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High-order numerical methods for unstructured grids combine the superior accuracy of high-order spectral or

finite difference methods with the geometric flexibility of low-order finite volume or finite element schemes. Over the

past few years, they have shown promise in enabling implicit large-eddy simulations within the vicinity of complex

geometrical configurations. However, the cost of such simulations remains prohibitive. In this paper, the impact of

number representation on the efficiency and efficacy of thesemethods is considered. Theoretical performancemodels

are derived and assessed. Specifically, four test cases are considered: 1) the viscous Taylor–Green vortex, 2) flow over

a circular cylinder, 3) flow through a T106c low-pressure turbine cascade, and 4) flow around a NACA 0021 in

deep stall. It is found that the use of single (in lieu of double) precision arithmetic does not have a significant impact on

accuracy. The performance of the resulting simulations was found to improve between 1.4 and 2.9 times.

Nomenclature

Cα = common solution at an interface
detA = matrix determinant
dimA = matrix dimensions
e = element type
Fα = common normal flux at an interface
i; j; k = summation indices
leρ = nodal basis polynomial ρ for element type e
Men = transformed to physical mapping
ND = number of spatial dimensions
NV = number of field variables
n = element number
℘ = polynomial order
x; y; z = physical coordinates
~x; ~y; ~z = transformed coordinates
α = field variable number
δij = Kronecker delta
∂Ω̂e = boundary of Ω̂e

ρ, σ, ν = summation indices
Ω = solution domain
Ωe = all elements in Ω of type e
jΩej = number of elements of type e
Ωen = element n of type e in Ω
Ω̂e = standard element of type e

Superscripts

(f) = quantity at a flux point
�f⊥� = normal quantity at a flux point
T = transpose
(u) = quantity at a solution point
∼ = quantity in transformed space
^ = vector quantity of unit magnitude

I. Introduction

T HERE is an increasing desire among industrial practitioners of
computational fluid dynamics (CFD) to perform scale-resolving

simulations (SRSs) of unsteady compressible flows within the

vicinity of complex geometries.However, current generation industry-

standard CFD software, predominantly based on first- or second-

order-accurate Reynolds-averaged Navier–Stokes technology, is not

well suited to the task. Henceforth, over the past decade, there has
been significant interest in the application of high-order methods for

mixed unstructured grids to such problems. Popular examples of

high-order schemes for mixed unstructured grids include the

discontinuous Galerkin (DG) method, first introduced by Reed and

Hill [1], and the spectral difference (SD)methods originally proposed

under the moniker “staggered-gird Chebyshevmultidomain methods”

by Kopriva and Kolias in 1996 [2] and later popularized by Sun et al.

[3]. In 2007, Huynh [4] proposed the flux reconstruction (FR)

approach: a unifying framework for high-order schemes on un-

structured grids that incorporates both the nodal DG schemes of
Ref. [5] and (at least for a linear flux function) any SD scheme. In

addition to offering high-order accuracy on unstructuredmixed grids,

FR schemes are also compact in space; thus, when combined with

explicit time marching, they offer a significant degree of element

locality. This locality makes such schemes extremely good candi-

dates for acceleration using either the vector units ofmodern CPUs or

graphics processing units (GPUs) [6–9]. However, even with the

synergistic combination of high-order methods and modern hard-

ware platforms, SRSs remain expensive.
When performing a SRS, it is not typically necessary to resolve all

of the turbulent scales as would be done in a direct numerical

simulation (DNS). Instead, one may resolve only the large-scale

structures and use a model to account for the dynamics of the small-

scale structures, which are assumed to be isotropic and have a

predominantly dissipative effect. This is accomplished with a subgrid

scale model, and the resulting computation is termed a large-eddy

simulation (LES).More recently, there has been a trend (at least within
thehigh-order community) toward abnegating the subgrid scalemodel

and instead relying on the numerical scheme to introduce the right

amount of dissipation. Such a computation is known as an implicit

LES (ILES) or, perhaps more appropriately, an under resolved DNS.
The majority of the scientific codes represent and manipulate

numbers using floating-point arithmetic. Historically, floating-point

arithmetic has existed in various vendor specific flavors. However,

starting in the late 1980s the industry has converged toward the
IEEE Standard for Floating-Point Arithmetic (IEEE 754) [10]. The

standard defines both decimal (base 10) and binary (base two)

floating-point formats at a range of precisions. In the consumer and

high-performance computing markets, vendors typically implement

the base-two binary32 and binary64 formats, which are commonly

referred to as single and double precision, respectively. In the C

programming language, these types are specified as float and

double, respectively. The bit representation of these two formats is

illustrated in Fig. 1.
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The extra bits in the exponent give double precision floats a range
of ∼10�308, as compared to ∼10�38 for single precision. Similarly,
the mantissa of a double precision number is accurate to ∼16
significant figures as compared to just ∼7 significant figures for a
single precision number. As a consequence of this, double precision
numbers are considered sufficient for much of the scientific com-
munity (albeit with some notable exceptions involving quad and
arbitrary precision [11]). Hence, at the time of writing, double
precision arithmetic is very much the norm. Nevertheless, single
precision has been employed successfully in a variety of fields,
including those of molecular dynamics [12–14] and the computa-
tional geosciences [15–17]. Within the context of CFD, Homann
et al. [18] considered the impact of number precision for incom-
pressible DNS using a pseudospectral method. Their conclusion was
that number representation had no substantial impact on the turbulent
statistics of interest. The goal of this paper is to assess whether single
precision can also be reliably applied to compressible high-order
implicit LES and, if so, how performance is affected.
The remainder of this paper is structured as follows. In Sec. II,

we consider, from a theoretical standpoint, the performance impact
of a wholesale conversion of a code from double to single precision.
A brief overview of the FR approach for solving the Navier–Stokes
equations on mixed unstructured grids in three dimensions is pre-
sented in Sec. III, with our implementation of the FR approach for
modern hardware platforms, PyFR, being presented in Sec. IV. In
Sec.V,we use PyFR to assess the impact of number representation for
four test cases: the Taylor–Green vortex at Re � 1600, flow over a
circular cylinder at Re � 3900, flow through a T106c low-pressure
turbine cascade at Re � 80;000, and flow around a NACA 0021
airfoil at Re � 270;000 in deep stall. Finally, in Sec. VI, conclusions
are drawn.
Throughout, we adopt a convention in which dummy indices on

the right-hand side of an expression are summed. For example,

Cijk � AijlBilk ≡
X
l

AijlBilk

where the limits are implied from the surrounding context.All indices
are assumed to be zero based.

II. Performance Considerations

There are a variety of mechanisms through which the use of single
precision within an application, in lieu of double precision, can result
in better performance. This improvement can, in turn, be translated
into either a reduced overall time to solution or reduced resource

requirements. In this section, we will explore these mechanisms as

they relate to the capabilities of modern computing hardware.
Table 1 summarizes the characteristics of a variety of modern

hardware platforms. Looking at the table, we see that, on Intel-based

platforms, the ratio between the single precision and double precision

peak floating point operation (FLOP)/s is exactly two. However, on

GPU platforms from both NVIDIA and AMD, there is much more

variation. The highest ratio is found on the NVIDIA Tesla M40,

which has just 0.21 teraflop (TFLOP)/s of double precision compute

but 7.00 TFLOP∕s of single precision compute. The relative abund-

ance of single precision compute on these platforms is one of the key

motivators for this investigation. Assuming a wholesale conversion

of a code to single precision, the factors that dictate the overall

performance improvement are roughly as follows:

A. Memory Requirements

A float is exactly half the size of a double; 4 B as compared to 8 B.

Hence, by switching to single precision, there is the potential for a

twofold reduction in the memory required by an application. This

reduction, however, is predicated on all allocatedmemory being used

for numerical data. For codes operating on unstructured grids, it is

necessary to store additional data describing the connectivity of the

grid. These data usually take the form of either pointers or integer

arrays.With few exceptions, the size of these data is unaffected by the

number representation.Hence, the reduction inmemory follows from

Amdahl’s law [19] as

R � 1

�1 − p� � p∕2
(1)

where R is the reduction in memory, and p is the proportion of

application memory allocated to double precision variables.

B. Memory Bandwidth

On today’s hardware, many popular numerical discretizations for

unsteady problems are limited not by compute but by memory

bandwidth [8]. In the general case, a transition to single precisionmay

yield a performance improvement of up to two times; although, as

with the memory requirements, it is important to also account for

non-numerical data. For an unstructured code, this reduces the

potential speedup somewhat.
An additional subtlety arises on GPU platforms that can, under a

specific set of circumstances, improve the performance of bandwidth

limited code by more than a factor of two. Unlike traditional CPU

architectures, which define a fixed set of registers as part of the

instruction set, GPUs are able to allocate their registers dynamically

up to some defined architectural limit. These registers are of a fixed

size: usually 32 bits. When the compiler runs out of available re-

gisters, it becomes necessary to spill values onto the stack that is

backed by global memory. Register spillage is therefore undesirable

because it consumes valuable memory bandwidth. A consequence of

the registers being of a fixed size is that a kernel employing single

precision will usually require fewer registers than the equivalent

double precision kernel, and hence result in less spillage. The impact

of this is most pronounced when the double precision variant of a

kernel spills, whereas the single precision variant kernel does not.

Here, the saved memory bandwidth is translated into a greater than

expected performance improvement.

C. Memory Latency

When operating on unstructured grids, some degree of memory

indirection is unavoidable. This indirection results in access to non-

contiguous locations inmemory. Onmodern hardware platforms, the

penalty associated with a cache miss for reading a single precision

number is equivalent to that for a double precision number. Hence,

kernels limited by memory latency, as opposed to bandwidth, are

unlikely to see any benefit from single precision.

1 8 23

1 11 52

sign exponent mantissa

Fig. 1 Bit lengths for the binary32 and binary64 IEEE STD 754
floating-point numbers.

Table 1 Theoretical peak memory bandwidth and
FLOP/s for a variety of modern hardware platformsa

TFLOP/s

Model GB/s Single Double Ratio

AMD Radeon R9 Nano 512 8.19 0.51 16
AMD FirePro W9100 320 5.24 2.62 2
Intel Xeon E5-2699 v4 77 1.55 0.77 2
Intel Xeon Phi 7290 400 6.91 3.46 2
NVIDIATesla V100 900 15.7 7.8 2
NVIDIATesla K40c 288 4.29 1.43 3
NVIDIATesla M40 288 7.00 0.21 32

aBoosting and throttling technologies may result in a deviation from

the theoretical peaks, depending on the specifics of the workload.
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D. Compute

The potential speedup from compute bound applications by swit-
ching to single precision varies greatly across hardware platforms.
Looking at the peak TFLOP/s column in Table 1, we observe that the
ratio of single to double precision computes varies from 2 to 32. The
practicalities associated with achieving these speedups vary greatly
between platforms. On CPUs, the instructions that operate on single
precision vectors have similar throughputs and latencies to their
double precision counterparts, except that each instruction now
operates on twice asmany elements. Accordingly, for kernels that are
suitably vectorized, a factor-of-two speedup is eminently achievable.
The situation for GPUs is somewhat more complicated, however.

Depending on the specifics of the hardware, it might only be possible
to obtain peak single precision FLOP/s under very specific circum-
stances. For example, Lai and Seznec [20] estimated that a single
precision matrix multiplication kernel on an NVIDIA GTX 680,
which is a GPUwith a theoretical peak of∼3 TFLOP∕s, is limited by
architectural constraints to just 57.6% of this peak.
As in the case of memory bandwidth, there are nonlinearities

associated with the switch from double to single precision that can
result in larger than expected speedups. For example, on Intel and
AMD CPUs, there are pairs of instructions for quickly computing
single precision estimates of 1x and 1��

x
p , which can be polished using

either one or two Newton–Raphson iterations to achieve a suitable
level of accuracy. This results in code sequences that are more than
two times faster than their double precision counterparts.
The improvements in compute performance associated with the

use of single precision are, of course, restricted to the portions of a
code that perform numerical computation. Taking r to be the ratio of
single to double precision computes and applying Amdahl’s law, we
see that

S � 1

�1 − p� � p∕r
(2)

where S is the maximum attainable speedup, and p is the proportion
of time spent performing numerical computations.

E. Disk Input/Output

Given that the available I/O throughput on parallel file systems
has not kept pace with the increasing compute capability of modern
hardware, it is not uncommon for disk I/O to constitute a meaningful
fraction of the total wall-clock time. For applications for which the
file dumps contain purely volumetric data, the improvement from
switching to single precision is roughly a factor of two in both disk
I/O and storage/archival requirements.

F. Power Draw

Single precision floating-point operations require fewer joules
than double precision floating-point operations. As an example of this,
we consider the power drawn by anNVIDIAK40cwhile performing a
large matrix–matrix multiplication. When running single precision,
the reported power draw is ∼193 W at ∼3.1 TFLOP∕s; for double
precision, the reported power draw is ∼199 W at ∼1.2 TFLOP∕s.
Thus, while the use of single precision will not necessarily reduce the
peak power draw, it can be expected to reduce the energy bill by a
factor that is proportional to the speedup.

III. Flux Reconstruction

For a detailed overview of the multidimensional flux reconstruc-
tion approach, the reader is referred to the work of Witherden et al.
[8]. In this section, we shall describe the approach within the context
of the three dimensional Navier–Stokes equations. In conservative
form, these can be expressed as

∂uα
∂t

� ∇ ⋅ fα � 0 (3)

where α is the field variable index, u�u�x;t��fρ;ρvx;ρvy;ρvz;Eg
is the solution, ρ is the mass density of the fluid, v � �vx; vy; vz�T is

the fluid velocity vector, andE is the total energy per unit volume. For

a perfect gas, the pressure p and total energy can be related by the

ideal gas law

E � p

γ − 1
� 1

2
ρkvk2 (4)

where γ � cp∕cv. The flux can be written as fα � fα�u;∇u� �
f �inv� − f �vis�, where the inviscid terms are given by

f �inv� �

0BBBB@
ρvx ρvy ρvz

ρv2x � p ρvyvx ρvzvx
ρvxvy ρv2y � p ρvzvy
ρvxvz ρvyvz ρv2z � p

vx�E� p� vy�E� p� vz�E� p�

1CCCCA (5)

and the viscous terms are given according to

f �vis� �

0BBBB@
0 0 0

T xx T yx T zx

T xy T yy T zy

T xz T yz T zz

viT ix � Δ∂xT viT iy � Δ∂yT viT iz � Δ∂zT

1CCCCA (6)

In the preceding, we have defined Δ � μcp∕Pr, where μ is the

dynamic viscosity and Pr is the Prandtl number. The components of

the stress-energy tensor are given by

T ij � μ�∂ivj � ∂jvi� −
2

3
μδij∇ ⋅ v (7)

where δij is the Kronecker delta. Using the ideal gas law, the tempe-

rature can be expressed as

T � 1

cv

1

γ − 1

p

ρ
(8)

with partial derivatives thereof being given according to the quo-

tient rule.
To solve this system using flux reconstruction, we start by re-

writing Eq. (3) as a first-order system

∂uα
∂t

� ∇ ⋅ fα�u; q� � 0 (9a)

qα − ∇uα � 0 (9b)

where q is an auxiliary variable.
Take E to be the set of supported element types in R3. Consider

using these various element types to construct a conformal body-

fitted mesh of a domain Ω. Inside of each element Ωen, where the

index e corresponds to the element type and n to the type-local

element number, we require that

∂uenα
∂t

� ∇ ⋅ fenα � 0 (10a)

qenα − ∇uenα � 0 (10b)

It is convenient, for reasons of both mathematical simplicity and

computational efficiency, to work in a transformed space. We

accomplish this by introducing, for each element type, a standard

element Ω̂e that exists in a transformed space: ~x � � ~x; ~y; ~z�T . Next,
we assume the existence of a mapping function for each element

such that

186 WITHERDEN AND JAMESON

D
ow

nl
oa

de
d 

by
 T

E
X

A
S 

A
 &

 M
 U

N
IV

E
R

SI
T

Y
 o

n 
M

ar
ch

 1
5,

 2
02

0 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.J

05
84

34
 



xi � Meni� ~x�; x � Men� ~x�;
~xi � M−1

eni�x�; ~x � M−1
en �x�

along with the relevant Jacobian matrices

Jen � Jenij �
∂Meni

∂ ~xj
; Jen � det Jen;

J−1
en � J−1enij �

∂M−1
eni

∂xj
; J−1en � det J−1

en � 1

Jen

These definitions provide us with a means of transforming quanti-
ties to and from standard element space. Taking the transformed
solution, flux, and gradients inside each element to be

~uenα � ~uenα� ~x; t� � Jen� ~x�uenα�Men� ~x�; t� (11a)

~fenα � ~fenα� ~x; t� � Jen� ~x�J−1
en �Men� ~x��fenα�Men� ~x�; t� (11b)

~qenα � ~qenα� ~x; t� � JT
en� ~x�qenα�Men� ~x�; t� (11c)

and letting ~∇ � ∂∕∂ ~xi, it can be readily verified that

∂uenα
∂t

� J−1en ~∇ ⋅ ~fenα � 0 (12a)

~qenα − ~∇uenα � 0 (12b)

as required.We next proceed to associate a set of solution points with

each standard element. For each type e ∈ E, take f ~x�u�eρ g to be the

chosen set of points where 0 ≤ ρ < N�u�
e �℘�, and℘ is the polynomial

order. These points can then be used to construct a nodal basis set

fl�u�
eρ � ~x�gwith the property thatl�u�

eρ � ~x�u�eσ � � δρσ . To obtain such a set,
we first take fψeσ� ~x�g to be an orthonormal basis that spans a selected

order℘ polynomial space defined inside Ω̂e. Next, we compute the

elements of the generalized Vandermonde matrix Veρσ � ψeρ� ~x�u�eσ �.
With these, a nodal basis set can be constructed as l�u�

eρ � ~x� �
V−1
eρσψeσ� ~x�. Along with the solution points inside of each element,

we also define a set of flux points on ∂Ω̂e. We denote the flux points

for a particular element type as f ~x�f�eρ g, where 0 ≤ ρ < N�f�
e �℘�. Let

the set of corresponding normalized outward-pointing normal

vectors be given by f ~̂n�f�
eρ g. It is critical that each flux point pair along

an interface share the same coordinates in physical space. For a pair of
flux points eρn and e 0ρ 0n 0 at a nonperiodic interface, this can be

formalized as Men� ~x�f�eρ � � Me 0n 0 � ~x�f�e 0ρ 0 �.
The first step in the FR approach is to go from the discontinuous

solution at the solution points to the discontinuous solution at the
flux points

u�f�eσnα � u�u�eρnαl
�u�
eρ � ~x�f�eσ � (13)

whereu�u�eρnα is an approximate solution of field variableα inside of the
nth element of type e at solution point ~x�u�eρ . This can then be used to
compute a common solution

Cαu
�f�
eρnα � Cαu

�f�geσnα �
�
1

2
− β

�
u�f�eρnα �

�
1

2
� β

�
u�f�geσnα (14)

where β controls the degree of up-/downwinding as part of a local
discontinuous Galerkin (LDG) approach [21]. Here, we have takengeρn to be the element type, the flux point number, and the element
number of the adjoining point at the interface. Because grids are
unstructured, the relationship between eρn and geρn is indirect. This
necessitates the use of a lookup table.

Furthermore, associated with each flux point is a vector correction

function g�f�eρ � ~x� constrained such that

~̂n
�f�
eσ ⋅ g�f�eρ � ~x�f�eσ � � δρσ (15)

with a divergence that sits in the same polynomial space as the

solution.Using these fields,we can express the solution toEq. (12b) as

~q�u�eσnα � � ~̂n�f�
eρ ⋅ ~∇ ⋅ g�f�eρ � ~x�fCαu

�f�
eρnα − u�f�eρnαg � u�u�eνnα ~∇l�u�

eν � ~x�� ~x� ~x�u�eσ

(16)

where the term inside the curly brackets is the “jump” at the interface,

and the final term is an order ℘ − 1 approximation of the gradient

obtained by differentiating the discontinuous solution polynomial.

We can now compute physical gradients as

q�u�eσnα � J−T�u�
eσn ~q�u�eσnα (17)

q�f�eσnα � l�u�
eρ � ~x�f�eσ �q�u�eρnα (18)

where J−T�u�
eσn � J−T

en � ~x�u�eσ �. Having solved the auxiliary equation, we
are now able to evaluate the transformed flux

~f �u�
eρnα � J�u�eρnJ

−1�u�
eρn fα�u�u�eρn; q

�u�
eρn� (19)

where J�u�eρn � det Jen� ~x�u�eρ �. This can be seen to be a collocation

projection of the flux. With this, it is possible to compute the normal

transformed flux at each of the flux points

~f�f⊥�eσnα � l�u�
eρ � ~x�f�eσ � ~̂n�f�

eσ ⋅ ~f �u�
eρnα (20)

Considering the physical normals at the flux points, we see that

n�f�
eσn � J−T�f�

eσn ~̂n
�f�
eσ where J−T�f�

eσn � J−T
en � ~x�f�eσ �, which is the outward-

facing normal vector in physical space. The normal vector can also be

expressed as n�f�eσnn̂
�f�
eσn, where n

�f�
eσn is the magnitude. As the interfaces

between two elements conform, we must have n̂�f�
eσn � −n̂�f�feσn. With

these definitions, we are now in a position to specify an expression for

the common normal flux at a flux point pair as

Fαf
�f⊥�
eσnα � −Fαf

�f⊥�geσnα � F
�inv�
α −F

�vis�
α (21)

where F
�inv�
α is obtained by performing a Riemann solve on the

inviscid portion of the flux. Further details on approximate Riemann

solvers can be found in the work of Toro [22]. The viscous portion of

the common normal flux is specified as

F
�vis�
α � n̂�f�

eσn ⋅
��

1

2
� β

�
f �vis�
eσnα �

�
1

2
− β

�
f �vis�geσnα

�
� τ�u�f�eσnα − u�f�geσnα� (22)

with τ being a penalty parameter. The common normal fluxes in

Eq. (21) can now be taken into transformed space via

Fα
~f�f⊥�eσnα � J�f�eσnn

�f�
eσnFαf

�f⊥�
eσnα (23)

Fα
~f�f⊥�geσnα � J�f�feσnn�f�feσnFαf

�f⊥�geσnα (24)

where J�f�eσn � detJen� ~x�f�eσ �.
It is now possible to compute an approximation for the divergence

of the continuous flux. The procedure is directly analogous to the one

used to calculate the transformed gradient in Eq. (16):
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� ~∇ ⋅ ~f��u�eρnα � � ~∇ ⋅ g�f�eσ � ~x�fFα
~f�f⊥�eσnα − ~f�f⊥�eσnαg� ~f �u�

eνnα ⋅ ~∇l
�u�
eν � ~x�� ~x� ~x�u�eρ

(25)

which can then be used to obtain a semidiscretized form of the
governing system

∂u�u�eρnα

∂t
� −J−1�u�eρn � ~∇ ⋅ ~f��u�eρnα (26)

where J−1�u�eρn � det J−1
en � ~x�u�eρ � � 1∕J�u�eρn.

This semidiscretized form is simply a system of ordinary dif-
ferential equations in t and can be marched forward in time through
one of a variety of schemes.
As presented, the aforementioned scheme employs a simple col-

location projection tomap the discontinuous flux into the polynomial
space of the solution. For the Euler and Navier–Stokes equations,
this flux is nonlinear, and hence this procedure will result in an
aliasing. So, long as the simulation is sufficientlywell resolved, this is
not typically an issue. However, when simulating high-Reynolds-
number flows on coarse grids, it is possible for aliasing-driven
instabilities to develop and destabilize the simulation. One of the
more reliable means for mitigating this is to perform antialiasing via
an approximate L2 projection, as described in Refs. [5,23,24]. This
approach attempts to approximate theL2 optimal projection from the
function space of the flux into the polynomial space of the solution.
Performing this projection requires the numerical evaluation of integrals
inside both the volume of an element and on the various faces. These
integrals are typically approximated using high-strength multidimen-
sional quadrature rules (such as those described in Refs. [25–27]), with
the effectiveness of the approachbeing contingent on the accuracyof the
quadrature approximations. This can necessitate the use of a large
number of quadrature points relative to the number of solution/flux
points, and thus greatly increase the cost of a time step.

IV. PyFR

PyFR [8,28] is a Python framework for solving the compressible
Navier–Stokes equations on mixed unstructured grids using the FR
approach. The key functionality of PyFR v1.5.0 is summarized in
Table 2. Kernels within PyFR are specified in a hardware agnostic
domain-specific language based off of the Mako templating engine.
At runtime, so-called backendswithin PyFR translate these kernels
into the native language of the current platform. These kernels are
then compiled, linked, and dynamically loaded. This architecture
ensures that all computationally intensive operations are performed
using native code, with the Python layer simply being responsible for
invoking these kernels and marshalling data transfers.
The design of PyFRmakes it particularly well suited to the task of

evaluating the impact of number representation on implicit large-
eddy simulations. First, PyFR has been designed from the ground up
to support both single and double precision modes of operation.
Second, PyFR is portable across a range of hardware platforms,
hence allowing the performance of single precision operation to be
compared and contrasted across multiple pieces of hardware. Third,
the data structures employed by PyFR encourage vectorization and

give rise to coalesced memory access patterns. This is accomplished
through use of the structure-of-arrays layout, which places field
variables of the same type adjacent to each other in memory. Finally,
PyFR is capable of operating across a range of performance regimes
that span the spectrum from bandwidth to compute bound.
Specifically, PyFR casts the majority of operations within an FR step
as matrix–matrix multiplications of the form

C←AB� βC (27)

whereA is a constant operatormatrix,B andC are statematrices, and
β � 0 or β � 1 depending on the context of the operation. These
operations (especially in three dimensions) are generally compute
bound. However, when tensor product elements (quadrilaterals and
hexahedra) are employed with a compatible combination of solution
and flux points, the operator matrix A can exhibit sparsity.
Unfortunately, the degree of sparsity is not sufficient for standard

sparse basic linear algebra subprograms (BLAS) packages such as
NVIDIA cuSPARSE and Intel MKL. PyFR addresses this issue
through the use of the codeveloped GiMMiK code generation
package of Wozniak et al. [29]. Given a constant operator matrixA,
GiMMiK will (at runtime) generate a bespoke kernel for performing
this specific matrix multiplication. As GiMMiK embeds the elements
of A directly into the source of the kernel, it is able to trivially
eliminate any zero multiplications. The effect of this is that, for these
simulations, PyFR transitions into being bound by memory
bandwidth. AlthoughGiMMiK is primarily geared toward generating
sparse matrix multiplication routines, it has also shown promise for
operator matrices that are small and dense [29].
A detailed analysis of the performance of PyFR onNVIDIAGPUs

can be found in Refs. [8,9]. The impact of the GiMMiK matrix
multiplication library, including sustained FLOP and bandwidth
numbers, can be found in Ref. [29]. Strong and weak scaling studies
for a variety of test cases can be found in Refs. [8,28,30].
When incorporating support for multiple precisions into PyFR,

great care was taken to ensure that all calculations are performed at
the requested precision and that all constant data, including the initial
condition and the geometric terms, are stored at this precision. When
running with single precision, the domain-specific language also
suffixes all floating-point constants by .f so as to prevent unwanted
promotions to double precision.

V. Numerical Experiments

All simulations herein were performed using a prerelease version
of PyFR v1.5.0 with GiMMiK v2.0.0.

A. Taylor–Green Vortex

1. Background

Simulation of the Taylor–Green vortex breakdown using the
compressible Navier–Stokes equations has been undertaken for the
comparison of high-order numerical schemes. The case has been a
constituent of the first three high-order workshops and is specified
inside of a fully periodic box Ω � �−πL; πL�3, where L is the
characteristic length, at a Reynolds number of Re � 1600 with an
effectively incompressible Mach number ofM � 0.1 [31]. To assess
the impact of number representation on this problem, four sets of
simulations using structured hexahedral grids were undertaken.
Details regarding these simulations can be found in Table 3. The
initial conditions are given as

ρ�x; t � 0� � p

RT0

(28)

p�x; t � 0� � p0 �
ρ0v

2
0

16

�
cos

2x

L
� cos

2y

L

��
cos

2z

L
� 2

�
(29)

v�x; t � 0� � �x̂ − ŷ�v0 sin
x

L
cos

y

L
cos

z

L
(30)

Table 2 Key functionality of PyFR v1.5.0

Parameter Value

Dimensions Two-dimensional, three-dimensional
Elements Triangles, quadrilaterals, hexahedra, tetrahedra, prisms,

pyramids
Spatial orders Arbitrary
Time steppers Step-size controlled Runge–Kutta
Precisions Single, double
Backends C/OpenMP, CUDA, OpenCL, pyMIC
Communication MPI
File format Parallel HDF5
Governing
systems

Euler, compressible Navier–Stokes
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where ρ0 is the unperturbed density, p0 is the unperturbed pressure,
RT0 is the product of the specific gas constant with a constant initial
temperature, v0 � M

�����������
γRT0

p
is the unperturbed velocity, and x̂ and ŷ

are unit vectors in the x and y directions, respectively. In the proposed
numerical experiment, we let L � 1, ρ0 � 1, andRT0 � 1; from the
ideal gas law, we take γ � 1.4. Hence, v0 ≃ 0.118, with the dynamic
viscosity being given by

μ � ρ0v0L

Re
≃ 7.40 × 10−5 (31)

The case is run until t � 20tc, where time is normalized according to
tc � L∕v0 ≃ 8.45.Although theTaylor–Greenvortexdoes not have an
analytical solution, there is spectral DNS data available due to vanRees
et al. [32]. Twosalientmetrics are the temporal evolution of the domain-
integrated kinetic energy and enstrophy, which are defined as

Êk�t� �
1

jΩj
1

ρ0v
2
0

Z
Ω

1

2
ρ�x; t�kv�x; t�k2 d3x (32)

Ê�t� � 1

jΩj
1

ρ0v
2
0

Z
Ω

1

2
ρ�x; t�kω�x; t�k2 d3x (33)

where jΩj � �2π�3 is the volume of the domain, andω � ∇ × v is the
vorticity. We note here that, as the flow is effectively incompres-
sible (hence, ∇ ⋅ v � 0), the enstrophy should be related to the decay
rate of the kinetic energy via

Ê � −2
μ

ρ0
∂tÊk (34)

Denoting the spectral DNS quantities with the superscript 	, we can
introduce the following two error metrics as

σ � max
t
j∂tÊk − �∂tÊk�⋆j∕min

t
�∂tÊk�⋆ (35)

ς � max
t
jÊ − Ê⋆j∕max

t
Ê⋆

(36)

Because both Êk and Ê are integral quantities over the entire domain,
they can be readily evaluated using Gaussian quadrature. The time

derivative of the kinetic energy ∂tÊk can be approximated by fitting a

cubic spline through Êk and then evaluating its derivative.

For all of the simulations, a DG scheme was used for the spatial
discretization, a Rusanov Riemann solver [33] was used to calculate
the inviscid fluxes at element interfaces, and the explicit low-storage
RK45�2R��Runge–Kutta scheme of Kennedy et al. [34] was used to
advance the solution in time. The local temporal error was managed
by using a proportional-integral (PI) type step-size controller with
absolute and relative error tolerances set to 10−5. Solution points and
flux points were placed at a tensor product construction of Gauss–
Legendre quadrature points. The upwind and penalty parameters for
the LDG scheme were set to β � 1∕2 and τ � 1∕10, respectively.
The Prandtl number was taken to be Pr � 0.72.

2. Results

Volume renderings of the vorticity within the domain can be seen
in Fig. 2. Plots of the−∂tc Êk and Ê as a function of time can be seen in
Figs. 3 and 4, respectively. From the figures, it is clear that there is no
perceptible difference between the single and double precision
simulations for either quantity at any of the four orders of accuracy.
Figure 5 shows the maximum percentage errors in the kinetic energy
decay rate σ and the enstrophy ς when compared with the spectral
DNS data of van Rees et al. [32]. These errors are, again, virtually
identical for the single and double precision calculations. Hence,
these results suggest that, for the direct simulation of transitional
flows, single precision is sufficient.

3. Performance

The performance of the simulations was assessed using a pair of
NVIDIAK40cGPUs running CUDA7.5. Simulations were run with
PyFR for 200RK45�2R�� time steps with a small fixed Δt. For this
particular test case, we note that the PyFR operator matrices exhibit a
substantial degree of sparsity. Therefore, on NVIDIA GPUs, it is
possible to run PyFR with either dense cuBLAS or GiMMiK. In the
former case, we expect PyFR to be compute bound; whereas in the
latter case, PyFR is likely to be limited by available memory
bandwidth. The results for both of these configurations can be seen in
Tables 4 and 5, respectively.
Looking at the tables. the first thing we note is the dramatic

decrease in the total number of floating-point operations required
per RK45�2R�� stage when GiMMiK is employed. Indeed, with
GiMMiK, the number of operations is almost constant with respect to
the polynomial order. This implies that, on a degree-of-freedom
basis, high-ordermethods are nomore expensive than their low-order
counterparts. Second, we observe that the GiMMiK simulations are
substantially faster than those using dense BLAS. However, we also
note that the performance for the cuBLAS simulations never sustains
above ∼50% of peak FLOP/s. Switching to single precision with
cuBLAS gives rise to speedups between 1.41 and 1.83 that, given the
FLOP bound nature of the problem, is less than one might expect
given the threefold increase in peak FLOP/s. This suggests that the
SGEMM routines in cuBLAS are not well tuned for the types of
matrix multiplications encountered in FR.
When GiMMiK is enabled, the simulations go from being

compute bound to bandwidth bound, as can be seen from the low
sustainedGFLOP/s numbers. For℘ � 2; 3; 4, the speedup is roughly
in line with what one would expect for a bandwidth limited code. At
℘ � 5, the performance of the double precision simulation begins to
regress, whereas the single precision simulation does not, hence the

Table 3 Solver and mesh configurations for
the Taylor–Green vortex experimenta

Memory, GB

Order NE

P
Nu Single Double

℘ � 2 863 2583 6.4 12.2
℘ � 3 643 2563 5.4 10.3
℘ � 4 523 2603 5.1 9.8
℘ � 5 433 2583 4.6 9.0

aThe total number of elements and solution points in the

simulations are indicated by NE and
P

Nu, respectively.

a) t = 0 b) t = 4tc c) t = 8tc
Fig. 2 Volume renders of vorticity for the double precision℘ � 5 Taylor–Green simulation.
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larger than expected speedup.As the order is increased, the number of

nonzeros in the operator matrices increases. It is known [29] that

GiMMiK performance is heavily impacted by architectural register

limits. Dropping down to single precision thus results in a substantial

reduction in the number of required registers, and hence avoids

unwanted spillage to global memory.

B. Cylinder at Re � 3900

1. Background

Flow over a circular cylinder has been the focus of various

experimental and numerical studies [9,35–39]. Characteristics of the

flow are known to be highly dependent on the Reynolds number Re,
which is defined as

Fig. 3 Rate of kinetic energy decay for the Taylor–Green test simulation compared against the spectral DNS data of van Rees et al. [32].

Fig. 4 Enstrophy for the Taylor–Green simulation compared against the spectral DNS data of van Rees et al. [32].
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Re � ρ∞v∞D

μ
(37)

where ρ∞ is the freestream density, v∞ is the freestream fluid speed,

D is the cylinder diameter, and μ is the dynamic viscosity. In the

present study, flow over a circular cylinder at Re � 3900 with an

effectively incompressible Mach number of M � 0.2 is considered.
This case sits in the shear-layer transition regime identified by

Williamson [40], and it contains several complex flow features,

including separated shear layers, turbulent transition, and a fully

turbulent wake. Recent studies by Lehmkuhl et al. [41] and

Witherden et al. [9] have shown that, at this Reynolds number, the

flow field oscillates at a low frequency between two sheddingmodes:

a high-energy mode, and a low-energy mode. To decisively observe

bothmodes, it is necessary to averageover1000or so convective times.
In this section, a computational domain with dimensions of

�−9D; 25D�, �−9D; 9D�, and �0; πD� in the streamwise, crosswise,

and spanwise directions, respectively, is used. The cylinder is

centered at �0; 0; 0�. The spanwise extent was chosen based on the

results of Norberg [35], who found no significant influence on

statistical datawhen the spanwise dimensionwas doubled from πD to

2πD. Indeed, a span of πD has been used in the majority of previous

numerical studies [36–38], including the recent DNS study of

Lehmkuhl et al. [41]. The streamwise and crosswise dimensions are

comparable to the experimental and numerical values used by

Parnaudeau et al. [39]. The overall domain dimensions are also

comparable to those used for DNS studies by Lehmkuhl et al. [41].

The domain is periodic in the spanwise direction, with a no-slip

isothermal wall boundary condition applied at the surface of the

cylinder and a Riemann-invariant boundary condition, as detailed in

Ref. [42], applied at the farfield in order to enforce the freestream.
Tonondimensionalize the system,we take the diameter of the cylinder

to beD � 1,ρ∞ � 1, andp∞ � 1.Hence,v∞ � M
���
γ

p ≃ 0.234, with
time being normalized according to tc � D∕v∞ ≃ 4.32. The dynamic
viscosity is given by

μ � ρ∞v∞D

Re
≃ 6.07 × 10−5 (38)

Following Witherden et al. [9], the domain was meshed using
prismatic elements in thenear-wall boundary-layer regionand tetrahedral
elements in the wake and farfield. The elements on the boundary were
quadratically curved and designed to fully resolve the near-wall
boundary-layer region at ℘ � 4. Specifically, the maximum skin-
friction coefficient was estimated a priorias Cf ≈ 0.075 based on the
LES results of Breuer [37]. The height of the first element was then
specified such that,when℘ � 4, the first solutionpoint fromthewall sits
at y� ≈1, where nondimensional wall units are calculated in the usual
fashion as y� � uτy∕νwith uτ �

�����������
Cf∕2

p
v∞. The resulting mesh has

116 elements in the circumferential direction and 20 elements in the
spanwise direction, with these numbers being chosen to help reduce face
aspect ratios at the edgesof theprismatic layer,which facilitates transition
to the fully unstructured tetrahedral elements in the farfield. In total, the
mesh contained 79,344 prismatic elements and 227,298 tetrahedral
elements. A cutaway of the mesh can be seen in Fig. 6.
For the simulations, a DG scheme was used for the spatial

discretization, a Rusanov Riemann solver was used to calculate the
inviscid fluxes at element interfaces, and the explicit low-storage
RK45[2R+] Runge Kutta scheme of Kennedy et al. [34] was used to
advance the solution in time. A local temporal error was managed by
using a PI-type step-size controller with absolute and relative error
tolerances set to 10−5. Inside of the tetrahedral elements (and
following the guidance of Witherden et al. [43]), the quadrature
points of Shunn andHam [26]were used as the solution points. Based
on the analysis of Witherden and Vincent [44], the flux points on the
triangular faces were chosen to be the quadrature points of Williams
et al. [27]. Flux points on the quadrilateral faces were taken to be a
tensor product construction of the Gauss–Legendre quadrature
points. Inside of the prismatic elements, a tensor product of the
triangular flux points with a line of Gauss–Legendre points was
employed as the solution points. The upwind and penalty parameters
for the LDG schemewere set to β � 1∕2 and τ � 1∕10, respectively.
The Prandtl number was taken to be Pr � 0.72.

2. Results

Both simulations were started at ℘ � 1 and run to t � 80. They
were then restartedwith℘ � 2 and run until t � 400; at which point,
the order was increased to℘ � 3 and the simulations advanced until

Fig. 5 Relative error in the kinetic energy decay rate and the enstrophy compared against the spectral DNS data of van Rees et al. [32].

Table 5 Performance for the Taylor–Green vortex with PyFR on
two NVIDIA K40c GPUs using GiMMiKa

tw∕
P

Nu∕10−9 s GFLOP/s

Order GFLOP, stage Single Double Single Double Speedup

℘ � 2 1.84 × 101 4.8 8.9 222.1 120.5 1.84
℘ � 3 1.82 × 101 4.2 7.9 252.3 134.6 1.88
℘ � 4 1.92 × 101 4.4 8.6 255.9 129.7 1.97
℘ � 5 1.96 × 101 4.5 13.1 250.8 87.0 2.88

aThe wall-clock time per solution point per RK stage is denoted by tw∕
P

Nu.

Table 4 Performance for theTaylor–Green vortexwithPyFRon two
NVIDIA K40c GPUs using dense cuBLASa

tw∕
P

Nu∕10−9 s GFLOP/s

Order GFLOP, stage Single Double Single Double Speedup

℘ � 2 1.12 × 102 8.7 12.2 748.4 531.0 1.41
℘ � 3 2.01 × 102 7.7 11.6 1525.9 1012.2 1.51
℘ � 4 3.51 × 102 9.3 15.7 2191.0 1298.4 1.69
℘ � 5 5.27 × 102 11.1 20.3 2756.6 1508.6 1.83

aThe wall-clock time per solution point per RK stage is denoted by tw∕
P

Nu.

WITHERDEN AND JAMESON 191

D
ow

nl
oa

de
d 

by
 T

E
X

A
S 

A
 &

 M
 U

N
IV

E
R

SI
T

Y
 o

n 
M

ar
ch

 1
5,

 2
02

0 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.J

05
84

34
 



t � 520. Finally, the order was increased to ℘ � 4 and the simula-

tions run until t � 1480. Time averages were collected starting at

t � 680 until t � 1480, with a window size of Δtavg � 800, with
averages being accumulated every 30 time steps. Thiswindow covers

approximately 185tc. Given this period, we do not expect to be able to
clearly pick out the two shedding modes with either the double or

single precision simulations. However, it has been demonstrated [8]

that PyFR running with double precision in this configuration is

capable of obtaining excellent agreement with the DNS results of

Lehmkuhl et al. [41] and the experimental results of Parnaudeau

et al. [39].

Isosurfaces of density colored by velocity magnitude can be seen

in Fig. 7. Figure 8 shows the time- and span-averaged pressure

coefficient Cp � �p − p∞�∕�1∕2�ρ∞v2∞ on the surface of the cyl-

inder. The streamwise and cross-stream velocity profiles at three

points of x∕D � 1.06, x∕D � 1.54, and x∕D � 2.02 can be seen in
Figs. 9 and 10, respectively. The two lines associated with the

numerical results of Lehmkuhl et al. [41] correspond to the two

distinct shedding modes associated with the problem.

From the figures, we see that both the single and double precision
simulations appear to be at an intermediate state between the two
shedding modes. Differences in the time averages between the single
and double precision simulations are not entirely unexpected. As the
flow develops, instabilities build up along the z axis that result in the
simulations transitioning to fully turbulent flow. Because the scale
of these instabilities is connected to the chosen number precision,
the time at which the flow transitions to turbulence is different for the
single and double precision simulations. In turn, this can result in the
initial shedding mode being different for the two simulations. This
combined with the averaging window of∼185tc can thus give rise to
differences in the time-averaged statistics.

3. Performance

The performance of the simulation was assessed using a single
NVIDIA K40c GPU using CUDA 7.5. Simulations were run with
PyFR at℘ � 4 for 100 RK45[2R+] time steps with a small fixedΔt.
GiMMiK was employed for all simulations. In the case of the
prismatic elements, which have a partial tensor product structure,
GiMMiK is able successfully exploit the sparsity in the resulting
operator matrices. For the tetrahedral elements, for which the opera-
tor matrices are predominantly dense but of awkward dimensions,
GiMMiK is able to generate specialized kernels tailored to these
specific dimensions.

Fig. 6 Mixed prism/tetrahedral mesh used for the cylinder flow case.

Fig. 7 Isosurfaces of density colored by velocity magnitude for the
double precision circular cylinder test case at℘ � 4.

Fig. 8 Time- and span-averaged pressure coefficient on the surface of
the cylinder comparedwith the numerical results of Lehmkuhl et al. [41].

Fig. 9 Time- and span-averaged streamwise velocity profiles for the
cylinder compared with the numerical results of Lehmkuhl et al. [41].
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In the double precision case, the average wall-time per-solution

point per Runge–Kutta (RK) stage is 28.6 ns. Switching to single

precision reduces this time down to 17.7 ns. This corresponds to a

speedup of 1.62. When comparing these numbers to those of the

Taylor–Green vortex (Tables 4 and 5), it is important to remember

that the Taylor–Green simulations were performed on a pair of K40c

GPUs.After accounting for this factor, we see performance is slightly

improved relative to the ℘ � 4 Taylor–Green simulations with

cuBLAS but is slower than those with GiMMiK.
The overall speedup factor of 1.62 is also somewhat less than the

factor of 1.97 that we observed for the GiMMiK-enabled Taylor–

Green simulations. Compared with hexahedra, both prisms and

tetrahedra have a larger ratio of flux points to solution points. This

increase translates directly into in additional memory indirection.

As discussed in Sec. II, memory indirection can result in kernels

becoming bound bymemory latency as opposed to bandwidth. In this

scenario, the potential for performance improvements is limited.

C. T106c Low-Pressure Turbine Cascade

1. Background

The T106 low-pressure turbine cascade [45] is a popular test case

for evaluating CFD solvers. The T106c cascade is defined by

imposing a pitch-to-cord ratio of s∕c � 0.95 and is supported by a

wide body of numerical and experimental data [46–49]. From the

specification of the T106c cascade, the chord is c � 0.09301 m and

the pitchwise inlet flow angle is 32.7 deg. In this study, we will

consider the case at a Reynolds number of Re � 80;000, with an

outlet Mach number of M � 0.65. These conditions are of interest
because it will allow the impact of number representation to be

quantified for a fully compressible simulation at a meaningful

Reynolds number. The working fluid for the case is taken to be air

with a total temperature at the inlet of Ti � 298.15 K. The ratio of

specific heats is γ � 1.4 with the specific gas constant being given
by R ≃ 287.1 J ⋅ kg−1 ⋅ K−1.
Additional characteristics of the flow can be determined using the

isentropic flow equations. The exit temperature can be determined as

Te �
Ti

1� �γ � 1∕2�M2
≃ 274.92 K (39)

with the exit velocity being given by

ve � M
�����������
γRTe

p
≃ 216.07 m ⋅ s−1 (40)

Using Sutherland’s law, the viscosity at the exit is given by

μe � μ0

�
Te

T0

�
3∕2 T0 � S

Te � S
(41)

where μ0 ≃ 1.716 × 10−5 Pa s is the viscosity for air at the reference
temperature, T0 ≃ 273.15 K, and S ≃ 110.4 K is Sutherland’s
temperature. Hence, μe ≃ 1.7248 × 10−5 Pa s, with the density at the
outlet being given by

ρe �
Reμe
vec

≃ 0.0687 kg∕m−3 (42)

Finally, the pressure at the outlet and total pressure can be
determined as

pe � ρeRTe ≃ 5419.3 Pa (43)

pi � pe

�
1� γ − 1

2
M2

�
γ∕γ−1

≃ 7198.5 Pa (44)

which serve to fully specify the problem.
The linear T106c cascade used in the experiments of Michálek

et al. [46] consisted of six blades: each with a span h � 2.4c ≃
0.22 m. For the case under consideration, the inlet turbulence
intensity was approximately 0.9%. To simplify the problem setup
somewhat, we will simulate just a single blade without any inlet
turbulence and a reduced span of 0.2c ≃ 0.0186 m. The domain is
periodic in the crosswise and spanwise directions. On the surface
of the blade, an adiabatic wall condition is applied. A fixed total
pressure condition is enforced on the inlet of the domain. This
condition also enforces the desired pitchwise angle for the incoming
flow. At the exit, a Riemann-invariant boundary condition is applied.
We note here that, because the Riemann-invariant conditions are
designed to minimize reflections at the boundary, they do not
guarantee a strong enforcement of the exit pressure pe. Hence, some
tuning is required around the pressure enforced by the boundary
condition in order to obtain the desired (averaged) exit pressure.
To mesh the domain, unstructured hexahedral elements were

employed. The elements on the boundary of the blade were qua-
dratically curved and designed to fully resolve the near-wall
boundary-layer region at ℘ � 2. Specifically, the height of the first
element was specified such that, when℘ � 2, the first solution point
from the wall sits at y� ≈1 with

y� � uτρey

μe
�

������
Cf

p
veρey���
2

p
μe

≈
�2log10Re − 0.65�−1.15veρey���

2
p

μe
(45)

where, in the third step, we have used the Schlichting skin-friction
formula to estimate Cf based off of the Reynolds number. The
resulting mesh has a total of eight layers in the spanwise direction. In
total, the mesh contains 59,936 elements. A cutaway of the mesh can
be seen in Fig. 11.
For the simulations, a DG schemewas used for the spatial discreti-

zation, a Rusanov Riemann solver was used to calculate the inviscid
fluxes at element interfaces, and the explicit low-storage RK45[2R+]
Runge Kutta scheme of Kennedy et al. [34] was used to advance the

Fig. 10 Time- and span-averaged cross-stream velocity profiles for the
cylinder comparedwith the numerical results of Lehmkuhl et al. [41] and
the experimental results of Parnaudeau et al. [39].
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solution in time. The local temporal error was managed by using a

PI-type step-size controller with absolute and relative error tolerances

set to 10−5. Solution points and flux points were placed at a tensor

product construction of Gauss–Legendre quadrature points. The

upwind and penalty parameters for the LDG scheme were set to

β � 1∕2 and τ � 1∕10, respectively. The Prandtl number was taken

to be Pr � 0.71.

2. Results

The simulations were run at ℘ � 1 with a viscosity of μ �
3.4 × 10−5 until t � 2.5 × 10−2. At this point, the simulations were

restarted with the correct viscosity of 1.7248 × 10−5 at order℘ � 2
and advanced to 3.5 × 10−2. Time averaging of the pressure field was

enabled at t � 3.25 × 10−2, with the average being accumulated

every 50 time steps. This corresponds to approximately two passes

over the chord.
A plot of isosurfaces of Q-criteria colored by velocity magnitude

for the fully developed flow are shown in Fig. 12. To compare with

experimental data, we consider the isentropicMach number, which is

defined as

Misentropic �
�����������������������������������������
2

γ − 1

��
pe

p

�Γ
− 1

�s
(46)

where Γ � �γ − 1�∕γ. A plot of the chordwise distribution of this can

be seen in Fig. 13. Looking at the figure, the first thing we note is that

the single and double precision results are virtually identical.We also

see that there is a reasonable degree of agreement between PyFR and

the experimental data of Michálek et al. [46]. However, there are

some discrepancies around peak suction at x∕c ∼ 0.6. We note,

however, that such overprediction has also been observed by both the

studies of Hillewaert et al. [48] and Garai et al. [49]. As our objective

here is to assess the impact of number representation, we do not give

any further consideration to this deviation.

3. Performance

The performance of PyFR in terms of thewall-clock time per stage
does not depend on the specifics of the mesh. As such, the perfor-
mance for the T106c test case at℘ � 2 is similar to the Taylor–Green
vortex simulation at this order. Although there are some minor
differences, due to the enforcement of boundary conditions, the
impact on runtime is negligible. The reader is henceforth referred to
the discussion in Sec. V.A.

D. NACA 0021 Airfoil in Deep Stall

1. Background

Flow around a NACA 0021 airfoil in deep stall at a Reynolds
number of Re � 270;000 and Mach M � 0.1 is an extremely
challenging test case for scale-resolving approaches. In the present
study, the airfoil is set at a 60 deg angle of attack to the oncoming
freestream flow. Substantial experimental [50] and computational
data exist [51,52] for this configuration. The first ILES simulation of
this case was performed by Park et al. [23] in 2017 using the PyFR
solver.
For this test case, a computational domain with an extent of 30c in

the streamwise and crosswise directions is used, where c corresponds
to the chord of the airfoil. The span is taken as 4c. Riemann-invariant
boundary conditions were applied in the far field, a no-slip adiabatic
wall boundary condition was applied on the airfoil surface, and a
periodic condition was imposed in the spanwise direction.
To mesh the domain, unstructured hexahedral elements were

employed. The elements on the boundary of the airfoil were qua-
dratically curved and designed to fully resolve the boundary layer
such that, at ℘ � 4, the first solution point sits as y� ≈1. The
resulting grid contained a total of 206,528 elements. A cutaway of the
grid can be seen in Fig. 14.
Compared with previous simulations, the high Reynolds number

and coarse grid necessitate the use of a stabilization strategy in order
to damp and/or counter the aliasing-driven instabilities that would
otherwise develop [23]. The simulation can therefore be regarded as
being on the limit in terms of resolution, and thus is an extremely
good candidate for highlighting any substantial differences between
single and double precision. Furthermore, the presence of low-
frequency dynamics requires that the system be simulated for a
relatively large number of convective times.
Simulations were run using a DG scheme for the spatial discreti-

zation. A Rusanov Riemann solver was used to calculate the inviscid
fluxes at element interfaces, and the explicit low-storage RK45[2R+]
Runge–Kutta scheme of Kennedy et al. [34] was used to advance
the solution in time. The local temporal error was managed by using
a PI-type step-size controller with absolute and relative error tole-
rances set to 10−6. Solution points and flux points were placed at a
tensor product construction of Gauss–Legendre quadrature points.
To stabilize the simulation, both the interior and interface fluxes were

Fig. 11 Cutaway in the x–y plane of the unstructured hexahedral mesh
used for the T106c test case.

Fig. 12 Isosurfaces of Q-criterion colored by velocitymagnitude for the
T106c test case at single precision with℘ � 2.

Fig. 13 Chordwise distribution of time- and span-averaged isentropic
Mach number for T106c test case compared against experimental data of
Michálek et al. [46] (extracted from Pacciani et al. [47]) and computa-
tional study of Hillewaert et al. [48].
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antialiased via an approximate L2 projection using 11th-order
Gauss–Legendre quadrature rules. The upwind and penalty para-
meters for the LDG scheme were set to β � 1∕2 and τ � 1∕10,
respectively. The Prandtl number was taken to be Pr � 0.71.

2. Results

The simulations were run at℘ � 1 without any antialiasing until
t � 100. At this point, the simulations were restarted at℘ � 4 with
antialiasing and run for a further 300 time units. This corresponds to
approximately 300 passes over the chord. A comparison of the time-
averaged lift and drag coefficients can be found in Table 6, and a plot
showing the power spectrum density (PSD) of the lift coefficient CL

against the Strouhal number St can be seen in Fig. 15.
Looking at the table, we observe that the single precision

simulation predicts lift and drag values that are ∼2.4% and ∼2.5%
greater than the double precision simulation, respectively.We further
observe that the double precision simulation values are very close to
the experimental values of Swalwell [50]. As a fourth reference point,
we also consider the double precision simulation of Park et al. [23],
which was also conducted using PyFR using a very similar confi-
guration to that described here. These results can be seen to be
somewhat closer to our single precision results, especially with
regard to the drag. Because the instantaneous dynamics of the pro-
blem are highly chaotic, some variation in the averages is expected.
Moving on to the PSD of the lift coefficient, we find that both the
single and double precision simulations are able to accurately predict
the two peak shedding modes observed in the experiment. The fact
that the single precision simulation is capable of predicting these
peaks is promising and suggests that it is a suitable choice for this
class of problems.

3. Performance

On account of the quadrature-based antialiasing procedure, this
simulation falls into the FLOP bound regime. Comparing the
performance of the two simulations, a speedup factor of 1.87 is
observed. This factor is comparable to the ℘ � 5 result in Table 4.
Although the NACA 0021 simulation is performed at ℘ � 4, and
thus would typically expect to observe a speedup in line with the
℘ � 4 result from Table 4 (1.69), the presence of antialiasing
increases the sizes of the various operator matrices such that they are
now similar to and, in some cases, even exceed those encountered in a
℘ � 5 simulation.

VI. Conclusions

In this paper, the impact of number precision was assessed for
high-order implicit large-eddy simulations. A detailed theoretical
analysis of the performance considerations associated with a switch
from double to single precision has been presented. The impact of
number representation on four unsteady test cases was shown: the
Taylor–Green vortex, flow over a cylinder, flow over a T106c low-
pressure turbine cascade, and flow over a NACA 0021 airfoil in deep
stall. For all test cases, the use of single precision was found to have
little impact on the overall accuracy of the simulations. This suggests
that, for many real-world test cases, single precision arithmetic is
indeed sufficient. For bandwidth bound simulations, speedup factors
between 1.4 and 2.9 were observed, hence resulting in a greatly
reduced time to solution.
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