details of the order calculation and

verification are shown in Table 4.4. The table clearly indicates that the SD method

applied to the steady compressible Navier Stokes equations exhibits a full order of

convergence on smooth solutions.

Taylor-Couette flow

In this example, the numerical order of accuracy is validated against the analytical

solution for the compressible Taylor Couette flow. This test problem was taken from

a recent paper presented by Michalak and Ollivier-Gooch [86]. The Reynolds number

is 10 based on the inner cylinder tangential velocity and its radius (=1 unit). The

temperature and pressure are prescribed on the inner cylinder giving a Mach number

0.5. The outer cylinder is fixed and an adiabatic wall boundary condition is employed.

A grid with 24x2 cells is shown in figure 4.8(a). Two other finer grids are obtained

using successive grid refinements in both directions.

A high order curved wall boundary is used for inner and outer cylinders. Quadratic

boundary representation is used for the 3rd order computation and cubic represen-

tation is used 4th order computation. A steady solution of Mach number contour

obtained by the SD method is shown in figure 4.8(b). We obtain desired numerical

order for the L2-norm of error in angular velocity as shown in Table 4.5. The viscous
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solver demonstrates the required order of accuracy for the 3rd and 4th order computa-

tions. This case also validates the higher order representation of the curved boundary.

Viscous flow past a circle

The present case involves viscous flow past a circle at Re=100 and free-stream

Mach number of 0.2. Figure 4.9 shows the computational grid used. There are 32

cells around the circumference of the circle. The computation for this case is per-

formed using the fifth-order SD method and a cubic curved wall boundary condition

is employed for the circular surface. Dirichlet boundary condition is used for the

inlet and fixed-pressure is used for the outlet boundary condition. Symmetry bound-

ary conditions are applied on the two lateral sides. The initial condition was set to

free-stream condition. A 4th order computation was also made and the difference

between the fluctuating lift coefficient C
′
l and the drag coefficient C

′
d predicted by the

4th-order (total DOFs 21,376) and the fifth-order SD methods (total DOFs 33,400)

were found to be less than 2%. In the following, we only present the results obtained

by the fifth-order SD method.

Table 4.6 reports the comparison between the present computation of compressible

viscous flow at Mach number 0.2 and other numerical and experimental studies for

incompressible viscous flow at the same Reynolds number 100. The Strouhal number

predicted by the SD method on a mesh with degree-of-freedom 33,400 is identical to

the one predicted by Sharman et al.[105] and the experimental value measured by

Williamson [133]. The computed force coefficients also seem to compare reasonably

well with previous results. It must be mentioned that the previous studies involved

incompressible flow calculations. The results show that the SD method accurately

predicts the unsteady physics for low Reynolds number flow past a cylinder.



30 CHAPTER 4. SPECTRAL DIFFERENCE METHOD

 

Figure 4.1: Position of solution (circles) and flux (squares) points on standard square
element for 3rd order SD

(a) (b)

Figure 4.2: (a) 15× 6 mesh for supersonic vortex flow test case; (b) Density contours
using 3rd order SD.
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Figure 4.3: Accuracy summary for the supersonic vortex flow case for SD method
using 2nd, 3rd and 4th order solution approximations (a) L2 error vs cell-size; (b) L2

error vs degrees of freedom.

No. of elements No. of DOFs L2-error Order
2nd order SD

40 160 4.7249E-03 -
90 360 1.9881E-03 2.135

360 1440 4.4721E-04 2.152
1440 5760 1.0196E-04 2.133

3rd order SD
40 360 3.3393E-04 -
90 810 9.8833E-05 3.003

360 3240 1.2242E-05 3.013
1440 12960 1.5230E-06 3.007

4th order SD
40 640 1.9238E-05 -
90 1440 3.7883E-06 4.008

360 5760 2.3651E-07 4.002
1440 23040 1.4743E-08 4.004

Table 4.1: L2 errors and orders of accuracy for inviscid supersonic vortex flow
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(a) (b)

Figure 4.4: Mach contours for inviscid flow past a circle (a) 4th order SD with linear
boundary (b) 4th order SD with cubic boundary

(a) (b)

Figure 4.5: Inviscid flow around NACA0012 (a) Computational grid (80 × 16); (b)
non-dimensional pressure contours for 3rd order SD.
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No. of elements No. of DOFs Cd Order
3rd order SD

80 720 1.901E-03 -
320 2880 1.583E-04 3.59

1280 11520 1.780E-05 3.14
5120 46080 2.492E-06 2.85

4th order SD
80 1280 7.189E-04 -

320 5120 4.482E-05 4.00
1280 20480 3.212E-06 3.79
5120 81920 2.746E-07 3.55

Table 4.2: Drag coefficient and orders of accuracy for inviscid subsonic flow past
airfoil using SD

Mesh size No. of DOFs Cd Order
FLO-82

20x4 1280 5.293E-04 -
40x8 5120 7.259E-05 2.87

80x16 20480 9.396E-06 2.95
160x32 81920 1.357E-06 2.79
320x64 327680 3.274E-07 2.05

Table 4.3: Drag coefficient and orders of accuracy for inviscid subsonic flow past
airfoil using FLO-82
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(a) (b)

Figure 4.6: Comparison of high-order SD with FLO-82 for inviscid flow past airfoil
case (a) Drag coefficient vs. degrees of freedom (b) Drag coefficient vs. computational
time

Figure 4.7: Density contours for Couette flow problem using 3rd order SD (4×2 grid)
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No. of elements No. of DOFs L2-error Order
2nd order SD

2 8 1.4180E-02 -
8 32 3.3520E-03 2.081

32 128 9.1210E-04 1.878
128 512 2.4350E-04 1.905

3rd order SD
2 18 1.4783E-03 -
8 72 1.5199E-04 3.282

32 288 1.6525E-05 3.201
128 1152 1.7991E-06 3.199

4th order SD
2 32 1.9784E-04 -
8 128 1.1827E-05 4.064

32 512 7.9780E-07 3.890
128 2048 4.7330E-08 4.075

Table 4.4: L2 errors and orders of accuracy of viscous Planar Couette flow

(a) (b)

Figure 4.8: Taylor-Couette flow (a) Computational grid (b) Mach contours for 3rd
order SD.
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No. of elements No. of DOFs L2-error Order
3rd order SD

48 432 8.896E-04 -
192 1728 1.002E-04 3.15
768 6912 1.084E-05 3.21

4th order SD
48 768 1.4815E-04 -

192 3072 1.0036E-05 3.88
768 12288 6.5746E-07 3.93

Table 4.5: L2 errors and orders of accuracy for Taylor-Couette flow

(a) (b)

Figure 4.9: Viscous flow around cylinder (a) Computational grid (b) Vorticity con-
tours for 4th order SD.
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Investigator Present Sharman [105] Mene [85] Kang [61] Ding [28]
Re no. 100 100 100 100 100
nodes 1,336 14,441 13,696 62,127 23,033

blockage 0.0312 0.02 0.047 - -

C
′
l 0.232 0.23 - 0.32 0.287

Cd 1.365 1.33 1.37 1.33 1.356

C
′
d 0.0086 0.0064 - - 0.01

St. no. 0.164 0.164 0.165 0.165 0.166

Table 4.6: Comparison of the present results against results from previous work on
flow over a cylinder at Reynolds number 100



Chapter 5

Convergence Acceleration

High-order spatial discretization operators are usually much stiffer than their low-

order counterparts, thus leading to slow convergence rates. The design of efficient

time marching techniques is an issue that requires careful attention with high-order

spatial methods. Classical explicit time marching algorithms, such as explicit Runge-

Kutta schemes, have upper limits for the time step based on stability considerations.

Such classical algorithms can be very inefficient in combination with high-order spatial

schemes for which the maximum time step tends to be very small. In the present

chapter we investigate the use of the p-Multigrid method as well as implicit time-

stepping to accelerate convergence.

All explicit time-marching calculations for steady flows have been done using a

Jameson type four-stage Runge Kutta scheme (RK4) [56], which is 2nd order accurate

in time. For unsteady problems, we have used a 4th order accurate, strong-stability-

preserving five-stage Runge-Kutta scheme [108] to advance in time.

5.1 p-Multigrid method

The p-multigrid method is a natural extension of geometric multigrid methods to

high-order accurate formulations. Classical geometric multigrid method utilizes the

fact that on the fine mesh, the high frequency errors are eliminated quickly but the

low frequency errors take longer to get damped. The solution is then transferred to

38
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coarser meshes so that the low frequency errors (corresponding to fine mesh) become

high frequency errors on the coarse mesh and are eliminated effectively. The corrected

solution is then transferred back to the fine mesh. In contrast to geometric multigrid

that operates on a sequence of successively coarser meshes, the p-multigrid method

operates on a sequence of solution approximations of different polynomial orders.

Even though this method has been referred to as the p-multigrid method, it might

be more appropriate to call it the multi-p or multi-order method.

The key idea of the p-multigrid method is to solve the nonlinear equations using

a lower order polynomial such that “smooth becomes rough” and low frequencies act

like high frequencies. Classical p-multigrid method begins with a two-level process.

First, iterative relaxation is applied using the higher order polynomial, thus basically

reducing high-frequency errors. Then, a ”coarse-grid” correction is applied, in which

the smooth error is determined at the lower polynomial level. This correction is

interpolated to the higher polynomial level and used to correct the existing higher

order solutions. Applying this method recursively to solve at lower polynomial levels

leads to a multi-level p-multigrid algorithm. It should be noted that the p-multigrid

method offers the flexibility of switching between higher and lower polynomial levels

without changing the actual geometrical nodal grid points. Therefore, the need to

generate multiple meshes is eliminated.

The following steps summarize the standard two-level scheme with a V-cycle at p

and p− 1 levels:

Firstly, we are trying to solve Rp(Qp) = rp, where Rp(Qp) corresponds to the

residual of current solution Qp. rp is the right hand side (RHS) and equals 0 at the

highest polynomial level p.

1. Apply smoothing iterations at level p to improve the solution Qp.

2. Compute the defect at level p.

dp = rp −Rp (Qp) (5.1)

3. Restrict the latest solution and the defect to the lower approximation level p−1

Q0
p−1 = Ip−1

p (Qp) (5.2)
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4. Compute the rhs of equation at level p− 1.

rp−1 = Rp−1

(
Q0

p−1

)
+ Ip−1

p dp (5.3)

5. Apply smoothing iterations at level p− 1 to improve Qp−1

6. Compute the correction at level p− 1.

Cp−1 = Q̄p−1 −Q0
p−1 (5.4)

7. Extrapolate the correction from level p− 1 to update the solution at level p.

Q̃p = Qp + Ip
p−1Cp−1 (5.5)

8. Improve Qp by application of iterative smoother

In this study a multi-level V-cycle has been used to drive the iterations. To accom-

plish the communication between different levels, we use restriction and prolongation

operators derived from cardinal basis functions of the solution points for the starting

p-level. Currently the Jameson type Runge-Kutta (RK4) explicit scheme is employed

as a smoother at all levels. The p-multigrid has been applied to only problems with

a steady state solution.

The p-multigrid has been used by other researchers to accelerate convergence for

the DG method [32, 44, 77]. For SD schemes, the p-multigrid has been used for inviscid

flows on triangular grids [70, 84]. The present work studies the performance and

effectiveness of p-multigrid with quadrilateral grids using up to four-level multigrid

cycles. Earlier studies for Euler flow calculations have indicated that the use of

explicit smoothing iterations at all levels adversely affects the performance of the p-

multigrid. This has been attributed to the severely anisotropic (hyperbolic) nature of

the Euler equations and the isotropic (elliptic) nature of p-multigrid iterations [77].

Efforts will be made to address this issue with regards to the viscous flow equations.

The speed-up obtained using p-multigrid with explicit RK smoothers, is compared to

the speed-up obtained using the implicit LU-SGS scheme.



5.2. IMPLICIT BACKWARD EULER SCHEME WITH LU-SGS 41

5.2 Implicit Backward Euler Scheme with LU-SGS

When using explicit time marching schemes, there exist restrictions on the maximum

allowable time-step, which are defined by the CFL condition. Furthermore, the use of

high-order spatial discretizations result in making these restrictions more stringent.

The use of implicit time-marching methods is advantageous as they allow much larger

time-steps. However, implicit time marching schemes generally involve a large non-

linear algebraic system, which needs to be solved every time iteration n. An efficient

algorithm for such systems is thus essential.

The present section discusses the non-linear Lower-Upper Symmetric Gauss Seidel

(LU-SGS) algorithm which was introduced for second order finite volume schemes by

Jameson and Yoon [57]. The implicit LU-SGS scheme has been used with the Spectral

Difference Method for inviscid flows on triangular meshes [70], and also been used for

viscous computations on hexahedral meshes [111]. A similar approach is used here

for implementation with quadrilateral meshes.

At each cell c, the governing equations can be discretized using the backward

Euler difference formula to give

Qn+1
c −Qn

c

∆t
− [Rc(Q

n+1)−Rc(Q
n)] = Rc(Q

n) (5.6)

Let ∆Qc = Qn+1
c − Qn

c be the change in the solution over the implicit time step.

Linearizing the residual, we obtain

Rc(Q
n+1)−Rc(Q

n) ≈ ∂Rc

∂Qc

∆Qc +
∑
nb6=c

∂Rc

∂Qnb

∆Qnb, (5.7)

where nb indicates all the neighboring cells contributing to the residual of c. There-

fore, the fully linearized equations can be written as

(
I

∆t
− ∂Rc

∂Qc

)
∆Qc −

∑
nb6=c

∂Rc

∂Qnb

∆Qnb = Rc(Q
n). (5.8)

However, it costs too much memory to store the LHS implicit Jacobian matrices. We

employ a LU-SGS scheme to solve equation 5.8, thus using the most recent solution

in the neighboring cells,



42 CHAPTER 5. CONVERGENCE ACCELERATION

(
I

∆t
− ∂Rc

∂Qc

)
∆Q(k+1)

c = Rc(Q
n) +

∑
nb6=c

∂Rc

∂Qnb

∆Q∗nb. (5.9)

Note that the superscript “∗” refers to the most recent solution when doing the

forward and backward sweeps of the LU-SGS scheme, and the superscript ”k+1”

denotes the new solution that is obtained after a particular sweep.

The left-hand side matrix given by,

D =

(
I

∆t
− ∂Rc

∂Qc

)
(5.10)

is the element cell matrix. For a 3rd order computation in 2D, the size of this matrix

is (4× 3× 3)2 = 576 elements. The computation of the element matrix involves the

computation of the cell Jacobian matrix ∂Rc

∂Qc
which is not a trivial operation. It must

be pointed out that for the Navier-Stokes equation the residual in a cell depends not

only on its immediate neighbors but also the neighbors’ neighbors and hence the com-

putation of the summation term on the right-hand side of equation 5.9 can be quite

computationally intensive. This can be avoided however, by further linearization to

eliminate the off-diagonal Jacobian matrices ∂Rc

∂Qnb
, thus giving a diagonally dominant

system.

(
I

∆t
− ∂Rc

∂Qc

)
∆2Q(k+1)

c = Rc(Q
∗)− ∆Q∗c

∆t
. (5.11)

where ∆2Q(k+1)
c = ∆Q(k+1)

c −∆Q∗c = Q(k+1)
c −Q∗c .

Equation 5.11 is solved with a direct LU decomposition solver and by sweeping

symmetrically forward and backward through the computational grid. For steady

flow calculations, the term ∆Q∗
c

∆t
in the right-hand side can be neglected, leading to

faster convergence.

The cell Jacobian ∂Rc

∂Qc
is computed using a numerical approach as shown below

∂Rc

∂Qc

=
Rc(Qnb, Qc + ε)−Rc(Qnb, Qc)

ε
(5.12)

A numerical approach for Jacobian computation has been previously used [111,

70]. Even though this approach is easy to implement, the computational effort in-

volved is large since each variable at each solution point has to be changed, and the
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residuals recomputed. Numerical tests have shown that it is not necessary to compute

the Jacobian matrix at every iteration. In practice it needs be computed every 40-100

iterations. This technique has been called matrix-freezing and it does not degrade

convergence to steady state.

5.3 Implicit second order Backward Difference for-

mula

The implicit formulation described in the previous section is first order accurate in

time. Hence it would not be sufficient for time-accurate unsteady flow simulations.

To deal with unsteady flow problems, we use the second order Backward Difference

Formula, which is second order accurate in time.

To discretize the set of equations in time, we start with the second order Backward

Difference Formula with a variable time step.

1 + 2τn

1 + τn

Qn+1
c − (1 + τn) Qn

c +
τ 2
n

1 + τn

Qn−1
c = ∆tnR

n+1
c (5.13)

where τn = ∆tn
∆tn−1

, and n is the index of the time iteration.

Following a process of discretization and linearization similar to that described in

the previous section, we obtain a final equation of the form

(
I

∆tn
− 1 + τn

1 + 2τn

∂Rc

∂Qc

)
∆2Q(k+1)

c =
τ 2
n

∆tn (1 + τn)

(
Qn

c −Qn−1
c

)
+

1 + τn

1 + 2τn

Rc(Q
∗)−∆Q∗c

∆t
.

(5.14)

where ∆2Q(k+1)
c = ∆Q(k+1)

c −∆Q∗c = Q(k+1)
c −Q∗c .

The method of Symmetric Gauss Seidel sweeps has been used to solve this system

of equations. The number of symmetric sweeps per time-step required to maintain

time-accuracy has been investigated and is presented in the next section.
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5.4 Application of p-multigrid and Implicit time-

stepping

Subsonic inviscid flow past bump

This test case involves subsonic flow in a channel with a 10% thick circular bump

on the bottom. The length of the channel is 3 units and its height 1 unit. The

inlet Mach number is 0.5. This test case has been previously used for p-multigrid

computations with DG formulations [77] as well as with SD formulations [70]. The

mesh which contains 3201 grid-points, 3072 elements in total and 32 nodes to resolve

the bump, is depicted in figure 5.1(a). It must be mentioned that for this grid, a

3rd order computation would involve (3072× 9 =) 27648 computational nodes. The

circular surface of the bump is represented as a quadratic boundary. The pressure

contours obtained using the 4th order SD scheme with 4-level p-multigrid scheme

is shown in figure 5.1(b), and is almost identical to those obtained in references

[77, 70]. All p-multigrid calculations for the bump case are done using RK4 scheme

for smoothing at all levels. For the implicit LU-SGS calculation, 11 forward and

backward sweeping iterations are done at each time-step, and the jacobian matrix is

computed every 40 time-steps.

A comparison of the convergence histories using the explicit RK4 scheme shows

that the convergence deteriorates drastically when the SD order is increased from 1

to 2. For 3rd and 4th order SD, the RK scheme failed to converge. These convergence

trends for higher order SD using RK time-stepping for the subsonic bump case have

been documented earlier [77, 112]. The application of the p-multigrid method results

in superior convergence characteristics for second, third and fourth order SD schemes.

However, the Implicit LU-SGS time-stepping is able to obtain fastest convergence.

Figure 5.2(a) shows the convergence acceleration in terms of the CPU time for the

second order SD scheme. A 2-level V-cycle p-multigrid method has been used with

single smoothing iteration at the higher level (p1) and 2 smoothing iterations at the

lower level (p0). (It should be noted that p0 corresponds to 1st order SD, p1 to 2nd

order and so on.) It is evident that speed-up is obtained using the 2-level p-multigrid

cycle. The speed-up using implicit time-stepping is about 5 times compared to the
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2-level p-multigrid cycle.

In the absence of p-multigrid both 3rd and 4th order fail to converge. However,

the use of p-multigrid results in favourable convergence characteristics as seen in

figure 5.2(b). For the 3rd order SD, a 3 level V-cycle is used with 1-1-2-1-0 smoothing

iterations at p2-p1-p0-p1-p2 levels. For the 4th order SD case, a 4-level V-cycle with 1-

1-1-2-1-1-0 smoothing iterations at p3-p2-p1-p0-p1-p2-p3 levels is used. A comparison

of p-multigrid and implicit speed-up for 3rd and 4th order is presented in figure 5.3(a)

and (b).

The effect of changing the V-cycle on the convergence of 3rd order SD was studied.

As expected the p2-p1-p0 3-level multigrid was found to give best results, as seen in

figure 5.3(a). However, the p2-p0 2-level (3,1 (a)) V-cycle produces comparable con-

vergence acceleration. This can be attributed to the fact that for a single level, p0 has

the fastest convergence. The p2-p1 2-level cycle has poor convergence characteristics

due to the slow convergence at p1 level. The speed-up using implicit scheme is about

7 times faster than the fastest p-multigrid cycle for the residual to drop to 1e-8.

In the case of the 4th order SD method, the 4-level V-cycle (4,3,2,1 p-MG) with

1-1-1-2-1-1-0 iterations at p3-p2-p1-p0-p1-p2-p3 is found to be most effective for con-

vergence acceleration, as seen in figure 5.3(b). The 3-level V-cycle with 1-1-2-1-0

iterations at p3-p1-p0-p1-p3 (4,2,1 p-MG) gives the next best convergence. The use

of p3-p2-p0-p2-p3 (4,3,1 p-MG) and the p3-p2-p1-p2-p3 (not shown in figure) 3-level

cycles does not show good convergence characteristics. This could be attributed to

the fact that two of the levels p3 and p2 both have very poor convergence. The

implicit scheme is about 10 times faster than the fastest p-multigrid cycle.

Inviscid flow past airfoil

The details of this test-case have been described earlier in the section 4.2. The

present computation uses the 80× 16 mesh with 1280 cells. Figure 5.4(a) shows the

convergence speed-up using the p-multigrid and implicit schemes for 3rd order SD

computation. The 3-level cycle with 1-1-2-1-0 smoothing iterations at p2-p1-p0-p1-

p2 levels is found to give best convergence. It is about 1.5 times faster than the

2-level p-multigrid cycle with 1-2-0 smoothing iterations at p2-p1-p2 levels. For a



46 CHAPTER 5. CONVERGENCE ACCELERATION

residual drop to 1e-8, a p-multigrid speed up of about 7-8 is obtained as compared to

the explicit RK4. In comparison, an implicit speed up obtained is about 300 times

compared to explicit RK4.

It must be mentioned that the explicit RK4 takes about 240,000 iterations to

converge to a residual of 10−8 at a CFL number of 0.5. The 3-level p-multigrid

with 1-1-2-1-0 smoothing iterations at the p2-p1-p0-p1-p2 levels converges in about

14,500 V-cycles. The implicit scheme takes about 290 iterations to converge to the

same level of residual. Each iteration involved 5 forward-backward sweeps and the

gradient matrix was computed every 40 iterations. The CFL limit at the beginning

of the computation was set to 0.5 and was linearly ramped over the course of the

simulation. There was no upper limit on the CFL.

Figure 5.4(b) shows the convergence speed-up using the p-multigrid and implicit

schemes for 4th order SD computation. The 4-level p-multigrid cycle with 1-1-1-2-1-1-

0 iterations at p3-p2-p1-p0-p1-p2-p3 is found to give a convergence speed up of about

9-10 times compared to the explicit RK4 case. The 2-level and 3-level p-multigrid

cycles were found to give poor speed-up compared to the 4-level cycle in this case.

The convergence using the implicit scheme is about 3 orders of magnitude faster than

that of the explicit RK case. For the 4th order computation, the CFL limit for the

explicit calculation is about 0.2, and for the implicit calculation is about 3000.

Planar Couette flow

The p-multigrid method and implicit scheme were used for convergence accelera-

tion for the planar Couette flow test case. All multigrid calculations were done using

the four stage RK scheme for time marching at all levels. It must be mentioned that

for these computations, the multilevel p-multigrid cycle used has a single smooth-

ing iteration at the higher levels and 2 smoothing iterations at the lowest level (p0).

Also, the computations were done on the 8 × 4 grid corresponding to 128, 288 and

512 computational nodes for the 2nd, 3rd and 4th order SD respectively.

In figure 5.5(a), we see that for a second order computation, the application of

p-multigrid accelerates convergence by about 3 times. The implicit speed-up obtained

is about 13 times compared to explicit RK4. For the third order computation, the
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2-level V-cycle (3,1 p-MG) is found to be more effective for convergence acceleration

than the 3-level V-cycle (3,2,1 p-MG) (see figure 5.5(b)). In this case, the application

of p-multigrid is able to reduce the computation time by a factor of about 5, and

the implicit scheme reduces the computational time by about 40. In the case of the

fourth order computation, the 3-level V-cycle (4,2,1 p-MG) gives the best convergence

characteristics (see figure 5.5(c)). A speed-up of about 8 is obtained for 4th order

SD. The implicit speed-up is about 110 compared to the explicit RK.

Viscous flow past NACA0012 airfoil

The results obtained for viscous fluid flow past NACA0012 airfoil at zero degree

angle of attack are reported here. The free stream Mach number is 0.5 and the flow

Reynolds number is 5000. These flow conditions are identical to one of the test-cases in

Bassi and Rebay [9]. The 120 × 24 C-grid (see figure 5.6) with 78 points on the airfoil

surface is used in these calculations. Figure 5.7(a) shows the Mach contours obtained

for a 3rd order SD calculation. The surface Cp distribution compares well with that

obtained by Bassi and Rebay for a 4th order DG computation (see figure 5.7(b)).

The coefficient of drag CD = 0.531 obtained with the 3rd order SD compares well

with CD = 0.535 obtained with the 3rd order DG calculation. Also, the skin friction

coefficient indicates the separation point at 0.84c, which compares well with the value

predicted by Bassi and Rebay.

Figure 5.8(a) shows the convergence speed-up using the p-multigrid and implicit

schemes for 2nd order SD computation. The 2-level p-multigrid gives a speed-up of

about 3.5 for the viscous flow case. The implicit scheme once again gives a much

higher speed up of about 40 times compared to the explicit RK. For the 3rd order

case, a 3-level p-multigrid V-cycle is used with 1-1-2-1-0 smoothing iterations at the

p2-p1-p0-p1-p2 levels. A speed-up of about 8 is obtained until the residual drops to

about 1e-7. As the residual drops further the p-multigrid performance deteriorates

slightly as shown in figure 5.8(b). In comparison, the implicit scheme still obtains a

very high speed up of more than 2 orders of magnitude.

It must be mentioned that for the viscous 3rd order calculation, explicit RK4 takes

about 106 iterations to converge to a residual of 10−8 at a CFL number of 0.5. The
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3-level p-multigrid with 1-1-2-1-0 smoothing iterations at the p2-p1-p0-p1-p2 levels

converges in about 27,000 V-cycles. The implicit scheme takes about 380 iterations

to converge to the same level of residual. Each iteration involved 5 forward-backward

sweeps and the gradient matrix was computed every 40 iterations. The CFL upper

limit for the implicit calculation was of the order of 105.

In comparison to the inviscid flow past airfoil case, the performance of the p-

multigrid for the viscous flow past airfoil shows relatively unsatisfactory convergence

characteristics. As indicated in earlier studies using p-multigrid for viscous Discon-

tinuous Galerkin [32] and Spectral Volume [62], this issue may be resolved by using

implicit smoothers at the different p-multigrid levels.

Also, when using the implicit LU-SGS time-stepping, the speed-up obtained for

the inviscid airfoil flow case is much higher than that for the viscous case. This could

possibly be due to two reasons. Firstly, the implicit LU-SGS implementation requires

much higher computational effort for viscous flow calculations. For inviscid flow, the

residual within an element (cell) depends only on its immediate neighbors, whereas

for the viscous case, residual computations involve communication with its neighbors’

neighbors. This leads to increased computational effort and time for computation of

the gradient matrix as well as residual based on most updated solution of neighbors.

Another explanation could be that the LU-SGS performance degrades when using

stretched grids.

Unsteady Euler Vortex Advection case

The propagating euler vortex is an inviscid model problem with known analytical

solution (refer to Erlebacher et al. [30] for details of the analytical expressions). The

vortex passively propagates through the domain at a speed and direction defined by

the specified Mach number and propagation angle. The strength of the vortex decays

exponentially for large r, and the profile depends on parameters such as the vortex

strength and the radius of the vortex core.

The domain size is rectangular with size 20×15 units and has periodic BC’s in the

vertical and horizontal directions. The mach number is chosen to be M∞ = 0.5, the

angle of vortex propagation with respect to the x-axis is tan−10.5. The parameters
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for vortex propagation include the vortex strength which was chosen to be 0.5, and

the radius of the vortex core which was chosen to be 1.0. The vortex is initially

positioned at the origin. A fifth order SD simulation was used with implicit BDF2

time-stepping. The mesh (with 3072 cells) used is shown in figure 5.9(a) along with the

initial density contours. The purpose of the present case was to verify the temporal

accuracy of Implicit BDF2 time-stepping for computing unsteady flows. Hence, it

was necessary to use a fine mesh with high solution polynomial order, so that the

temporal discretization errors dominate over the spatial discretization errors.

The exact analytical solutions were available as a function of space and time.

We used them to compute the temporal order of convergence by successively halving

the iteration time-step. For this purpose the L2 norm of the error in density was

computed. Table 5.1 shows that the Implicit BDF2 exhibits second order accuracy

in time.

Unlike with the Backward Euler case, the number of symmetric forward-backward

iteration sweeps and the frequency of gradient matrix computation can have a signif-

icant effect on the temporal accuracy. It was important to find the minimum number

of forward-backward sweeps required before we could safely assume that the results

are time accurate. For this purpose we looked at the deviation in the L2-norm of

density error for different number of sweeps per time-step. The L2-norm obtained

with 20 sweeps was assumed to correspond to exact time accurate solution, and the

deviation was normalized with this exact value. Figure 5.10 shows a plot of the

normalized deviation in the L2 error norm of density. It is observed that beyond 15

sweeps, the relative change in the L2 error norm is very small (of the order of 10−6).

It was also found that with 15 forward-backward sweeps, it was not necessary to com-

pute the element gradient matrix each time-step. Reducing the frequency of gradient

computation to upto once in 20 time-steps did not change the results noticeably.

Also, each implicit BDF2 iteration requires the solution at the nth and (n − 1)th

time-step. Therefore there is a need for special treatment at the first iteration (t=0).

In the present case, we run a few iterations of explicit RK5 to compute the solution

at t = ∆t. The solution at t=0 and t = ∆t can now be used as starting points (Qn

and Qn−1) for the Implicit BDF2 algorithm.
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Unsteady flow past plunging airfoil

The current test case demonstrates the applicability of Implicit BDF2 time-stepping

for unsteady flow problems. It also illustrates the good performance of high order

methods for vortex dominated flows. The test case involves subsonic flow past a

NACA0012 airfoil undergoing sinusoidal plunging motion. Following notations of

Jones et al. [59], we define plunge amplitude as h and plunge circular frequency as

ω = 2πf . Subsequently, Strouhal number is determined as Sr = ωhc
U∞

, where c is the

airfoil chord length and U∞ is free-stream velocity. The airfoil plunge motion profile

is prescribed as Y (t) = h cos(t). In the present case, we use h = 0.12c and ω = 2.46.

The free stream Mach number is taken to be 0.2. A 5th order SD simulation is

performed with Implicit BDF2 for time-stepping. The computational mesh used has

9984 cells with 84 nodes on the airfoil surface.

The results obtained compare very well with the experimental results for Jones

et al [59] conducted in a water tunnel. The SD method is able to reproduce the

primary wake - a dual-mode vortex street moving upwards at an angle to the air-

foil. In addition, it is also able to capture the fine structures that are moving in

a direction opposite to the primary wake. These flow features compare quite well

with experiment (see Figures 5.16 (a) and (b)). Figures 5.11- 5.15 show the transient

vortex interactions before the flow becomes periodic with a frequency equal to that

of the plunging motion. These plots clearly indicate the detail with which the vortex

interactions are captured, and goes to show the benefits of using high order spatial

accuracy for such flows. It should be mentioned that lower order computations on

a finer mesh (with comparable DOF’s), were unable to resolve the fine structures

moving downwards.

It was observed that the direction of the primary wake depended on the direction

of the first stroke. If the first stroke was downwards, the dual-mode vortex street

traveled upwards, and vice versa. This can be explained on the basis of the interaction

between the leading edge vortex and the wake from the trailing edge. During each

downward motion, a vortex separates from the LE and travels over the upper surface

to the trailing edge, thus interacting with the wake there. This interaction between
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the LE vortex over the upper surface, and the TE wake is the main reason behind

the asymmetric flow pattern. Also, the surface over which the LE vortex moves is

decided by the first stroke. If the first stroke is downwards, the LE edge vortex moves

over the upper surface and tends to pull the primary wake upwards.

The lift and drag coefficients predicted by the 5th order SD method are shown in

figure 5.17. The predicted time-averaged lift and drag coefficients are 2.58 and -0.51

respectively. It is clear that the frequency of the lift curve is equivalent to the plunge

oscillating frequency. We compare computed lift and drag coefficients obtained by

our SD viscous code with the ones obtained by the inviscid Panel code employed in

(Jones et al., 1998). Both codes compute the same oscillating plunge motion. The

difference in the lift coefficients predicted by both codes are very small. This can

be attributed to the fact that lift due to pressure dominates the lift due to viscous

stresses. However, viscous stresses play a more significant role in the streamwise

direction. The resultant thrust force predicted by the SD code has a peak magnitude

only 30% as big as the peak magnitude predicted by the Panel code.
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(a)

(b)

Figure 5.1: Inviscid subsonic flow past bump test-case (a) Computational grid (b)
Pressure contours using 4th order SD
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Figure 5.2: Convergence history for subsonic flow over bump testcase (a) Plot of
residual vs CPU time for 2nd order computations; (b) Plot of residual vs. CPU time
for 3rd and 4th order computations
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Figure 5.3: Convergence history for subsonic flow over bump testcase (a) Plot of
residual vs CPU time for 3rd order computations; (b) Plot of residual vs. CPU time
for 4th order computations.
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Figure 5.4: Convergence history for inviscid flow past NACA0012. (a) Plot of residual
vs CPU time for 3rd order computations; (b) Plot of residual vs. CPU time for 4th
order computations.
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Figure 5.5: Convergence history Planar Couette flow case (a) 2nd order SD (b) 3rd
order SD (c) 4th order SD
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Figure 5.6: 120 × 24 C-grid for NACA0012 airfoil

(a) (b)

Figure 5.7: Viscous flow around NACA0012 (a) Mach number contours using 3rd
order SD; (b) Surface Cp distribution.
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(a) (b)

Figure 5.8: Convergence history for viscous flow past NACA0012. (a) Plot of residual
vs CPU time for 2nd order computations; (b) Plot of residual vs. CPU time for 3rd
order computations.

(a) (b)

Figure 5.9: Density contours for euler vortex case. (a) at t=0 s (b) at t=10 s.



5.4. APPLICATION OF P -MULTIGRID AND IMPLICIT TIME-STEPPING 57

dt L2-error Temporal Order
0.4 2.192E-04 -
0.2 5.413E-04 2.02
0.1 1.430E-04 1.92

0.05 3.644E-05 1.97

Table 5.1: L2 errors and orders of temporal accuracy for Implicit BDF2 with Euler-
vortex test-case

Figure 5.10: Plot of deviation in L2-norm of density error vs. number of sweeps per
time-step, for the Euler vortex test case. The deviation has been normalized with the
L2-norm value corresponding to 20 sweeps
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(a) (b)

Figure 5.11: Plunging airfoil test case (a) Mesh near the airfoil (b) Vorticity contours
at t=0, 40 equally spaced contours between -1 and 1.

(a) (b)

Figure 5.12: Vorticity contours for plunging airfoil (a) at t=1.78 s (b) at t=4.29 s

(a) (b)

Figure 5.13: Vorticity contours for plunging airfoil (a) at t=6.82 s (b) at t=9.34 s
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(a) (b)

Figure 5.14: Vorticity contours for plunging airfoil (a) at t=11.87 s (b) at t=14.39 s

(a) (b)

Figure 5.15: Vorticity contours for plunging airfoil (a) at t=19.43 s (b) at t=39.6 s

(a) (b)

Figure 5.16: (a)Experimental results from Jones et al. [59] (b) Vorticity contours
using 5th order SD
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(a) (b)

Figure 5.17: Flow past plunging airfoil. Comparison of lift and drag with results
obtained using panel code by Jones et al. (a) Lift Coefficient (b) Drag Coefficient.



Chapter 6

Shock Capturing using Artificial

Viscosity

The application of spatially high-order schemes to compute flows with discontinuities

such as shocks or contact-discontinuities, results in non-physical spurious oscillations

that may cause the computation to go unstable. One of the major concerns in sim-

ulating such flows is to ensure the removal of these non-physical oscillations while

avoiding damping of relevant flow features, such as resolved scales of turbulence. The

artificial viscosity (AV) approach involves the explicit addition of dissipation in the

region of flow discontinuities, thus smearing the discontinuity over resolution length

scales, such that they can be well represented.

The present work proposes to add artificial grid-based components to the transport

coefficients such as shear viscosity, bulk viscosity and the thermal conductivity. Such

a form of artificial viscosity was introduced by Cook and Cabot for high-order cen-

tered differencing schemes, wherein a spectral-like high-wavenumber biased artificial

viscosity and diffusivity were dynamically added [27, 26]. Further efforts by Fiorina

and Lele [34], and Kawai and Lele [63] extended this high wave-number biased arti-

ficial viscosity (hyper-viscosity) approach to the Compact Difference Schemes. This

approach was found to perform well for problems with shock turbulence interaction

on structured grids [64]. This motivated the investigation of such an approach in

combination with the Spectral Difference method.

61
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As part of the current work, we attempt to extend the high wave-number biased

AV formulation to an unstructured setup. Also, the original formulation scales the

artificial viscosity coefficients as high order derivatives (bi-laplacian) of the sensor

quantities. We investigate scaling the artificial coefficients as the 2nd and 4th deriva-

tives of the sensor, and also directly as the sensor quantities. The proposed approach

is applied to shock problems in 1D and 2D.

6.1 Formulation

The general formulation for artificial viscosity approach used here is similar to the

’Local artificial viscosity and diffusivity’ approach of Kawai and Lele [63], which

extends the original high-wavenumber biased artificial viscosity approach introduced

by Cook and Cabot [27] to anisotropic and curvilinear structured grids. This current

work adds grid-dependent components to the viscosity coefficients.

µ = µf + µ∆

β = βf + β∆

κ = κf + κ∆ (6.1)

where µ is the dynamic (shear) viscosity, β is the bulk viscosity, and κ is the ther-

mal conductivity. The f and ∆ subscripts denote the fluid and artificial transport

coefficients respectively.

These artificial transport coefficients are defined by:

µ∆ = Cµρ |
2∑

l=1

2∑
m=1

∆r+2
l

(
∂ξl

∂xm

)r
∂rS
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∂re
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| (6.2)

where Cµ, Cβ and Cκ are user-specified constants. ξl refers to the computational

coordinates and xm refer to the physical coordinates. ∆l is the physical grid spacing



6.1. FORMULATION 63

along a grid line in the ξl direction. The magnitude of the strain rate tensor (S), the

dilatation (∇.u) , and the internal energy (e) are the sensors corresponding to artificial

shear viscosity, bulk viscosity and conductivity respectively. Experiments using high-

order structured grid calculations suggest that r equals 4 [80]. For sufficiently high

r, the high-wavenumber bias (kr) results in damping of wavenumbers close to the

unresolved wavenumbers.

It must be noted that such a formulation results in the addition of artificial viscos-

ity terms that are O(∆r+2) in smooth regions of the flow and O(∆) in the vicinity of

the shock. This can in fact be compared to the blended diffusion used by Jameson et

al [53], in schemes like JST (Jameson-Schmidt-Turkel) and SLIP (Symmetric Limited

Positive), where the artificial dissipation is third order in smooth regions of the flow

and first order when there is a discontinuity.

Choice of parameter r

The value of parameter r is found to have a significant effect on the shock cap-

turing properties of the present formulation. The value of this parameter is found to

affect the smoothness of the artificial viscosity profile, the computational effort and

the magnitude of AV in the smooth regions of the flow. The present work experiments

with r = 4, 2 and 0. The main features of each choice are described below.

a) r = 4

This corresponds to computing the 4th derivatives of the sensor quantity. It also

meant that the artificial coefficient is O(∆6) in smooth regions of the flow. However,

the formulation with r = 4 presented a number of issues. Firstly, since we are using

3rd and 4th order accurate polynomial reconstructions within the cells, computing

the 4th derivatives resulted in the introduction of numerical errors. This was found

to severely degrade the solution quality in 2D when using non-cartesian meshes, and

when the discontinuity is not aligned with the grid lines. Secondly there was sig-

nificant computational effort involved. This is because we use locally discontinuous

solution representations, and each level of differentiation involves extrapolation, aver-

aging at interfaces and computing the derivative. Due to the aforementioned reasons,
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we only present results for computations with r = 2 and r = 0.

b) r=2

Our earlier experiments with this form of viscosity used r = 2, which essentially

meant adding a O(∆4) term to the viscosity coefficients in the smooth regions of the

flows. It involves computing the 2nd derivatives of the sensor quantities. An advan-

tage of such an artificial viscosity scheme is that it eliminates to an extent, the need

for limiters/switches to turn off the artificial coefficient in smooth regions of the flow,

such as regions of expansion and isentropic compression. However, the use of r = 2

was found to perform poorly when using curvilinear meshes, or fully unstructured

meshes. This can be attributed to the fact that the calculation of the 2nd derivatives

of the sensor quantities introduces errors, which are more severe when the shock is

not aligned with the grid-lines.

c) r = 0

When r = 0 the general formulation for artificial viscosity reduces to

µ∆ = Cµρ | ∆2S |

β∆ = CβρSβ | ∆2 (∇.u) | (6.3)

where ∆ is the grid spacing, and Sβ is a dilation-based switch.

This form of artificial viscosity was found to give much better results for flows with

shocks on curvilinear and fully unstructured meshes. This is clearly demonstrated

in figure 6.3. Figure 6.3(a) shows the computed artificial viscosity (with r=2) when

a shock is located at x=0.0, and the discontinuity is aligned with the grid lines.

However in figure 6.3(b), the discontinuity (located at x=0.5) is not aligned with

the mesh lines. Here, with r = 2, we see non-smooth AV contours and non-physical

transverse variations in AV. However, while using r=0 for the AV computations, we

see that the AV profile is much smoother, and there are no significant transverse

variations, as shown in figure 6.3(c). The superior performance of using r=0 is also

seen when using a fully unstructured grid as shown later in Section 6.2.

However reducing r to 0 comes with certain disadvantages. Firstly the artificial
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viscosity term becomes 2nd order O(∆2) in smooth regions, which is obviously less

accurate than the higher order terms obtained with r ≥ 2. Secondly, the formula for

the artificial conductivity becomes invalid. It is however possible to find an alternate

formulation for problems with contact discontinuities. Thirdly, there is now a need

for a switch (Sβ in the formulation) to turn off artificial viscosity in regions of smooth

flow (which is explained later). The one advantage though is that the computational

cost for calculating the artificial viscosity becomes much lesser.

Filter for unstructured SD setup

The overbar in equation 6.3 denotes a filter to smooth the artificial transport

coefficients. The filter is meant to eliminate cusps introduced by the absolute value

operator, which in turn ensures that artificial viscosities are positive. The filter plays

an important role in artificial viscosity computations as it ensures smooth variation

of artificial transport coefficients within the domain. For calculations using artificial

viscosity on structured grids, a truncated Gaussian filter is used. A 7-point or 9-point

stencil is generally used for this purpose [27]. For calculations in 2D, the Gaussian

filter is applied along each grid-line separately. However, for unstructured grids it is

not reasonable to implement the Gaussian filter in its existing form, as obtaining a

stencil for each solution/flux point can be tedious. The stencil would lie across cells,

and the non-uniform spacing would have to be taken into account, thus making it

cumbersome to implement. This motivated the development of a filter that would be

suited to the current SD setup.

In the current study we use an element-wise restriction-prolongation filter (we will

refer to it as the R-P filter). The concept is similar to the one used by Blackburn et al

[18] for spectral element filtering. It involves the projection of the quantity in concern

to a lower-order basis (restriction), smoothing at this level, and then extrapolation

back to original basis (prolongation). The basic steps in implementation of the R-P

filter can be described in 1-D as follows,

1. Consider a 4th order SD element. The artificial viscosity terms have been

computed at the 4 solution points (Figure 6.1(a)).
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2. The function (represented by a cubic polynomial through the 4 solution points)

is restricted to 2 solution points (corresponding to 2nd order SD) (Figure 6.1(a)).

The polynomial fit through the interpolated function is reduced to linear. The

function is now extrapolated to the 3 flux points corresponding to a second

order solution.

3. The function values are averaged at the interface for all element interfaces (Fig-

ure 6.1(c)). This is equivalent to smoothing of the function at the lowest level.

A quadratic polynomial is fitted through this smoothed function through the 3

flux points.

4. It is then extrapolated to the flux points at the highest level (4th order)(see

Figure 6.1(d)).

Figure 6.2(a) corresponds to the initial condition of the SOD shock tube case

with a density discontinuity at x=0.5. The artificial conductivity is non-zero in the

vicinity of x=0.5. The artificial coefficients were computed using r=2. The figure

shows that prior to filtering the artificial conductivity field is noisy and may have

oscillatory behavior. The filtered coefficient is smoother and results in a better so-

lution. Figure 6.2(b) shows the density jump for the advancing shock front at time

τ = 0.15. It is clear that non-smoothed AV profile is not as effective in eliminating

the non-spurious oscillations. Also, in 1-D, this filter performs comparably to the

Gaussian filter applied on flux points. It must be mentioned that the effect of the

filter is more significant for higher values of r. Since the solution representation in

multiple dimensions is just a tensor product of 1-D polynomials, the extension of this

filter to 2-D and 3-D is straight-forward.

Switch in artificial viscosity formulation

For the AV formulation with r=0, the artificial coefficients are O(∆2) in smooth

regions of the flow. This can seriously contaminate the solution, especially for 3rd and

4th order accurate computations. Hence we need a switch to turn off AV in smooth

regions of the flow. The switch used here is one proposed by Bhagatwala and Lele

[17] to restrict the addition of AV only to regions of strong shocks. The formulation
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of the switch is as shown

Sβ = 0.5 ∗
(

1− tanh(C1 + C2 ∗ ∆

c
∇.u)

)
(6.4)

The constants C1 and C2 were chosen to be 2 and 20 respectively for the present

cases. This switch is based on the value of dilatation and is designed to add AV only

in regions of strong negative dilatation, i.e, corresponding to shocks.

Steps involved in computation of AV coefficients

The artificial viscosity/conductivity is calculated at each flux point. This is com-

putationally extensive, but it ensures smooth variation of artificial transport coeffi-

cients. A smooth representation of artificial viscosity within mesh elements is consid-

ered beneficial as compared to the piecewise-constant artificial viscosity formulations,

as element-to-element variations can lead to oscillations in state gradients and dis-

parate equilibrium shock-jump conditions in neighboring elements [7].

The implementation of the artificial viscosity method to the SD solver can be

summarized in the following steps

1. The sensor is computed at the solution points.

2. For r ≥ 0, the sensor is then extrapolated to the flux points, and differentiated.

This step can be repeated required number of times to obtain ∂rS
∂ξr

l
at the solution

points.

3. Similarly, the partial derivatives of the other sensors can also be computed, if

necessary.

4. The artificial transport coefficients are computed at the solution points using

equations 6.2 or 6.3.

5. The coefficients are then filtered and reconstructed to the flux points as de-

scribed earlier.
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6.2 Results

SOD Shock-tube problem

The first 1-D test case is the shock-tube problem introduced by SOD [107]. The

initial left and right-side conditions are ρl = 1.0, ul = 0.0 and pl = 1.0 for x ≤ 0.5,

and ρr = 0.125, ur = 0.0 and pr = 0.1 for x > 0.5. Simulations are performed

on a uniformly spaced grid in the region 0 ≤ x ≤ 1. Artificial bulk viscosity and

conductivity are used. r = 2 is used for this case. The user-defined coefficient values

used are Cβ = 0.06 and Cκ = 0.01 for the 4th order computation. Cµ is set to zero.

Figure 6.4 (a),(b) and 6.5 (a) shows the comparison between density, velocity and

pressure for the exact solution and 4th order SD computation with 100 cells at non-

dimensional time τ = 0.15. The shock and the contact discontinuity are captured

well without significant spurious oscillations, and show reasonable agreement with

the exact solution. Figure 6.5 (b) shows the variation of density profile with grid-

refinement. It is observed that as the grid is refined, the solution converges closer

to the exact solution. It should also be noted that for all grid spacings, the shock is

spread over one-two cells and the contact discontinuity is spread over two-three cells.

Figure 6.6 (a) shows the artificial bulk viscosity coefficient. It is seen to be maximum

in the vicinity of the shock. Figure 6.6 (b) shows the artificial conductivity. There

are two peaks corresponding to the shock and the contact discontinuity. In the SOD

problem, artificial conductivity plays an important role because the artificial viscosity

sensor does not sense the contact discontinuity.

The results described above were obtained using r = 2 in the artificial transport

coefficient calculations. Computations were also conducted using r = 4, but the re-

sults obtained were very similar to those obtained for r = 2. For r = 4, Cβ = 0.001

and Cκ = 0.0001 were used. For both 1-D cases it was observed that r = 2 and r = 4

gave very similar results.

Shu-Osher problem

The second 1-D test case is the shock-entropy wave interaction introduced by Shu

and Osher [106]. The entropy waves are sensitive to numerical dissipation, excessive



6.2. RESULTS 69

numerical dissipation can damp the entropy waves. Initial left and right side condi-

tions are given by: ρl = 3.857143, ul = 2.629369 and pl = 10.33333 for x < −4, and

ρr = 1 + 0.2 ∗ sin(5x), ur = 0.0 and pr = 1.0 for x ≥ −4. Simulations are performed

on a uniformly spaced grid in the region −5 ≤ x ≤ 5. The coefficients for the 4th

order simulation are the same as for the SOD case.

Figure 6.7(a) shows the comparison between the reference solution and 4th order

SD simulations with 100, 200 and 400 cells. The reference solution is obtained using

5th order WENO on 2000 grid points. The density profile using 400 cells shows ex-

cellent agreement with the reference solution. Figure 6.7(b) shows a close up of the

density plot in the region of the entropy waves. It is found that solution with 200

cells also shows reasonable agreement with reference solution. Figures 6.8(a) and (b)

show the velocity and pressure profiles behind the shock.

Stationary shock in 1D test-case

This 1D test case corresponds to stationary normal shock at Mach number 3.0.

The initial conditions for the flow are prescribed using the Rankine-Hugoniot rela-

tions for a stationary shock. The computational domain has size 1 unit and the shock

is located at x=0.5. For this case, we used r=0 with Cβ = 1.2. Third order compu-

tations were done with 50, 100, 200 and 400 cells. The stationary shock is captured

well without significant oscillations or overshoot (see Figure 6.9(a)). As the mesh is

refined, the shock profile becomes sharper and the result converges to the exact solu-

tion. We also see that the shock profiles have a very small overshoot. Figure 6.9(b)

plots the percentage overshoot (normalized by the shock pressure jump) versus the

grid spacing. It is clear that as the grid spacing decreases, the percentage overshoot

decreases.

Inviscid Supersonic flow past bump

This test-case consists of inviscid supersonic flow in a channel with a 4% thick

circular bump on the bottom. The length of the channel is 3 units and its height 1 unit.

The inlet Mach number is 1.4. This test case has been used by Ripley et al. [101] in

computations using adaptive unstructured mesh refinement. Third and fourth order
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SD computations were conducted on two meshes. The coarse computational mesh

has 1200 elements, and 20 nodes to resolve the bump, as depicted in figure 6.10. The

fine mesh has 4800 cells, and has twice the number of nodes in the x and y directions.

The surface of the bump is represented using quadratic and cubic boundary for third

and fourth order calculations respectively.

The pressure contours obtained using the 3rd order SD scheme with artificial

viscosity on the coarse mesh is shown in figure 6.12(a), and compares well with those

obtained using adaptive unstructured mesh refinement [101]. The pressure contours

obtained for the fine mesh are shown in figure 6.12(b). It is observed that on the finer

mesh, the shock profiles are sharper, and smoother contours are obtained. Figure 6.14

shows the drop in global residual, indicating a stable, convergent solution for both 3rd

and 4th order cases. It must be mentioned that in the absence of artificial viscosity,

the solution develops spurious oscillations and the simulation becomes unstable.

Figure 6.12(c) gives a plot of the artificial viscosity for third order computation on

the coarse mesh. Figure 6.12(d) shows the variation of artificial bulk viscosity on the

fine mesh. We see that artificial viscosity is added only in regions corresponding to

shocks. Figures 6.13(a) and (b) shows the pressure contours obtained using 4th order

SD on the coarse and fine mesh. It is observed that the shock profiles obtained using

4th order are slightly sharper than in the case of the third order computation. As

expected, the 4th order computation on the finer mesh gives sharper shock resolution

and more accurate contours in comparison to the coarse mesh.

The above test-cases were computed using r=0 and Cβ = 0.3 for 3rd order and

Cβ = 0.15 for 4th order computations. Also, the artificial shear viscosity and artificial

conductivity were set to zero. This is because there are no large shear gradients, and

no contact discontinuities, and hence artificial bulk viscosity is sufficient to stabilize

the calculations.

We also compare the results obtained using r = 0 and r = 2 with an unstructured

mesh for the same configuration. The mesh used is shown in figure 6.11. The pressure

contours for the r = 0 case shown in figure 6.15(a) indicate the presence of spuri-

ous oscillations and erroneous behavior downstream of the shocks. Comparatively,

much smoother contours and better shock resolution are obtained with r = 0 (see
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figure 6.15(c)). Also, for the r=0 computation, the AV contours obtained are found

to be much smoother as compared to the r=2 case (see figures 6.15(b) and (d)). This

case clearly demonstrates the superior behavior obtained with r = 0 for non-cartesian

meshes.

Inviscid Supersonic flow past circular cylinder

The next test-case is the M∞ = 3.0 flow past a circular cylinder. The computa-

tional grid with 1200 cells is shown in figure 6.16(a). Supersonic inflow and outflow

BC’s are used. The cylinder wall is treated as inviscid curved wall. In the artificial

viscosity model, r=0 was used with Cβ = 1.0 for 3rd order computation and Cβ = 0.5

for 4th order computation. Pressure and artificial bulk viscosity for the 3rd order sim-

ulation and 4th order simulation are shown in figure 6.16 and figure 6.17 respectively.

It is observed that the shock profile is thinner for the 4th order case as compared

to the 3rd order case. For this test-case, the computation with r=2 was unable to

converge to steady state, with the solution developing oscillatory behavior away from

the center-line where the mesh is not aligned with the shock.

Inviscid Transonic flow past airfoil

This test-case involves the transonic flow past a NACA0012 airfoil. The free-

stream mach number is 0.8 and the airfoil is at an angle of attack of 1.25 degrees.

Free-stream conditions are prescribed at the outer boundaries. On the airfoil surface,

inviscid wall boundary condition is used. The curved airfoil surface is represented

by cubic splines. A weak shock is formed on the upper surface, and an even weaker

shock is formed on the lower surface. The current method is able to capture the

shocks accurately for both 3rd and 4th order computations. Computations are done

on a 80× 16 mesh and on a 160× 32 mesh.

Figures 6.18 and 6.19 show the pressure and AV contours for the 3rd order com-

putations on the coarse and fine mesh. Figures 6.20 and 6.21 show the pressure and

AV contours for the 4th order computations on the coarse and fine mesh. A look

at the AV plot clearly indicates that AV is added only in the region of the shocks.

The switch ensures that AV is zero in regions of smooth flow even when dilatation
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is non-zero, such as in the regions near the leading edge and trailing edge. The Cp

plots obtained are compared with the results from FLO-82 on a 320x64 grid, and are

shown in figure 6.22. The Cp plots obtained shows good comparison with those ob-

tained using FLO-82 with a finer (320x64) grid. It is observed that the shock profile

obtained with FLO-82 is much sharper. This is expected as the SD computations

were done on coarser grids (even though the number of DOF’s are comparable), and

the current AV model tends to smear the shock over one to two cells.

Figure 6.1: Steps involved in implementation of filter for 4th order SD

Figure 6.2: (a)Effect of filtering on the smoothness of artificial viscosity/conductivity
coefficients (at τ = 0) (b)Effect of filtering on density profile for shock (at τ = 0.15)
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(a) (b)

(c)

Figure 6.3: Artificial viscosity contours using (a) r=2 when discontinuity is aligned
with grid lines (b) r=2 when discontinuity is not aligned with grid-lines (c) r=0 when
discontinuity is not aligned with grid-lines
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(a) (b)

Figure 6.4: SOD shock tube case, black line - exact solution, red line - 4th order SD
with 100 cells at τ = 0.15 (a) density vs. x ; (b) velocity vs. x.

(a) (b)

Figure 6.5: SOD shock tube case, (c) pressure vs. x ; (d) effect of grid-refinement on
density (Nx=number of cells).
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(a) (b)

Figure 6.6: SOD shock tube case (a) Artificial bulk viscosity; (b) Artificial conduc-
tivity at τ = 0.15

(a) (b)

Figure 6.7: Shu-Osher Shock turbulence interaction. Density is presented at τ = 1.8.
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(a) (b)

Figure 6.8: Shu-Osher Shock turbulence interaction. Plot of (a)Velocity, (b)Pressure,
at τ = 1.8.

(a) (b)

Figure 6.9: Stationary shock test case. (a) Pressure profiles for shock discontinuity
(b) Variation of percentage overshoot with grid spacing
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Figure 6.10: 60× 20 computational grid for supersonic flow past bump

Figure 6.11: Fully unstructured grid for supersonic flow past bump
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(a)

(b)

(c)

(d)

Figure 6.12: 3rd order SD computation with artificial viscosity. Non dimensional
pressure contours for (a)60× 20 mesh (b)120× 40 mesh. Artificial bulk viscosity for
(c)60× 20 mesh (d)120× 40 mesh.



6.2. RESULTS 79

(a)

(b)

Figure 6.13: 4th order SD computation with artificial viscosity. Non dimensional
pressure contours for (a)60× 20 mesh (b)120× 40 mesh.

Figure 6.14: Convergence plot for supersonic bump flow case using 3rd and 4th order
SD with artificial viscosity
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(a)

(b)

(c)

(d)

Figure 6.15: 3rd order SD computation with artificial viscosity on fully unstructured
mesh (shown in figure 6.11). (a) Non dimensional pressure and (b) Artificial bulk
viscosity contours using r = 2. (c) Non dimensional pressure and (d) Artificial bulk
viscosity contours using r = 0.
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(a) (b) (c)

Figure 6.16: 3rd order computation of M∞ = 3.0 flow past cylinder (a) 40x30 mesh
(b) Non-dimensional pressure contours (c) Artificial bulk viscosity contours

(a) (b) (c)

Figure 6.17: 4th order computation of M∞ = 3.0 flow past cylinder (a) 40x30 mesh
(b) Non-dimensional pressure contours (c) Artificial bulk viscosity contours
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(a) (b)

Figure 6.18: Transonic flow past NACA0012 airfoil with M∞=0.8 and α = 1.25
degrees. 3rd order computation on coarse (80x16) mesh. (a) Pressure contours (b)
Artificial bulk viscosity contours

(a) (b)

Figure 6.19: Transonic flow past NACA0012 airfoil with M∞=0.8 and α = 1.25
degrees. 3rd order computation on fine (160x32) mesh. (a) Pressure contours (b)
Artificial bulk viscosity contours
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(a) (b)

Figure 6.20: Transonic flow past NACA0012 airfoil with M∞=0.8 and α = 1.25
degrees. 4th order computation on coarse (80x16) mesh. (a) Pressure contours (b)
Artificial bulk viscosity contours

(a) (b)

Figure 6.21: Transonic flow past NACA0012 airfoil with M∞=0.8 and α = 1.25
degrees. 4th order computation on fine (160x32) mesh. (a) Pressure contours (b)
Artificial bulk viscosity contours
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(a) (b)

Figure 6.22: Transonic flow past NACA0012 airfoil with M∞=0.8 and α = 1.25
degrees. Comparison of Cp plots obtained using present method with those from
FLO82 on a 320x64 mesh. (a) 3rd order computation (b) 4th order computation



Chapter 7

Local Mesh and Order Refinement

The present formulation suffers from the restriction that the calculation of a unique

flux along a cell interface requires the flux points on either side of the interface to

coincide. In other words, the flux polynomial approximation has to be conforming

on either side of the interface. This has been valid for all the test-cases we have

discussed so far. The limits imposed by the conforming restriction make it impossible

to do local refinement by either subdividing existing cells (mesh refinement), or by

increasing the polynomial order within selected cells (order refinement). To ease the

conforming restriction, and allow for non-conforming configurations, we introduce the

mortar element method [78, 16, 65], in which a one-dimensional polynomial function

space called a mortar is defined along the sub-domain interfaces.

The basic idea of the mortar element method is that the mortar connects the

neighboring sub-domains, and the sub-domains communicate only with the mortar

and not with each other. In practice, a projection of the solution values is made

from the contributing cell faces onto the mortar. It is on the mortar, and not on the

sub-domain faces themselves, that the Riemann problem is solved to give a unique

interface flux. The computed flux is then projected back onto the sub-domain faces.

The projections from the sub-domain faces onto the mortar and back have to be care-

fully chosen, as two necessary conditions have to be satisfied. The first requirement

is that the approximation retains global conservation. The second requirement is the

outflow condition, which enforces the condition that the solution along the upwind
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face be unchanged after projecting onto the mortar and back onto the face. Both

conservation and outflow condition can be satisfied by a least squares matching of

the face and mortar solution. The details of the least squares projection used are

described in the following sections.

7.1 Mortar element method for order refinement

Local order refinement (p-refinement) results in non-conforming polynomial approxi-

mations on either side of the interface. Consider a sub-domain interface with left cell

of order NL and right cell of order NR (see figure 7.1(a)). It is clear that the flux

points on either side of the interface do not coincide with one another. To compute

the interface fluxes, we use a method similar to that described by Kopriva [65]. We

can define the solution approximations along the left and right sub-domain faces as

UL(ξ) =
NL∑
j=1

UL
j hL

j (ξ) ∈ PNL−1

UR(ξ) =
NR∑
j=1

UR
j hR

j (ξ) ∈ PNR−1 (7.1)

where ξ ∈ [0, 1] is the local coordinate along the mortar element.

To be able to satisfy the outflow condition, the polynomial order of the mortar

space must be sufficiently large to represent both PNL−1 and PNR−1. We choose the

mortar polynomial order J=max(NL, NR). Now, the left and right solution approxi-

mations on the mortar can be represented by polynomials φL and φR that are defined

as

φ(L,R)(ξ) =
J∑

j=1

φ
(L,R)
j hΞ

j (ξ) ∈ PJ−1 (7.2)

The computation of fluxes on the sub-domain faces using mortar elements involves

three main steps -

1. Project the solution from sub-domain to mortar

2. Compute the fluxes on the mortar
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3. Project the flux from mortar back to sub-domain

1. Sub-domain −→ Mortar Projection

We have chosen the mortar order to be the larger of the polynomial orders of

the two contributing sub-domains. For the sake on convenience, let us assume that

J = NR which means that projection from right face to mortar is identity (PR→Ξ = I,

and φR = UR). For the least squares projection of the lower order space onto the

mortar, we require that∫ 1

0
(φL(ξ)− UL(ξ))hΞ

m(ξ)dξ = 0, m = 1, 2, · · · , J (7.3)

Then the vector of the solution values along the mortar can be computed by

ΦL = PL→ΞUL = M−1SUL (7.4)

where,

Smj =
∫ 1

0
hΞ

m(ξ)hL
j (ξ)dξ, m = 1, · · · , J, j = 1, · · · , NL

Mmj =
∫ 1

0
hΞ

m(ξ)hΞ
j (ξ)dξ, m, j = 1, · · · , J (7.5)

2. Flux calculation on the mortar elements

The fluxes on the mortar are computed as earlier because the solution polynomials

on either side of the mortar are conforming. An approximate Reimann solver is used

to compute the fluxes on the mortar. For viscous flow computations, the solution

values are averaged on the mortar. We will denote the fluxes on the mortar by the

variable Ψ.

3. Mortar −→ Sub-domain projection

The computed mortar fluxes have to be projected back onto the sub-domain faces.

Once again, for the right face, the projection matrix is identity and FR = ΨR. To

get the flux on the left face, the least squares projection requires that

∫ 1

0
(FL(ξ)−ΨL(ξ))hL

m(ξ)dξ = 0, m = 1, 2, · · · , NL (7.6)
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The vector of the flux values on the left sub-domain face can be computed by

FL = PΞ→ LΨL = M−1SUL (7.7)

where,

Smj =
∫ 1

0
hL

m(ξ)hΞ
j (ξ)dξ, m = 1, · · · , NL, j = 1, · · · , J (7.8)

Mmj =
∫ 1

0
hL

m(ξ)hL
j (ξ)dξ, m, j = 1, · · · , NL (7.9)

7.2 Mortar element method for mesh refinement

Local mesh refinement (h-refinement) for quadrilateral meshes results in hanging

nodes on cell faces (figure 7.1(b)). As a result, the flux points on the interface do

not coincide with each other and the approximate Reimann solver cannot be applied

directly. The treatment of such sub-domain refinement using mortar elements had

been illustrated by Kopriva [65]. The current work uses a similar mortar method to

deal with the non-conforming meshes obtained from local mesh refinement.

When a sub-domain is refined as shown in figure 7.1(b), two mortars are introduced

corresponding to each of the short faces. This ensures that the outflow condition is

satisfied. The outflow condition requires that the projection of face values from sub-

domains Ω2 and Ω3 onto a mortar, and the subsequent projection back onto the faces

returns the original polynomial functions.

We can define the solution approximations along the faces as

U1(ξ) =
N1∑
j=1

U1
j h1

j(ξ) ∈ PN1−1

U2(ξ) =
N2∑
j=1

U2
j h2

j(ξ) ∈ PN2−1 (7.10)

U3(ξ) =
N3∑
j=1

U3
j h3

j(ξ) ∈ PN3−1

where ξ ∈ [0, 1] is the local sub-domain coordinate. We also define four mortar
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functions

φ1,(L,R)(z) =
J1∑
j=1

φ
1,(L,R)
j hΞ1

j (z) ∈ PJ1−1

φ2,(L,R)(z) =
J2∑
j=1

φ
2,(L,R)
j hΞ2

j (z) ∈ PJ2−1 (7.11)

which are functions of the local mortar coordinate z ∈ [0, 1]. The superscripts L and

R correspond to values on left and right of the mortar. We also define variables ok

and sk to be the offset and the scale of the mortar with respect to the sub-domain

Ωk that contributes to it. Thus for z ∈ [0, 1], ξk = ok + skz.

The orders of the mortar polynomials must be chosen sufficiently high so that the

outflow condition is satisfied. This means the mortar must be at least as large as the

largest sub-domain order of all contributing sub-domains. Thus, J1=max(N1, N2)

and J2=max(N1, N3). It must be mentioned that for the present cases with mesh-

refinement, the polynomial order in all the sub-domains are taken to be the same.

Like for the order refinement case, the computation of fluxes on the sub-domain

faces using mortar elements involves three main steps.

1. Sub-domain −→ Mortar Projections

To compute the sub-domain to mortar projection matrices, we use an un-weighted

L2 projection. Thus, we seek polynomials on the two mortars that best approximate

the polynomial along the contributing face. For each mortar Ξ and each subdomain

contributor Ω we require,∫ 1

0
(φ(z)− U(ξ))hΞ

m(z)dz = 0, m = 1, 2, · · · , J (7.12)

Then the vector of the solution values along the mortar can be computed by

Φ = PΩ→ΞU = M−1SU (7.13)

where,

Smj =
∫ 1

0
hΞ

m(z)hΩ
j (ok + skz)dz, m = 1, · · · , J, j = 1, · · · , N (7.14)

Mmj =
∫ 1

0
hΞ

m(z)hΞ
j (z)dz, m, j = 1, · · · , J (7.15)
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2. Flux calculation on the mortar elements

The fluxes on the mortar are computed as earlier because the flux points on either

side of the mortar coincide with each other. An approximate Reimann solver is used

to compute the fluxes on the mortar. For viscous flow computations, the solution

values are averaged on the mortar. We will denote the fluxes on the mortar by the

variable Ψ.

3. Mortar −→ Sub-domain projection

The computed fluxes on the mortar elements have to be projected back to the sub-

domain faces. The current study involves computations where the polynomial order

is same in all the cells. This means that the polynomial order on the mortar matches

those on the short faces. Thus it is clear that the projection matrix for projection

from mortar to the short faces is just the identity matrix, i.e, the computed fluxes

are just copied from the mortar to the short faces. However, the projection from

the mortars to the long face is a little more complicated. The piecewise polynomial

that represents the fluxes along the mortars, possibly discontinuous, must be used

to compute the continuous polynomial along the face. As before, we seek the best

polynomial on the face that approximates the mortar solutions in the least squares

sense. To obtain this least squares projection, we seek flux that satisfies.

NΞ∑
k=1

∫ ok+sk

ok
(F 1(ξ)−ΨΞk

(ξ))h1
m(ξ)dξ = 0 (7.16)

The vector of values on the long sub-domain face can be computed by the projec-

tion

F 1 =
NΞ∑
k=1

P kΨΞk

, P k = M−1Sk (7.17)

where the matrices M and Sk are defined as

Mmj =
∫ 1

0
h1

m(ξ)h1
j(ξ)dξ, m, j = 1, · · · , N1

Sk
mj = sk

∫ 1

0
h1

m(ok + skz)hΞk

j (z)dz, m = 1, · · · , N1, j = 1, · · · , Jk(7.18)
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7.3 Results - Local Order refinement

The following test-cases intend to demonstrate that we can obtain a certain level of

accuracy with lesser number of degrees of freedom using local/adaptive order refine-

ment.

Inviscid flow past circle

The present test case involves steady subsonic inviscid flow past circle at M∞ =

0.2. The 32 × 32 mesh used is shown in figure 7.2(a). The entropy error is taken

as the indicator for solution accuracy. The entropy error at each solution point is

defined as

εsp =

(
p

p∞

)(
ρ∞
ρ

)γ

− 1 (7.19)

Firstly, a 4th order simulation was run, and the entropy error was computed at

each solution point. The average entropy error (ε) within a cell was just taken as

the average of the entropy errors (εsp) at the solution points within the cell. The

maximum average entropy error (εmax) was taken to be the largest value of average

entropy error over the cells. For the 4th order computation, this quantity was labeled

εN=4
max , and was a measure of the accuracy of the computation.

The aim was to now obtain the same level of accuracy using different orders in

different cells of the domain so as to reduce the required DOFs. A simple iterative

algorithm was used to reduce the entropy errors until εmax was lesser than εN=4
max . The

steps are listed below.

Step 1. The computation is started with N=2 within all cells of the domain.

Step 2. Smoothing iterations are run until residual drops by 3 orders of magnitude.

Step 3. The average entropy error (ε) is computed for each cell.

Step 4. The maximum average entropy error εNvarying
max is obtained for the domain.

Step 5. If εNvarying
max ≤ εN=4

max , the residual is dropped to 10−10 and the simulation is

terminated. Otherwise go to step 6.

Step 6. If for a cell, ε > 0.9εN=4
max , the order within the cell is increased by 1.

Step 7. If for a cell, ε < 0.1εN=4
max , the order within the cell is decreased by 1.

Step 8. Go to step 2.
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Starting with N=2 within all cells in the domain, figure 7.2(b), (c) and (d) shows

the variation of N after one, two and three levels of order refinement/coarsening.

After the third level of order refinement/coarsening, the accuracy criterion (in step 5)

was satisfied, and simulation is run till the residual drops to 10−10. Figure 7.3(a)

compares the residual drop for the N=4 computation and the computation with

varying order. The computation with adaptive order refinement is about twice as

fast as the computation with constant N, to obtain the same level of accuracy. Also

the number of DOFs required to obtain a given accuracy level is much lesser with

adaptive order variation (7512 DOFs vs. 16384 DOFs for 4th order simulation). The

Mach contours obtained are shown in Figure 7.3(b).

This simple test-case demonstrates the advantage of adaptive order refinement in

the context of steady flow problems. It also clearly indicates that to obtain a specified

accuracy level, it is not necessary to use high order in all regions of the domain. Thus,

we can significantly save in computational effort and time by using adaptive order

refinement.

Viscous flow past circle

This test case involves flow at M∞ = 0.2 and Re = 100 past a circle (identical to

test-case in Section 4.2). In the present computation, different polynomial orders are

used in different regions of the computational domain (as shown in figure 7.4)(a)).

Fourth order cells are used in the region close to the cylinder and 2nd order cells are

used near the free stream boundaries away from the cylinder.

The force coefficients obtained are compared to a simulation with fourth order

cells in the entire domain. It is the clear that the force coefficient plot obtained is

almost identical for both cases (see figure 7.4)(c)). Also the number of degrees of

freedom when using varying order is significantly reduced (14596 DOFs vs. 21376

DOFs for fourth order in entire domain). This also reduces the computational time

per iteration by about 40%. Thus, for cases where we are interested in the lift-drag

characteristics of a body, we can obtain desired accuracy at reduced computational

cost by varying the polynomial order.
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7.4 Results - Local Mesh Refinement

The mortar element method described above has been used to enable adaptive mesh-

refinement for computations with shocks. The criterion for mesh refinement used here

is non-zero artificial viscosity. This is a simple and sufficient criterion since we are

looking to refine the mesh only in the region of shocks.

Supersonic flow past cylinder

In this test-case, adaptive mesh refinement is applied to the M∞ = 3.0 flow past

cylinder. The details of this case have been discussed in Section 6.2. The present

computation uses 3rd order SD. Two levels of mesh-refinement are used. Figure 7.5

shows the mesh after successive levels of mesh refinement. The pressure contours

and AV contours obtained after local mesh-refinement are shown in figure 7.6 and

figure 7.7 respectively. It is observed that as the mesh is refined, the computed shock

profiles become thinner, the amount of artificial viscosity added is lesser, and the

pressure contours become more accurate. Figure 7.8 shows the center-line pressure

variation and compares the present results with those obtained by Kawai and Lele

[63] using 6th order Compact Difference with artificial viscosity (on an 80×60 mesh).

The pressure profiles using 3rd order SD on a 40× 30 mesh compare well with those

obtained by Kawai and Lele. A much sharper shock jump profile is obtained after

two levels of mesh refinement. The computed shock location agrees very well with

the predicted value of x=-1.7.

Supersonic flow past bump

Adaptive mesh refinement is also applied to the supersonic bump case described

earlier in Section 6.2. A 4th order SD calculation is used. Once again the criterion

for mesh refinement is non-zero AV. Figures 7.9 (a) and (b) show the computational

mesh after one and two levels of refinement respectively. Figures 7.10(a)-(c) show the

pressure contours obtained for successive levels of mesh refinement. Figures 7.11(a)-

(c) show the artificial viscosity contours obtained for the corresponding cases.
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(a) (b)

Figure 7.1: (a) Mortar element for local order refinement (b) Hanging node generated
from local mesh refinement and corresponding mortar elements for each child face on
interface

(a) (b)

(c) (d)

Figure 7.2: Variation of polynomial order for inviscid flow past a circle test case (a)
32×32 mesh (b) After 1st refinement step (c) After 2nd refinement step (d) After 3rd
(last) refinement step. Red ⇔ 4th order cells, Green ⇔ 3rd order cells, Blue ⇔ 2nd

order cells
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(a) (b)

Figure 7.3: (a) Comparison of convergence with and without local order refinement
(b) Mach contours obtained with order refinement

(a) (b)

(c)

Figure 7.4: Re=100 flow past circle (a)Variation of polynomial order (N) within the
domain Red ⇔ 4th order cells, Green ⇔ 3rd order cells, Blue ⇔ 2nd order cells, (b)
Vorticity contours obtained (c) Lift and Drag coefficients
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(a) (b) (c)

Figure 7.5: Successive levels of mesh refinement for M∞ = 3.0 flow past cylinder
test-case (a) 40x30 initial mesh (b) One level mesh refinement (c) Two levels of mesh
refinement

(a) (b) (c)

Figure 7.6: Pressure contours for 3rd order computation of M∞ = 3.0 flow past
cylinder (a) 40x30 initial mesh (b) One level mesh refinement (c) Two levels of mesh
refinement
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(a) (b) (c)

Figure 7.7: Artificial bulk viscosity contours for 3rd order computation of M∞ = 3.0
flow past cylinder (a) 40x30 initial mesh (b) One level mesh refinement (c) Two levels
of mesh refinement

Figure 7.8: Comparison of centerline pressure obtained using 3rd order SD with that
obtained using 6th order Compact Difference and artificial viscosity on similar mesh
[63]
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(a)

(b)

Figure 7.9: Computational grid for supersonic flow past bump after (a) one level of
mesh refinement (b) two levels of mesh refinement
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(a)

(b)

(c)

Figure 7.10: Non-dimensional pressure contours for 4th order computation (a) on
initial 60×20 mesh (b) after 1 level mesh refinement (c) after 2 levels mesh refinement
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(a)

(b)

(c)

Figure 7.11: Artificial viscosity contours for 4th order computation (a) on initial
60× 20 mesh (b) after 1 level mesh refinement (c) after 2 levels mesh refinement



Chapter 8

Conclusions and Future work

8.1 Summary and Conclusions

Spectral Difference Method

The present thesis work makes an effort towards the realization of a high-order

accurate flow solver for unstructured mesh computations, that is also efficient and

robust. As part of this work, a 2D flow solver was developed for viscous compressible

flows using unstructured quadrilateral meshes. The high order spatial discretization

algorithm used was the Spectral Difference method. The solver was tested and val-

idated against a variety of steady and unsteady, inviscid and viscous flow problems

with existing experimental or numerical data. Test cases with analytical solutions

were used to demonstrate the order of accuracy of the spectral difference method. All

the numerical computations have been conducted on 2D test cases, but the present

numerical scheme, as well as the relevant computational tools that have been devel-

oped and implemented as part of this work, can be easily extended to 3D. The solver

has been successfully applied to the study of problems with vortex dominated flows by

Liang et al. [72, 71], and extended to the study of flows with moving and deforming

meshes by Kui et al. [90]

The Spectral Difference scheme for quadrilateral (and hexahedral) cells is very

promising, since they are relatively cheap and easy to implement for general solution

as well as geometrical polynomial orders. They are capable of achieving a very good

101
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accuracy on relatively coarse meshes and are more suitable than triangular meshes for

boundary layer flows. The absence of a firm mathematical basis and theoretical proof

of stability for the SD scheme (until recently), has led to some speculation about the

stability of the SD method. However, the present work shows that the SD method

on quads is stable for a wide range of problems for both inviscid and viscous flows.

Different approaches for the discretization of the viscous terms have been used in the

context of DG method [9, 11]. However, in the present work, the relatively simpler

average approach [66] is used with satisfactory results.

Convergence acceleration

The issue of the slow convergence of high-order schemes with explicit time-stepping

schemes has been addressed. In order to obtain convergence acceleration, both the

p-multigrid method and implicit time-stepping has been implemented. The speed

up obtained has been analyzed for steady and unsteady, viscous and inviscid flow

problems. Earlier efforts using p-multigrid with Spectral Difference were restricted to

up to 3rd order accurate computations on triangular meshes. The present work applies

the p-multigrid method for up to 4th order accurate computations. The p-multigrid

method and Backward Euler Implicit LU-SGS were used to accelerate convergence for

problems with steady state solution. To handle unsteady flow problems, an Implicit

BDF2 LU-SGS algorithm was used, which is second order accurate in time. The

time-accurate results obtained compare well with those obtained using explicit RK

schemes.

The p-multigrid method was found to give reasonable speed-up over explicit time-

stepping. It was relatively simple to implement and can be easily extended to 3D

formulations. However the p-multigrid method suffered from certain drawbacks. The

convergence of the p-multigrid algorithm with explicit smoothers was dependent on

optimizing the time-step sizes at each level. Also, it was not a trivial exercise to

determine these parameters for optimal convergence, as they were generally depen-

dent on the problem as well as the solution polynomial order. Also the p-multigrid

algorithm was applicable only to problems with steady state solutions.

The speed-up obtained using implicit time-stepping was significantly higher as
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compared to p-multigrid for all the test-cases considered. Obtaining speed-up using

implicit schemes was made much easier (compared to p-multigrid method) because

one set of parameters seemed to work quite effectively for a variety of problems. Using

the LU-SGS algorithm ensured that the memory requirements were relatively small.

Furthermore, implementation of the Implicit BDF2 scheme allowed us to reduce com-

putational times for unsteady flow problems. However, achieving an efficient imple-

mentation of the Implicit LU-SGS algorithm was far from trivial. Particular care and

effort was required to efficiently implement the steps involving computation of the el-

ement gradient matrix and updating solutions during forward-backward Gauss-Seidel

sweeps. Overall, implicit time-stepping proved to be more effective and promising

than the p-multigrid method for accelerating convergence of high-order formulations.

Shock capturing using artificial viscosity

The present work combines artificial viscosity with the Spectral difference formu-

lation to enable computation of flows with shocks. The shock-capturing properties of

the proposed formulation are demonstrated with test cases in 1D and 2D. Promising

results have been obtained for these cases, with the method being able to produce

a stable solution with sharp resolution of shocks, and no significant spurious oscilla-

tions. An element-based restriction-prolongation filter has been developed to ensure

smooth variation of artificial viscosity.

Initial efforts were made to extend the high wave-number biased artificial viscos-

ity approach to an unstructured grid setup. But results show that computation of

the higher order derivatives of the sensor quantities results in the introduction of

numerical errors which affects the shock capturing properties adversely. Alternately,

the proposed form of AV scales the bulk viscosity coefficient directly as the dilata-

tion sensor. In combination with a smoothing filter, and a switch to turn off AV

in smooth regions of the flow, this method is capable of producing stable, sharply

resolved shocks without any significant spurious oscillations. The AV coefficient is

O(∆) in the region of the discontinuity and the shock is found to be captured over

one to two cells. Earlier efforts by other researchers on shock capturing using the

SD schemes with limiters, suffered from issues such as the inability to converge to
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machine zero, due to limit cycle oscillations. However with the present AV scheme,

all the test cases presented converged to machine zero.

Local mesh and order refinement

Adaptive mesh and order refinement have great potential in reducing the com-

putational effort required to reach a specified level of accuracy, particularly in the

context of high-order formulations. A mortar element method has been implemented

to deal with non-conforming solution approximations at cell interface, that arise from

order and/or mesh refinement in quadrilaterals. The benefits of varying the polyno-

mial order have been demonstrated for steady and unsteady flow problems. Local

h-refinement has been used in combination with artificial viscosity to enhance the

shock capturing capabilities of the present solver. The capability to handle hanging

nodes generated from mesh refinement in quadrilaterals also adds great flexibility to

the scheme, with regards to mesh generation and accuracy improvement.

The present work demonstrates using simple test cases that the use of varying

polynomial order within different regions of the domain can help attain a certain

level of accuracy using lesser degrees of freedom. It would be safe to conclude that

p-refinement can significantly reduce computational effort and time for high order

flow computations on complex geometries, especially in 3D. The present work also

shows that adaptive h-refinement is an efficient and effective way to improve accuracy

for the computation of flows with shocks.

8.2 Future Work

SD on simplex meshes

Earlier efforts by other researchers with the Spectral Difference Method on tri-

angular meshes have shown stability issues for 4th and higher order accurate formu-

lations. This is an important issue that remains to be resolved for the usability of

the SD method for real-life problems on complex geometries. However recent ongoing

work has investigated the use of Raviart-Thomas polynomials as basis functions for

triangles, with promising results. Achieving stable discretizations for the Spectral
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Difference formulation on triangular and tetrahedral meshes can add great flexibility

to solution of complex flow problems, particularly with regards to mesh generation,

as well as the ability to use hybrid meshes.

Extension to 3D flow problems

The advantage of using high order methods over lower order solvers becomes ev-

ident for flow problems requiring high accuracy, such as turbulent flow, flows with

complex vortical interactions, turbulent combustion and aero-acoustics. Such flow

problems are essentially three-dimensional in nature. It is therefore necessary to de-

velop an efficient and robust 3D flow solver that can be applied to complex flow

geometries. The present SD formulation has been extended to hexahedral meshes

with promising results. The supporting framework developed as part of the present

thesis - including convergence acceleration techniques, shock capturing, and adaptive

hp-refinement can be easily extended to 3D, and will be a focus of future efforts.

Further application testing of shock capturing approach

In this work, the proposed artificial viscosity model has demonstrated good shock

capturing properties for 3rd and 4th order SD computations. However, the test cases

contained in this thesis were limited to a few applications. Also, the test cases consid-

ered were inviscid flow problems with shocks. Within the context of the compressible

Navier-Stokes equations, the present AV approach should be explored for unsteady

flow problems, turbulent flows, and a greater selection of more complex transonic,

supersonic and hypersonic flow cases.

Dynamic mesh and order adaptation

The solver can be extended to dynamically increase/decrease order as well as re-

fine/coarsen mesh during the course of the simulation. For this purpose it is necessary

to modify the solver to enable the creation/deletion of cells, faces and nodes dynam-

ically. Furthermore, adding an hp-adaptive capability should allow for better degree

of freedom management and optimization in the adaptation process. In smooth flow

regions, refinement could be done with p and near discontinuities refinement could
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be done with h. Different strategies for adaptation such as gradient based, error

based and output based adaptation should be investigated to determine an optimal

approach for adaptive hp-refinement.
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